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Preface

Relational structures abound in the daily environment: relational databases,
data mining, scaling procedures, preference relations, etc. Reasoning about and
with relations has a long-standing European tradition. Today, there are strong
European research groups in the theoretical as well as the applied branches.

European research in the field may be divided into three broad areas:
1. Algebraic Logic: algebras of relations, relational semantics, and algebras and
logics derived from information systems.
2. Computational Aspects of Automated Relational Reasoning: decidability and
complexity of algorithms, network satisfaction.
3. Applications: Linguistics, Psychology, Economics, etc.

While there is a wealth of theoretical knowledge to be used, there has been
little interaction between basic and applied research in the field. For this reason,
a European Concerted Research Action has been implemented, designated as
COST Action 274: TARSKI (Theory and Applications of Relational Structures
as Knowledge Instruments).

The main objective of this book is to advance the understanding of relational
structures and the use of relational methods in applicable object domains. There
are the following sub-objectives:
1. to study the semantical and syntactical aspects of relational structures arising
from ‘real world’ situations;
2. to investigate automated inference for relational systems, and, where possible
or feasible, develop deductive systems which can be implemented into industrial
applications, such as diagnostic systems;
3. to develop non-invasive scaling methods for predicting relational data; and
4. to make software for dealing with relational systems commonly available.

We are confident that the present book will further the understanding of interdis-
ciplinary issues involving relational reasoning. The study and possible integration
of different approaches to the same problem, which may have arisen at different
locations, will be of practical value to the developers of information systems.

The first five papers concern the mechanization of relational reasoning. This
group of mechanization papers starts with a comparative report on two already
existing systems by Rudolf Berghammer, Gunther Schmidt, and Michael Winter.
The GUHA article by Petr Hájek, Martin Holeňa, and Jan Rauch refers to the
well-developed system in Prague which derives information relations from infor-
mation systems and is therefore some sort of a program for relational data min-
ing. While there have been extensive studies in automated reasoning for propo-
sitional logics, Renate Schmidt and Ullrich Hustadt give a respective overview
for modal and description logic reasoning systems. An attempt to develop a for-
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mal basis for theory extraction from relational data guided by some ontology is
undertaken by Gunther Schmidt. Pasquale Caianiello, Stefania Costantini, and
Eugenio Omodeo focus on definitional extensions applied to relational formalisms
as a way of overcoming expressive limitations of logical formalisms.

The next three papers concern the field of relational scaling and preferences.
Kim Cao-Van and Bernard De Baets discuss how a proper definition of a ranking
can be introduced into the framework of supervised learning. Agnieszka Rusi-
nowska gives an overview of axiomatic and strategic approaches to bargaining
problems. Harrie de Swart et al. give an overview of the four major categories
of voting procedures and their flaws.

The last four papers deal with the algebraic and logical foundations of real
world relations. Wojciech Buszkowski presents relational representability results
for the classes of algebras related to the Lambek syntactic calculus. Ivo Düntsch
and Günther Gediga study modal-like approximation operators determined by
binary relations and present their applications to practical problems that require
a qualitative data analysis. Ivo Düntsch, Ewa Or�lowska and Anna Radzikowska
introduce and study a class of weak relation algebras based on not necessar-
ily distributive lattices. Ingrid Rewitzky developed a relational model of pro-
gramming languages whose commands may involve both angelic and demonic
non-determinism.
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RelView and Rath –
Two Systems for Dealing with Relations

Rudolf Berghammer1,�, Gunther Schmidt2,�, and Michael Winter3,�

1 Institut für Informatik und Praktische Mathematik
Christian-Albrechts-Universität zu Kiel

24098 Kiel, Germany
2 Fakultät für Informatik

Universität der Bundeswehr München
85577 Neubiberg, Germany

3 Computer Science Department
Brock University

St. Catharines, Ontario, Canada, L2S 3A1

Abstract. In this paper we present two systems for dealing with rela-
tions, the RelView and the Rath system. After a short introduction to
both systems we exhibit their usual domain of application by presenting
some typical examples.

1 Introduction

In the area of logical reasoning, people began soon to look for subsets easier to
handle than, for example, full predicate logic. This attempt resulted not least in
relational reasoning. Already as early as 1915, Leopold Löwenheim postulated
that one should resort to reasoning with relations in the “Gebietekalkul”, and
should “Schröderize” all of mathematics. This approach is certainly burdened
with a loss in expressiveness. Nevertheless, such a loss has been accepted in
the past by many scientists, as everything looks much simpler and it does not
deteriorate expressiveness too much.

When working with relations today, one usually asks for additional computer
aid. Three systems with quite different approaches have been proposed from our
groups the last years. First, there may be just a specialized support in formula
manipulation as in Ralf (see [7, 8]), amended even by some automated features.
A second approach is completely “on the model side” as with RelView. Here,
instead of working with binary predicates that may result in true or false, one
works with Boolean matrices. This is a paradigm shift allowing to incorporate
techniques known from linear algebra. In the RelView system this has been
elaborated in great detail to the extent that now something is available which
might be compared to a “numerics package” – this time however for relational
algebra. Thirdly, one may remain on the syntactic side, still avoiding to work
� Co-operation for this paper was supported by European COST Action 274 “Theory

and Applications of Relational Structures as Knowledge Instruments” (TARSKI).

H. de Swart et al. (Eds.): TARSKI, LNCS 2929, pp. 1–16, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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in a model. This means concentrating solely on the algebraic rules valid in the
relational fragment. This characterizes the Rath approach. Logical reasoning is
facilitated since the Rath system offers precise type control. Negation, e.g., need
not be avoided, as due to the type restriction no unacceptably large result will
show up. Rath also works if some of the rules of relation algebra are abandoned
focusing on Dedekind categories, division allegories, etc. All the common aspects
are handled simultaneously.

Considered in the context of the newly founded COST action 274: TARSKI,
all systems seem extremely well-suited to fostering mechanization. Given the
observation that many people keep inventing ideas to cope with relational struc-
tures arising around real-world phenomena, there is always the task to study
whether these ideas are really helpful – whether they really work. The systems
offer detailed computer help in different directions. Here, we exhibit in which
way they may be used. Since Ralf is currently not maintained, we concentrate
on RelView and Rath.

There is however a lot of work going on to further mechanize any form of
work with relations. On the one hand side, a successor of RALF is currently
under construction. On the other hand side, methods to decompose relations
with respect to different criteria have been developed recently [14].

2 Relation-Algebraic Preliminaries

In this section, we briefly introduce the basic concepts of relation algebra, some
special relations, and some relation-algebraic constructions. For more details
concerning the algebraic theory of relations, see e.g., [4, 13].

Given non-empty sets X and Y , the set of all (set-theoretic or concrete)
relations with domain X and range Y is denoted by [X ↔ Y ] and we write
R : X ↔ Y instead of R ∈ [X ↔ Y ]. If X and Y are finite and of cardinality m
and n, respectively, then we may consider R as a Boolean matrix with m rows
and n columns. This matrix interpretation is well-suited for many purposes.
Therefore, in this paper we frequently will use matrix concepts and notations
also for relations. Especially, we will speak of rows and columns, and we will
denote membership by Rxy instead of (x, y) ∈ R.

We assume the reader to be familiar with the basic operations on relations,
viz. RT (transposition), R (negation), R ∪ S (union), R ∩ S (intersection), RS
(composition), R ⊆ S (inclusion, subrelation test), and the special relations O
(empty relation), L (universal relation), and I (identity relation). With the set-
theoretic operations , ∪, ∩, ⊆ and the constants O, L such relations, respectively
Boolean, matrices form a complete Boolean lattice. Further well-known laws for
operations on relations are, for instance:

RTT
= R Q(R ∩ S) ⊆ QR ∩ QS (RS)T = STRT

The theoretical framework for such laws to hold is that of a relation algebra.
First, such an algebraic structure is a category. I.e., there is a class of objects;
for every pair A, B of objects there is a class RAB of morphisms, and for all triples
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RAB , RBC , RAC there is a composition from RAB × RBC to RAC such that
associativity holds and for all RAB there exists precisely one left identity from
RAA and one right identity from RBB . The morphisms are called (abstract)
relations and for their composition and the identity relations we use here the
same notation as for concrete relations. However, this category is extended by
a transposition operation mapping relations from RAB to RBA, where we use
again the notation of the concrete case. Furthermore, the following properties
are demanded to hold:

1. Every class RAB is a complete Boolean lattice with the usual operations
, ∪, ∩, the ordering ⊆, and the least (empty) relation O and greatest

(universal) relation L.
2. For all relations Q ∈ RAB , R ∈ RBC , and S ∈ RAC the following so-called

Schröder equivalences hold:

QTS ⊆ R ⇐⇒ QR ⊆ S ⇐⇒ SRT ⊆ Q (1)

Often, in particular within the RelView system, the following so-called
Tarski rule is required as a further axiom; it is strongly connected to a gen-
eralization of the notion of simplicity known from universal algebra:

LRL = L ⇐⇒ R �= O (2)

Note that for R ∈ RBC in the equality of (2) there occur three – possible different
– universal relations, viz. from RAB and RCD on the left-hand side and from
RAD on the right-hand, which all are denoted by the same symbol.

Let R be a (concrete or abstract) relation. Then R is called univalent (or
functional respectively a partial mapping) if RTR ⊆ I, and total if RL = L. As
usual, a mapping is a univalent and total relation. Relation R is called injective
if RT is univalent and surjective if RT is total. A bijective relation is an injective
and surjective relation.

Now, let R in addition be homogeneous, i.e., a relation for which the specific
product RR exists. (In the abstract case this is equivalent to R ∈ RAA and in
the concrete case this is equivalent to R : X ↔ X.) Then R is called reflexive if
I ⊆ R, transitive if RR ⊆ R, and antisymmetric if R ∩ RT ⊆ I. A partial order
is a reflexive, antisymmetric, and transitive relation. The transitive closure of R
is defined as R+ =

⋃
i>0 Ri, where R0 = I and Ri+1 = RRi for all i ∈ N. Using

R+, the reflexive-transitive closure R∗ of R may be defined through R∗ = I∪R+.
If R+ ⊆ I, then R is said to be acyclic.

A relation v with v = vL is called a (row-) vector. In the case of a concrete
relation v : X ↔ Y this condition means that an element from X is either in
relation to none of the elements or to all elements of Y . Hence, v equals a
Cartesian product X ′ × Y , where X ′ is a subset of X. As for a concrete vector
the range is without relevance, we consider in the following frequently vectors
v : X ↔1 with a singleton set 1 = {⊥} as range and write then vx instead of
vx⊥, i.e., suppress the second index. Such a vector v may be considered as a
Boolean matrix with exactly one column, i.e., as a Boolean column vector. It
describes the set X ′ = {x ∈ X | vx}.
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Sets may also be described via embedding mappings. Given an injective map-
ping ı : X ′ ↔ X, we may regard X ′ as a subset of X. Then the vector ıTL : X ↔1
describes X ′ in the above sense. A transition in the other direction, i.e., the con-
struction of an injective mapping inj(v) : X ′ ↔ X from a given non-empty vector
v : X ↔1 describing X ′ in such a way that inj(v)yx if and only if y = x, is also
possible. Using matrix terminology, one only has to remove from the identity
matrix those rows which don’t correspond to an element of X ′. We call inj(v)
the injective mapping generated by v. A relation-algebraic axiomatization of this
construction can be found in [2].

The left residual of S over R is defined by S / R = SRT and the right residual
of S over R is defined by R \ S = RTS. One also considers relations which share
properties of left and right residuals simultaneously, viz. symmetric quotients.
This construction is defined by syq(R, S) = (R \ S) ∩ (RT / ST). In the case of
concrete relations we have that (S / R)xy if and only if Ryz implies Sxz for all
z, that (R \ S)xy if and only if Rzx implies Szy for all z, and that syq(R, S)xy if
and only if Rzx is equivalent to Szy for all z.

3 A Short Introduction to the Systems

In this section, we want to give an impression of two computer systems, called
RelView and Rath. Applications will be presented in Section 4. More details
and advanced applications can e.g., be found in [2, 3, 9, 10].

3.1 The RelView-System

RelView is an interactive and graphic-oriented computer system for calculating
with relations and relational programming. In it all data are represented as rela-
tions which the system visualizes in two different ways. First, for homogeneous
relations it offers a representation as directed graphs, including sophisticated
algorithms for drawing them nicely. Alternatively, arbitrary relations may be
depicted as Boolean matrices. This second representation is very useful for vi-
sually editing and also for discovering various structural properties that are not
evident from a representation of relations as directed graphs. Because RelView
computations frequently use very large relations, for instance, membership, in-
clusion, and size comparison on powersets, the system uses a very efficient im-
plementation of relations via reduced ordered binary decision diagrams. See [10]
for its detailed description.

The RelView system can manage as many relations simultaneously as mem-
ory allows and the user can manipulate and analyse them by pre-defined oper-
ations, tests and user-defined relational functions and relational programs. The
pre-defined operations on relations include e.g., ˆ, -, |, &, and * for transposition,
negation, union, intersection, and composition; the relational tests include e.g.,
incl, eq, and empty for testing inclusion, equality, and emptiness of relations.
All that can be accessed through command buttons and simple mouse-clicks.
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But the usual way is to use the pre-defined operations and tests to construct
relational functions and relational programs.

A declaration of a relational function in the programming language of the
RelView system is done as usual in mathematics. Hence, it has the form
f(R1, . . . , Rn) = E, where f is the name of the function, the Ri, 1 ≤ i ≤ n,
are the formal parameters (standing for relations), and E is a relation-algebraic
expression over the relations of the workspace of the RelView system that can
additionally contain the formal parameters Ri.

As a simple example, the following unary relational function hasse computes
the so-called Hasse diagram R ∩ RR+ of an acyclic relation R:

hasse(R) = R & -(R * trans(R)) .

In this declaration, a call of the pre-defined operation trans yields the transitive
closure of its argument.

A relational program in RelView essentially is a while-program based on
the datatype of relations. Such a program has many similarities with a func-
tion procedure in languages like Pascal or Modula-2. It starts with a head line
containing the name of the program and the list of formal parameters. Then
the declarations of the local domains, functions, and variables follow. The last
part of a program is its body, a sequence of statements which are separated by
semicolons and terminated by the RETURN-clause.

We give again a simple example. If g = (X, R) is a directed graph with
the set of arcs given by the relation R : X ↔ X and s : X ↔1 is a vector
describing a subset X ′ of X, then the vector (R∗)Ts : X ↔1 describes the set
of those vertices which are reachable from some vertex of X ′. Without using the
reflexive-transitive closure, the latter vector may be computed by the following
relational program:

reach(R,s)
DECL u, v
BEG u = s;

v = Rˆ * u & -u;
WHILE -empty(v) DO
u = u | v;
v = Rˆ * u & -u OD

RETURN u
END.

RelView can be used to solve many different tasks. First, it assists the for-
mulation and the proof of relation-algebraic theorems. In this field, the system
can help to construct examples which support the validity of a theorem or to find
– via random generated relations – counter-examples to disprove the considered
relation-algebraic property. Relational program development is a second very
important application of RelView. Whereas relation algebra in combination
with a programming logic (e.g., the Hoare calculus) gives a formal basis for en-
suring correctness of the derived relational programs, RelView supports many
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validation tasks for the development of a relational algorithm. For example, it
can be applied to check the formal relational problem specification against the
informal fixed requirements. Experimenting with relations and relation-algebraic
propositions, the system may also help to find loop invariants or other decisive
properties necessary for a correctness proof of a relational program. As a third
application, the execution of a relational program or a piece of it by means of
RelView in the course of a program derivation can reveal alternative develop-
ment steps and possibilities for optimization.

3.2 The Rath-System

The Rath-System presents a library of Haskell modules that allows to explore
relation algebras and several weaker structures such as categories, allegories, dis-
tributive allegories, division allegories (see e.g., [5]) and Dedekind categories (see
e.g., [12]) by providing tools to construct and test such structures. These modules
constitute a common framework for calculational work with all the structures
mentioned. It takes into account that they share concepts and properties so as
to be able to, for instance, introduce the idea of division only once for division
allegories and to directly reuse it for the more specific Dedekind allegories as
well as for relation algebras.

For example, in Rath a parameterized data structure Cat obj mor repre-
senting categories with objects given by the type obj and morphisms given by
the type mor may be defined as follows:

data Cat obj mor = Cat
{cat_isObj :: obj -> Bool
,cat_isMor :: obj -> obj -> mor -> Bool
,cat_objects :: [obj]
,cat_homset :: obj -> obj -> [mor]
,cat_source :: mor -> obj
,cat_target :: mor -> obj
,cat_idmor :: obj -> mor
,cat_comp :: mor -> mor -> mor}

Here cat objects yields the list of objects and cat homset yields for a pair of
objects the list of morphisms. Source and target of a morphism are computed via
cat source and cat target. Composition of morphisms is given by cat comp
and cat idmor applied to an object yields the corresponding identity morphism.
Finally, cat isObj and cat isMor test whether an element from obj respectively
mor is indeed an element of the category. This is necessary, as one might be using
the datatypes Int or String to denote the objects.

As an application of the above data structure, we want to implement the
one-object category of truth values. It may be defined as an element of the data
structure of categories as follows:
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catB :: Cat () Bool
catB = Cat
{cat_isObj = const True
,cat_isMor = const $ const $ const True
,cat_objects = [()]
,cat_homset = const $ const [False, True]
,cat_source = const ()
,cat_target = const ()
,cat_idmor = const True
,cat_comp = (&&)}

There is exactly one object () of type () and two morphisms True and False
of type Bool. Composition is given by intersection such that True becomes the
identity. Now, the comprehensive test mechanism of Rath could be used to
verify that catB is indeed a category. An execution of

performAll acat_TEST catB

will apply all pre-defined tests for categories on this structure. Of course, it is
also possible to perform other tests on such a structure in order to find models
with a specific property by using the underlying language Haskell. Later on, we
will demonstrate this approach by an example.

A next step in the hierarchy of structures could be the representation of
allegories. Following [5], an allegory is a category with some extra structure,
in particular an intersection, a transposition operation, and an inclusion test.
Within Rath, a corresponding parameterized data structure looks as follows:

data All obj mor = All
{all_cat :: Cat obj mor
,all_transp :: mor -> mor
,all_meet :: mor -> mor -> mor
,all_incl :: mor -> mor -> Bool}

Similarly, also other relational categories, including relation algebras, can be
introduced. In doing so, it is also possible to compute different relation-algebraic
expressions. Usually, such an execution is not as efficient as in RelView. But
in contrast with RelView, the Rath system provides the possibility to switch
to nonstandard relation algebras, i.e., to exchange the underlying model of the
relational category in question.

Rath also provides means to construct new algebras from given ones as
product algebras, subalgebras and matrix algebras. Last but not least, it is pos-
sible to generate a specific relational category by defining the corresponding
operations on the set of atoms and taking the complex algebra over this atom
structure (see [11]). This reduces the size of the algebra and the complexity
of the operations. Using the representation of relation algebras by their atom
structure, a wide variety of such algebras was generated with the system. For
the moment, this variety contains 4527 different integral relation algebras (see
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again [11]). Besides these algebras, there are several examples of relation alge-
bras included, which model quite simple everyday situations such as compass
directions, interval interdependency, spatial information with “mereology”, etc.
Note that the number of available algebras is much larger since one may apply
the constructions mentioned above to those integral algebras, too.

The sources of the whole Rath-System constitute executable Haskell code.
A first account on Rath is given in [9]. This report contains examples of non-
standard relation algebras – in particular algebras which, considered from the
classical viewpoint, fail to correspond to our imagination of relations as sets of
pairs. A very well-known non-standard relation algebra goes back to R. McKenzie
and is described in detail in [13].

4 Applications

This section is devoted to some applications of RelView and Rath. First, we
concentrate on RelView and show how to solve problems on concrete rela-
tions with its help. In the second subsection, we then use Rath to verify that a
relation-algebraic proof of a property obviously holding for concrete relations re-
quires the Tarski rule (2) as an additional axiom and that a well-known property
of direct products and disjoint unions requires representability.

4.1 Computing Cut Completions and Concept Lattices

Let (X, R) be a partially ordered set, i.e., R : X ↔ X be a partial order relation.
Furthermore, assume ε : X ↔ 2X to be the membership relation between X and
its powerset 2X . This means that εxs if and only x ∈ s. For s ∈ 2X , let MaR(s)
denote its upper bounds wrt. R and MiR(s) denote its lower bounds wrt. R.
Then c ∈ 2X is called a (Dedekind) cut of (X, R) if

c = MiR(MaR(c)), (3)

i.e., if the first-order formula

∀x : x ∈ c ↔ x ∈ MiR(MaR(c)) (4)

holds. Obviously, formula (4) is equivalent to the formula

∃ s : ∀x : (x ∈ c ↔ x ∈ MiR(MaR(s))) ∧ c = s. (5)

It is well-known that for an element x ∈ X the set

(x) := MiR(MaR({x})) = {y ∈ X | Ryx}
is a cut, called the principal cut generated by x. Now, let C denote the set of
cuts of (X, R). Then (C,⊆) is a complete lattice, called the cut completion of
(X, R), and the function mapping x to the principal cut (x) is an injective order
homomorphism.
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For a relation-algebraic construction of the cut completion of (X, R), we start
with the definition that y ∈ X is a lower bound of s ∈ 2X if and only if for all z
from z ∈ s it follows Ryz. Then we describe s by a vector v : X ↔1 and use the
property of left residuals given at the end of Section 2. We obtain that the set
MiR(s) is described by the vector mi(R, v) = R / vT. Transposing the relation R
yields ma(R, v) = RT / vT as the vector describing MaR(s). In the language of
RelView, hence, we obtain the following two relational functions mi and ma for
computing lower and upper bounds:

mi(R,v) = R / vˆ. ma(R,v) = Rˆ / vˆ.

If the second argument of these functions is not a vector but an arbitrary relation,
then obviously they compute lower and upper bounds column-wise.

Using relation algebra and the formulae (4) and (5) – for the characterization
of cuts (5) is more suited since it immediately leads to a symmetric quotient
construction syq(ε, . . .)cs – in combination with the three relational functions
mi, ma, and syq, we obtain the vector cutvector(R) : 2X ↔1 describing the ele-
ments of 2X which are cuts, i.e., the set C, as follows:

cutvector(R) = (syq(ε, mi(R, ma(R, ε))) ∩ I)L

This relational specification may immediately be transformed into a relational
program in the language of RelView. The result is:

cutvector(R)
DECL M, O, I
BEG M = epsi(On1(R));

O = On1(Mˆ);
I = I(O * Oˆ)
RETURN dom(syq(M,mi(R,ma(R,M))) & I)

END.

In this program On1, epsi, I, and dom are pre-defined operations. The call On1(S)
yields the universal vector with one column and the same row number as S, the
call epsi(v) yields the membership relation with the cardinality of the base set
given by the row number of the vector v, the call I(S) yields the identity relation
with the same dimension as S, and a call dom(S) computes the composition of
S with a one-column universal vector.

Let v : 2X ↔1 abbreviate the vector cutvector(R) and inj(v) : C ↔ 2X be the
injective mapping generated by v. Furthermore, define the relation C : X ↔ C
by C = ε inj(v)T. Then a little reflection shows for all x ∈ X and c ∈ C the
equivalence of x ∈ c and Cxc. This means that the columns of C describe the cuts
of (X, R). Cuts are ordered by inclusion. Using the property of right residuals
given at the end of Section 2, we get for all c, d ∈ C the equivalence of c ⊆ d
and (C \ C)cd. Hence, the ordering on C equals the right residual C \ C. If we
formulate the procedure just described in the language of RelView, we arrive
at the following relational program:
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cutcompletion(R)
DECL v, C
BEG v = cutvector(R);

C = epsi(On1(R)) * inj(v)ˆ
RETURN C \ C

END.

Now, let us turn to concept analysis. Here one deals with (formal) contexts
which are triples (G, M, I) consisting of a set G of objects, a set M of attributes,
and an incidence relation I : G ↔ M . A (formal) concept is a pair (a, b), where
a ∈ 2G, b ∈ 2M , a′ = b, and b′ = a. Here the sets a′ and b′ are defined as follows:

a′ = {y ∈ M | ∀x ∈ a : Ixy} b′ = {x ∈ G | ∀ y ∈ b : Ixy} (6)

If (a, b) and (c, d) are two concepts, then (a, b) is defined to be less general or
equal than (c, d), denoted by (a, b) ≤ (c, d), if a ⊆ c or, equivalently, b ⊇ d. With
this relation the set K of all concepts constitutes a complete lattice, in [6] called
(formal) concept lattice. Sometimes, e.g., in [1], also the term Galois lattice is
used. It is obvious that the concept lattice (K,≤) is isomorphic to (KG,⊆), with
the carrier set defined as KG = {a ∈ 2G | ∃b ∈ 2M : (a, b) ∈ K}, and also to
(KM ,⊇), with the carrier set defined as KM = {b ∈ 2M | ∃a ∈ 2G : (a, b) ∈ K}.

In the following, we concentrate on the computation of (KG,⊆). Fundamental
for this is the simple fact that the equations of (6) generalize the notions of upper
bounds and lower bounds from partial order relations to arbitrary relations.
Using also the notations MaI(a) and MiI(b) instead of a′ and b′, we, furthermore,
get for a ∈ 2G the equivalence of a ∈ KG and

a = MiI(MaI(a)). (7)

Property (7) is exactly the defining equation (3) for a set to be a cut. Hence,
the lattice (KG,⊆) generalizes the construction of a cut completion from a par-
tial order relation to an arbitrary (incidence) relation. As a consequence, the
relational program cutcompletion can also be used to compute for a context
(G, M, I) the ordering of the lattice (KG,⊆).

We have tested this approach with many examples. The following table shows
the execution times (in seconds) for contexts of the specific form (G, G, I). They
constitute the worst case since they lead to 2n concepts, with n being the car-
dinality of G. The tests have been carried out on a Sun Fire-280R workstation
running Solaris 7 at 750 MHz and with 8 GByte main memory.

n 10 11 12 13 14 15 16 17 18 19 20
cutvector 0.01 0.02 0.43 0.96 2.16 4.64 10.0 28.1 54.2 118 257
cutcompl. 0.19 0.22 0.74 1.89 5.84 13.3 38.9 89.1 204 400 1127

On a modern PC we obtained even better results. E.g., for n = 19 instead of
400 only 258 seconds are needed to compute the concept lattice of (G, G, I).
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In many applications of context analysis, experts learn from contexts by care-
fully inspecting their concept lattices. Therefore, these lattices have modest size
because otherwise they are hard to analyze visually. This is ideal for applying
RelView, especially since in such a case the system not only allows the fast com-
putation of the ordering of the lattice but also its nice drawing as a graph and its
further interactive graphical and relation-algebraic manipulation. To a certain
extent RelView can also be used for larger examples. But this requires more
sophisticated relational programs which avoid the use of a membership relation.
We have developed such a RelView-program. Starting with the incidence rela-
tion it stepwise generates the ordering of (KG,⊆) by gradually inserting missing
least upper bounds and greatest lower bounds. Its detailed description, however,
is out of the scope of this paper.

4.2 Investigating Properties of Abstract Relations

As mentioned in Section 3.1, the RelView system may be used to construct
counter-examples of a relation-algebraic property in question. Since RelView
uses just one specific model, the relation algebra of concrete relations between
finite sets, it may fail. Using Rath we are able to switch to some abstract
relation algebra providing the required counter-example. In this section we want
to demonstrate this approach.

In any relational category one may prove that the following formula (8) is
valid if one of the universal relations on the left hand side is homogeneous:

LL = L (8)

A relational category such that the equation (8) holds in general, i.e., it is valid
for all objects A, B, C and universal relations from RAB ,RBC and RAC , respec-
tively, is called a uniform one. Obviously, the Tarski rule (2) implies uniformity.
One may ask if there exists a non-uniform relation algebra. An example was given
in [15]. This algebra has two objects and at most 4 relations in the corresponding
sets of morphisms.

As mentioned in Section 3.2, it is possible to define the operations on relations
just on the underlying set of atoms. Therefore, we define the following data
structures and lists of elements in Haskell:

data Obj = A | B deriving (Eq, Ord, Show)
objseq = [A, B]

data A2 = At1 | At2 deriving (Eq, Ord, Show, Read)
atoms :: Obj -> Obj -> [A2]
atoms A A = [At1, At2]
atoms _ _ = [At1]

Consequently, we will have 4 relations between A and A and 2 relations other-
wise. Notice, that the deriving-clause generates an equality, a linear ordering,
a show respectively a read function for Obj respectively A2. Transposition and
composition of atoms are defined as follows:
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transpTab :: Obj -> Obj -> A2 -> A2
transpTab _ _ x = x

atComp :: Obj -> Obj -> Obj -> A2 -> A2 -> [A2]
atComp A A A At1 At1 = [At1]
atComp A A A At2 At1 = []
atComp A A A At1 At2 = []
atComp A A A At2 At2 = [At2]
atComp A A B At1 At1 = [At1]
atComp A A B At2 At1 = []
atComp B A A At1 At1 = [At1]
atComp B A A At1 At2 = []
atComp B A B At1 At1 = [At1]
atComp A B A At1 At1 = [At1]
atComp _ _ _ At1 At1 = [At1]

The operations and data structures are converted into a category respectively
an allegory by the following declarations:

aCat_NUW :: ACat Obj A2
aCat_NUW = ac where
ac = ACat
{acat_isObj = const True
,acat_isAtom = (\ s t a -> a ‘elem‘ atoms s t)
,acat_objects = objseq
,acat_atomset = atoms
,acat_idmor = acat_idmor_defaultM ac
,acat_comp = atComp}

aAll_NUW :: AAll Obj A2
aAll_NUW = AAll
{aall_acat = aCat_NUW
,aall_converse = transpTab}

Finally, the corresponding relation algebra is given as the complex algebra over
the allegory aAll NUW. This is done by the following declaration:

ra_NUW :: RA Obj (SetMor Obj A2)
ra_NUW = atomsetRA aAll_NUW

Again, the comprehensive test mechanism of Rath can be used to verify that
ra NUW is indeed a relation algebra. Furthermore, the pre-defined test for unifor-
mity ded uniform TEST may be applied to this structure. An execution of

performAll ded_uniform_TEST (ra_ded ra_NUW)

shows the following test result:
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=== Test Start ===
non-uniform
Objects:
A
B
A
Morphisms:
SetMor ({At1},A,B)
SetMor ({At1},B,A)
SetMor ({At1, At2},A,A)
SetMor ({At1},A,A)

=== Test End ===

This confirms that ra NUW is not uniform. Furthermore, it gives us a counter-
example for the validity of equation (8). The composition of the greatest rela-
tion SetMor({At1},A,B) from A to B with its transposed SetMor({At1},B,A)
yields SetMor({At1},A,A), which, however, is not equal to the greatest relation
SetMor({At1, At2},A,A) from A to A.

If we denote the cartesian product and the disjoint union of two sets A and
B by A × B and A + B, respectively, we have the well-known isomorphism

2A × 2B ∼= 2A+B . (9)

Within the theory of relations there are abstract counter-parts of cartesian prod-
ucts, disjoint unions and powersets, called the (relational) product, the (rela-
tional) sum and the (relational) power. One may ask whether (9) is valid in all
relational categories. In [15] it is shown that this is true if all required objects
exist. Furthermore, it is shown that every relation algebra may be embedded into
an algebra with relational sums and powers. On the other hand, the existence
of products implies representability, i.e., the algebra may be embedded into the
relation algebra of concrete relations. Since there are non-representable algebras,
a relation algebra exists with an object 2A+B , which is not isomorphic to the
product of 2A and 2B . The proof sketched so far is non-constructive. We may use
Rath to develop a concrete example with the required property. This was done
by using the matrix algebra over the non-representable algebra of R. McKenzie.
A detailed description of this model and its implementation in Rath is, however,
out of the scope of this paper.

In both examples given in this sub-section the relation algebra in question
was basically known. The Rath system was used to verify the corresponding
properties. On the other hand, it is possible to find a specific model just by
testing the required property for all relation algebras available within Rath.

5 Conclusion

In this paper we have described the two computer systems RelView and Rath
for dealing with relations and have exhibited their usual domain of applications
by presenting some typical examples.
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The current investigations based on RelView and Rath are manifold. To
give two examples for RelView, we presently use the system to solve tasks
of systems architecture and re-engineering and for computing permanents of
specific matrices appearing in physics. Concerning Rath, a work in progress is,
for example, the inclusion of the theory of Goguen categories (see [16] for details)
into the system. This kind of a relational category constitutes a convenient theory
for dealing with so-called L-fuzzy relations. Our next aim is to get a prototype
of an L-fuzzy controller using Rath.

RelView is a system for set-theoretic relations, i.e., works within the stan-
dard model of relational algebra, whereas Rath is geared towards working with
non-standard models. In this sense, the systems complement each other. But
there is also some overlap in their functionality. E.g., the Rath system pro-
vides some possibilities for exploration and programming with concrete relations.
There is, of course, the drawback that the naive Haskell list implementation of
relations is not particularly efficient. For the future we plan to use the foreign-
function interface of Haskell to connect Rath with the efficient implementation
of relations in the kernel of RelView. In the last months the latter has been
isolated from the entire system and collected in a package called Kure (Kiel Uni-
versity Relation Package). See http://www.informatik.uni-kiel.de/˜kure.

Much of the field of TARSKI can be circumscribed by mentioning how of-
ten words like vague, rough, fuzzy, qualitative, uncertain are used in presenting
real world phenomena. Among these, we identified the handling of geographic
information in GIS (Geographic Information Systems), dealing with lots of other
vaguely defined spatial objects, their region connection etc., and the methods
of automatic reasoning on spatial properties. Other activities are devoted to
the difficulties of banking and investment corporations in decision making when
a multitude of possibly divergent criteria must be taken into account. People
work on the design of databases and information systems for large companies in
industry including questions of information analysis, knowledge representation
document management, and how to organize flexible querying. A diversity of
intelligent systems for industry, such as data mining, work-flow design, software
development with relational methods, including the demonic specification ap-
proach is studied. Times, locations, and events are handled with computer aid,
employing temporal and other modal logics. Uncertainty is handled in common-
sense reasoning, rough, vague, or approximate logical consequences (in human
computer studies, psychology, e.g.); logical formalizations together with infer-
ence in general, proof systems from the logical side and automated reasoning as
afterwards applied in artificial intelligence. A comprehensive bibliography may
be found on the RelMiCS-homepage:

http://www.relmics.org

In any case, the two relational systems Rath and RelView are intended to
improve mechanization for any method proposed. They are thus really central,
as it is easier to estimate usefulness of a method when it can be shown with
computer aid that it really works.
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While the examples in this paper are meant to demonstrate the systems in
rather theoretically oriented examples, researchers are encouraged to try out the
systems. With the help of the inventors, they seem capable to solve even intricate
problems. Both systems are available via the Internet:

RelView: http://www.informatik.uni-kiel.de/∼progsys/relview.shtml

Rath: http://ist.unibw-muenchen.de/relmics/tools/RATH/
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Abstract. The GUHA method of automatic generation of hypotheses
and its underlying logical and statistical theory is surveyed. Links to the
theory of information relations and to relational data mining are dis-
cussed. Logical foundations present an original approach to finite model
theory with generalized quantifiers.

1 Introduction

The aim of the present paper is, first, to give a survey of the present state
of the GUHA method of automatic generation of hypotheses and its underly-
ing theoretical foundation, general enough to serve as foundations of a broad
class of data mining methods; second, to relate the GUHA approach to the the-
ory of “information relations derived from information systems” as presented in
Demri and Orlowska(2002) as well as to the notion of “relational data mining”
presented in Džeroski and Lavrač(2001).

GUHA stands for General Unary Hypotheses Automaton and its origins go
to 1966 when the first (English) paper Hájek et al.(1966a) on GUHA was pub-
lished. That paper formulates the principle of the method as to let the com-
puter generate and evaluate all hypotheses that may be interesting from the
point of view of the given data and the studied problem. Moreover, the pa-
per formulates a notion of a hypothesis almost identical with the notion of an
association rule introduced by Agrawal et. al. during the advent of interest in
data mining in nineties of XX century (see e.g. Agrawal et al.(1996)). Much ear-
lier GUHA and its theory underwent intensive development, whose milestones
are the monograph Hájek, Havránek(1978a) (now freely accessible on web see
Hájek, Havránek(1978b)), two special issues of the International Journal of Man-
Machine studies Hájek(1978), Hájek(1981), the Czech book Hájek et al.(1983)
and the paper Hájek et al.(1995); these works contain references to several other
papers on GUHA.

Regrettably, GUHA has remained unknown in the mainstream of data mining
and knowledge discovery from databases; from our side, comparison was made
in Hájek and Holeňa(2003), in a series of papers Rauch(1978) till Rauch(2002a)
and in Hájek(2001a), Hájek(2003).

The second domain with which comparison is possible and desirable, is the
theory of information relations derived from information systems as presented
in Demri and Orlowska(2002) and more generally to data analysis inspired by
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the notion of rough sets (see also Düntsch and Gediga(2000)). Needless to say,
the COST Action 274 TARSKI is an ideal platform for this. A first step was
tried in Hájek(2001b).

Third, the book Džeroski and Lavrač(2001) on relational data mining is also
highly relevant; also here comparison seems well possible. (This has been stated
by Hájek on the TARSKI meeting in Aquilla and is mentioned in his Czech note
Hájek(2002).)

Needless to say, these comparisons are intended for both-side profit; the men-
tioned domains can learn from GUHA as well as GUHA can learn from them.

The paper is structured as follows: we discuss the assumptions on underly-
ing data, sketch the logic used (note that the most important feature is use of
generalized quantifiers and finite structures.). Particular attention is paid to as-
sociational quantifiers used to express various kinds of association (dependence)
between properties (attributes) of objects under investigation. Computational
complexity of our logic is discussed, relation to statistical hypothesis testing, and
possibility of testing fuzzy hypotheses. We also comment on existing implemen-
tations. Some particular meeting points with information relations and with
relational data mining are presented. In particular, we offer a certain duality
between our notion of an observational quantifier and the notion of information
relation of Orlowska et. al. The paper ends by a survey of further research plans
in the frame of TARSKI.
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2 Data

Data concern a finite set M of objects and a finite set {P1, . . . , Pn} of their at-
tributes (properties); mathematically this can be represented in several equiva-
lent ways. First, as 〈M,f1, . . . , fn〉 where fj is a function assigning to each object
u ∈ M its value fj(u) of the j-th attribute; if you agree that M = {1, . . . ,m}
(objects are indexed by natural numbers then data are presented by a rectan-
gular matrix {zij}j=1,...,n

i=1,...,m where zij = fj(i) – the value of j-th attribute for the
i-th object. In the simplest case the values are Boolean, i.e. 0 and 1; more gen-
erally, each attribute Pj has its domain Vj (e.g. integers, reals, abstract values
like colors, etc.) and fj assigns to each object an element (or a subset, as in
Demri and Orlowska(2002)) of Vj . Still alternatively, Boolean data can be rep-
resented as the set of pairs 〈u, I(u)〉 where u ∈ M and I(u) is the set of all j
such that fj(i) = 1 (the itemset of u, cf. Agrawal et al.(1996)).

Up to now, everything has been one-sorted and unary (one sort of objects;
all attributes have one argument). One can generalize to attributes of arbitrary
arity – relations (e.g. binary property “– is a parent of –”, “– and – have met”
etc. etc.) and to many-sortedness: objects of various sorts (people, towns, . . . )
and relations with possibly several arguments, each having a sort (“– has visited
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–”). Alternatively, there may be functions (arity 1 or more) assigning to each
object (tuple of objects) of given sort(s) another object (“birthplace of —”).

Admittedly, the mainstream in GUHA as well as in later data mining sys-
tems has concerned unary attributes; relational data mining in the sense of
Džeroski and Lavrač(2001) is one of pioneering works in data mining with data
in form of relations of arbitrary arity. (Concerning GUHA with attributes with
higher arity see below Sectoion 6 referring on Rauch(1986), Rauch(1996).) We
shall mainly discuss the unary case (concentrating to the notion of generalized
quantifier) and comment on the general case. The basic formalism and results
are from Hájek, Havránek(1978a), complemented by newer results.

One more remark: till now we have discussed data as some structures on
finite sets of objects. These are observational structures in the terminology of
Hájek, Havránek(1978a). When data mining is used to find statistical hypotheses
(which may but need not be the case), one is led to investigation of theoretical
structures of probability. In Hájek, Havránek(1978a) statistical inference is for-
malized using a kind of modal (Kripke) structures. See Sect. 8 below.

3 The Language

Our language is a kind of predicate calculus with generalized quantifiers, inter-
preted in finite structures as described above. First we discuss the case of unary
attributes. Thus we have n unary predicates P1, . . . , Pn (identified with the at-
tributes) an object variable x and for each Pj and each non-empty proper subset
X of the domain Vj of the j-th attribute a coefficient (X); atomic formulas have
the form (X)Pj(x). Clearly, an object u ∈ M satisfies (X)Pj(x) in the data
M = 〈M,f1, . . . , fn〉 iff the value fj(u) of the j-th attribute for the object u is in
X (fi(u) ∈ X). (If fj(u) is a subset of Vj this can be generalized in several ways,
e.g. fj(u) ⊆ X or fj(u) ∩ X �= ∅ etc.) Atomic formulas are also called literals.
Note that if Vj = {0, 1} then we may write Pj(x) for (1)Pj(x) and ¬Pj(x) for
(0)Pj(x).

Open formulas are built from literals using logical connectives &,∨,→,¬
(conjunction, disjunction, implication, negation); satisfaction of an open for-
mula ϕ(x) by u ∈ M (in M) is defined from satisfaction of literals using truth
functions of classical logic. Given data M, each open formula ϕ(x) determines
two frequencies:

r – the number of objects satisfying ϕ(x) in M,
s – the number of objects not satisfying ϕ(x) in M.

The pair (r, s) may be called the two-fold table of ϕ.

Each pair ϕ(x), ψ(x) of open formulas determines four frequencies:

a – the number of objects satisfying ϕ(x)&ψ(x) in M,
b – the number of objects satisfying ϕ(x)&¬ψ(x) in M,
c – the number of objects satisfying ¬ϕ(x)&ψ(x) in M,
d – the number of objects satisfying ¬ϕ(x)&¬ψ(x) in M.
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They are usually presented as a so-called four-fold table

a b r
c d s
k l m

where r = a + b, s = c + d, k = a + c, l = b + d, m = a + b + c + d (marginal
sums). Similarly for triples, quadruples,. . . of formulas.

A (unary) quantifier q of dimension δ = 1, 2, . . . is applied to a δ-tuple of for-
mulas and binds the variable x; the resulting formula is (qx)(ϕ1(x), . . . , ϕδ(x)).

The semantics of a quantifier q of dimension 1 is given by a truth function tq
associating with each two-fold table (r, s) either 1 (truth) or 0 (falsity). Examples
(for (r, s) being the two-fold table of ϕ):

(∀x)ϕ(x) Tr∀(r, s) = 1 iff s = 0 (all objects satisfy ϕ)
(∃x)ϕ(x) Tr∃(r, s) = 1 iff r > 0 (at least one object satisfies ϕ)
(Manypx)ϕ(x) TrMany,p(r, s) = 1 iff r/(r + s) ≥ p (0 < p ≤ 1)

The semantics of a quantifier q of dimension 2 is given by a truth function
Trq associating with each four-fold table (a, b, c, d) either 1 or 0. Let (a, b, c, d)
be the four-fold table of ϕ(x), ψ(x). Observe the use of infix notation (writing
ϕ(x)qxψ(x) instead of (qx)(ϕ(x), ψ(x)). Examples:

ϕ(x) ⇒x ψ(x) Tr⇒(a, b, c, d) = 1 iff b = 0 (each u satisfying ϕ satisfies ψ)

ϕ(x) ⇒x
p ψ(x) Tr⇒p

(a, b, c, d) = 1 iff a/(a+b) ≥ p (0 < p ≤ 1; p-many objects
satisfying ϕ satisfy ψ)

ϕ(x) ∼x ψ(x) Tr∼h
(a, b, c, d) = 1 iff ad > bc (see below)

(Eqcx)(ϕ(x), ψ(x)) TrEqc(a, b, c, d) = 1 iff a + b = a + c (i.e. r = k and hence
s = l). (equicardinality: ϕ,ψ have the same two-fold table).

The definition of semantics of a quantifier of dimension 3, 4, . . . is fully anal-
ogous using the notion of a 8-fold, 16-fold,. . . 2n-fold table). In particular, if q is
a quantifier of dimension 2 (say), we can define its partialization as a quantifier
of dimension 3 defining the formula (qx)(ϕ(x), ψ(x))/χ(x) to be true in the data
structure M iff the formula q(x)(ϕ(x), ψ(x)) is true in the substructure M � χ(x)
of all objects of M satisfying χ(x). (If there is no such object, the truth of the
partialiation is defined arbitrarily.)

This can be extended in various ways to incomplete data (some values miss-
ing, i.e. the functions fj may be partial). In Hájek, Havránek(1978a) three se-
mantics of missing information are described (called pessimistic, deleting and
optimistic).

The reader may wonder why we work with just one object variable x and
do not allow several variables x, y . . . A normal form theorem guarantees that
whatever your semantics of quantifiers is, each closed formula (all variables in the
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scope of a quantifier) in the language with several variables is logically equivalent
to a closed formula with just one variable (see Hájek, Havránek(1978a)). This is
true for the case of unary predicates (and of course fails for the general case).

If we admit predicates of higher arity (binary, ternary,. . . ) all quantifiers
discussed till now remain meaningful but become a particular case; a general
quantifier has its dimension δ (numbers of formulas to which it is applied) and
its arity – number variables it binds. A general form of a formula resulting by
an application of a quantifier is then

(qx1, . . . , xt)(ϕ1, . . . , ϕδ)

(where q has arity t and dimension δ). We shall not go into details and restrict
ourselves also here to unary quantifiers (which enables us to keep the original
reading of GUHA, relating now “unary” to the arity of quantifiers). More on the
generalized approach is presented below. For theoretical languages formalizing
statistical influence see Hájek, Havránek(1978a).

4 Associations

In GUHA, one is particularly interested in two-dimensional quantifiers express-
ing in some sense association of two open formulas (positive dependence, influ-
ence,. . . ). It should be clear that there may be many quantifiers satisfying this,
not just one. This leads to the following definitions:

A two-dimensional quantifier ∼ is associational if for each pair (a, b, c, d),
(a′, b′, c′, d′) of four-fold tables

Tr∼(a, b, c, d) = 1, a′ ≥ a, b′ ≤ b, c′ ≤ c, d′ ≤ d implies Tr∼(a′, b′, c′, d′) = 1.
(The inequalities mean that the latter table results from the former by possible
increase of coincidences and decrease of differences; recall that a is the number
of objects satisfying both formulas in question and d the number of objects
dissatisfying both formulas.)

The quantifier ∼ is implicational (or multitudinal) if

Tr∼(a, b, c, d) = 1, a′ ≥ a, b′ ≤ b implies Tr∼(a′, b′, c′, d′) = 1

(i.e. the value does not depend on c, d). An implicational quantifier (to be strictly
distinguished from the connective of implication) is often denoted by ⇒ with
some indices etc. The formula ϕ ⇒∗ ϕ (for ⇒∗ implicational) says in some sense
that many objects satisfying ϕ satisfy ψ.

From our examples in the preceding section ⇒ and ⇒p are implicational, ∼1
is associational, Eqc is not. Clearly each implicational quantifier is associational.
Seemingly the most popular implicational quantifier used in GUHA from its
beginning in the sixties is the quantifier FIMPL of founded implication:

Tr⇒p,t(a, b, c, d) = 1 iff a/(a+ b) ≥ p and a ≥ t.

Thus: p-many objects satisfying ϕ satisfy ψ and at least t objects satisfy ϕ&ψ
(t is called the base).
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Remarkably, this quantifier was rediscovered as the notion of association by
Agrawal et al.(1996) when introducing their mining association rules (with the
minor difference: instead giving a natural t as base demanding a ≥ t they give
a number between 0 and 1 as the lower bound for the relative frequence a/)a+
b+ c+ d)).

GUHA works since long time ago with two implicational quantifiers of sta-
tistical origin LIMPL and UIMPL – see below or Hájek, Havránek(1978a),
Hájek et al.(1995).

A quantifier ∼ is symmetric if Tr∼(a, b, c, d) = Tr∼(a, c, b, d) (hence ϕ ∼ ψ is
equivalent to ψ ∼ ϕ). A quantifier is comparative if Tr∼(a, b, c, d) implies ad > bc,
equivalently a/(a + b) > (a + c)/(a + b + c + d) – observe that if (a, b, c, d) is
the table of ϕ,ψ then a/(a+ b) is the relative frequence Freq(ψ|ϕ) of ψ among
objects satisfying ϕ and (a+ b)/(a+ b+ c+ d) is the relative frequence Freq(ψ)
of ψ in the whole data. Thus ad > bc may be read: ϕ increases the frequence
of ψ. (Caution: this does not mean that Fr(ψ|ϕ) is big; only that Freq(ψ|ϕ) is
bigger than Freq(ψ).)

The quantifier SIMPLE ∼u,t:

Tr∼u,t(a, b, c, d) = 1 iff ad > h.bc and a ≥ t (base).

It is association, symmetric and for h ≥ 1 it is comparative. Statistical analogs
FISHER and CHISQ are described in Hájek, Havránek(1978a), Hájek et al.
(1995) and below.

5 Some Further Classes of Quantifiers

This section is based on the large unpublished work Rauch(1998b), some main
results and definitions are also in Rauch(1998a). The generalized quantifier ∼ is
double implicational if

Tr∼(a, b, c, d) = 1 ∧ a′ ≥ a ∧ b′ ≤ b ∧ c′ ≤ c implies Tr∼(a′, b′, c′, d′) = 1

for each pair of four-fold tables.
The condition a′ ≥ a ∧ b′ ≤ b ∧ c′ ≤ c is the truth preservation condition for

double implicational quantifiers.
We can see a reason for such a definition in an analogy to propositional logic.

If u and v are propositions and both u → v and v → u are true, then u is
equivalent to v ( → is the propositional connective of implication). Thus we can
try to express the relation of equivalence of attributes ϕ and ψ using “double
implicational” quantifier ⇔∗ such that

ϕ ⇔∗ ψ if and only if ϕ ⇒∗ ψ and ψ ⇒∗ ϕ,

where ⇒∗ is a suitable implicational quantifier. Thus ϕ ⇔∗ ψ says many ϕ’s
are ψ’s amd many ψ’s are ϕ’s. If we apply the truth preservation condition for
implicational quantifier to ϕ ⇒∗ ψ, we obtain a′ ≥ a ∧ b′ ≤ b. If we apply it to
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ψ ⇒∗ ϕ, we obtain a′ ≥ a ∧ c′ ≤ c, (c is here instead of b). This leads to the truth
preservation condition for double implicational quantifiers a′ ≥ a∧b′ ≤ b∧c′ ≤ c.
Several quantifiers are defined according to this idea in Hájek et al.(1983), an
example follows.

Example 1. The quantifier ⇔p,s of founded double implication for 0 < p ≤ 1
and s > 0 is double implicational, see Rauch(1998a). Here ⇔p,s (a, b, c, d) = 1 if
and only if a

a+b+c ≥ p ∧ a ≥ s.

Several further classes of quantifiers are also defined and studied in
Rauch(1978), Rauch(1986), Rauch(1998b) and Rauch(1998a), e.g. pure double
implicational, typical double implicational, pure equivalence, Σ- equivalence and
F-quantifiers.

It is proved in Rauch(1998a) that quantifier ⇔p,s belongs to the class of
Σ-double implicational quantifiers:

The generalized quantifier ∼ is Σ-double implicational if

Tr∼(a, b, c, d) = 1 ∧ a′ ≥ a ∧ b′ + c′ ≤ b+ c implies ∼ (a′, b′, c′, d′) = 1

for each pair of four-fold tables.
It is obvious that each Σ-double implicational quantifier is also double im-

plicational. It follows from the definition that if a quantifier ⇔∗ belongs to the
class of Σ-double implicational quantifiers, then the value ⇒∗ (a, b, c, d) does
not depend on d.

We have a similar situation for equivalence. If u and v are propositions and
both u → v and ¬u → ¬v are true, then u is equivalent to v. Thus we can try to
express the relation of equivalence of attributes ϕ and ψ using an “equivalence”
quantifier ≡∗ such that

ϕ ≡∗ ψ if and only if ϕ ⇒∗ ψ and ¬ϕ ⇒∗ ¬ψ ,

where ⇒∗ is a suitable implicational quantifier. Thus “many ϕ’s are psi’s and
many (¬ϕ)’s are ¬ψ’s. If we apply the truth preservation condition for impli-
cational quantifier to ϕ ⇒∗ ψ we obtain a′ ≥ a ∧ b′ ≤ b, if we apply it to
¬ϕ ⇒∗ ¬ψ, we obtain d′ ≥ d ∧ c′ ≤ c, (c is here instead of b and d instead of a,
see Tab.1). This leads to the our truth preservation condition for associational
quantifiers: a′ ≥ a ∧ b′ ≤ b ∧ c′ ≤ c ∧ d′ ≥ d (associational quantifiers are
called “equivalence quantifiers” in Rauch(1996)).

Let us give the definition of the pure double implicational quantifier as an
example:

The generalized quantifier ⇔∗ is pure double implicational if there is the
implicational quantifier ⇒∗ such that

Tr⇔∗(a, b, c, d) = 1 iff Tr⇒∗(a, b) = 1 and Tr⇒∗(a, c) = 1 .

Finally, let us mention the quantifier of conviction (see Adamo(2001)):
Tr∼conv

h
(a, b, c, d) = 1 iff conv(a, b, c, d) ≥ h where conv(a, b, c, d) = (a+b)(b+d)

b(a+b+c+d) =
rl
bm . It is shown in Hájek(2003) that the conviction quantifier is associational.
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6 A Simple Many-Sorted Language

Here we present an example of a two-sorted data structure and of expressive
possibilities of a corresponding language. This approach was studied in Rauch’s
thesis Rauch(1986) (unpublished); see also Rauch(2002a).

We use two simple data matrices: Clients (see Figure 1) and Transactions
(see Figure 2).

client Age Sex Salary District Amount Repayment Quality
c1 45 M high Prague 48 000 4 000 good
...

...
...

...
...

...
...

...
c6181 32 F average Plzen 20 000 2 000 bad

Fig. 1. Data matrix Clients

In other words, the domain of the attribute Client in the matrix of transac-
tions coincides with the set of object of the matrix of client.

Each row of data matrix Clients corresponds to a client of a bank. There
are 6181 clients. Attributes Age, Sex, Salary and District describe the client.
Attributes Amount, Repayment and Quality describe loans of the clients. The
first row corresponds to a 45 years old man. This man has a high salary and he
lives in the district Prague. He borrowed 48000 Czech crowns. He repays 4000
Czech crowns and the quality of his loan is good.

Transaction Client Amount Bank Type
t1 c1 3 300 A T1
t2 c1 4 500 Z T4
. . . c1 . . . . . . . . .
t100 c1 6 700 C T6
...

...
...

...
...

tr c6181 12 900 B T2

Fig. 2. Data matrix Transactions

Rows of data matrix Transactions correspond to particular transactions of
clients. The client c1 has 100 transactions t1,. . . , t100 The data matrices Clients
and Transactions are related by the attribute Client. The attribute Client can be
understood as a function from data matrix Transactions to data matrix Clients.
It assigns a row from data matrix Clients to each row of data matrix Transac-
tions.

Each transaction is described by 3 attributes. The attribute Amount gives
the amount of transferred money. The attribute Bank describes the bank from/to
which the transaction goes; there are 26 particular banks A,. . . , Z. The attribute
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Type describes the type of transaction; there are 6 types of transactions: T1,. . . ,
T6.

We can use quantifiers to define new attributes of clients. We start with the
formula

(A)Bank(y) ⇒y
p,s (T1)Type(y)/(c1)Client(y)

concerning the data matrix Transactions and saying: on the submatrix of trans-
actions of the client c1, most transactions in bank A are of type T1. Supress-
ing the bound variable y for transactions we may abbreviate the formula as
(A)Bank ⇒p,s (T1)Type/(c1)Client. It defines a Boolean value for the client
c1. The same can be made for each other client, thus we get a new attribute for
clients. Formally, allow a variable x for clients in the coefficient in the restricting
condition; we get a formula (A)Bank ⇒p,s (T1)Type/(x)Client which defines a
Boolean property ϕ(x) of clients. This formula may now be combined with other
formulas with free variable x to define further composed properties of client
which can then be parts of closed formulas containing a quantifier binding x.

This approach is clearly related to the relational data mining developed by
Džeroski and Lavrač(2001); elaborating this remains a future task. Here let us
only mention (in passing) Chapter 8 of Džeroski and Lavrač(2001) (the authors
of that chapter being Dehaspe and Toivonen) on generating frequent DATALOG
patterns. From purely logical point of view they generate hypotheses like

(∃y)P (x, y) ⇒∗ (∃y)(P (x, y)&B(y))

(their example being “if a customer x has a child then x (usually) has a child
buying Coca-Cola”). The use of binary predicates and predicates of higher arity
is an extremally important feature of relational data mining. Here GUHA can
contribute by offering its generalized quantifiers to generate hypotheses on asso-
ciation (in the general sense of GUHA) between formulas containing predicates
of arbitrary arity.

7 Deduction Rules, Tautologies,
Computational Complexity, (Un)definability

Here we present some metamathematical results on the calculi under investiga-
tion (the unary case). We assume a language with n unary predicates P1, . . . , Pn,
a quantifier ∼ of dimension 2. Formulas of the form ϕ ∼x ψ with ϕ,ψ open with
just one variable x are called prenex normal; recall that formulas in normal form
are just boolean combinations of prenex normal formulas. Prenex normal for-
mulas play the role of hypotheses in GUHA; alternative name, in the style of
contemporary data mining, is association rules.

Simple deduction rules for prenex normal formulas are important for GUHA:
they make it possible to identify immediate consequences of hypotheses found
true in given data so that the consequences need not be extra verified in data.

The following are two “classical” examples of rules sound for all implicational
quantifiers ⇒∗ (“sound” meaning of course: if the premise is true in given data
then so is the conclusion”):
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ϕ ⇒∗ ψ
ϕ ⇒∗ ψ ∨ χ,

(ϕ&ψ) ⇒∗ χ
ϕ ⇒∗ χ ∨ ¬ψ .

An example sound for all associational quantifiers:

ϕ ∼ ψ

ϕ ∼ (ϕ&ψ)

This is a relatively simple example of a deduction rule of the form

ϕ ∼ ψ

ϕ′ ∼ ψ′

where ϕ,ψ, ϕ′, ψ′ are subjected to some syntactic condition, cf. Rauch(1998a).
This condition depends on the class the quantifier ∼ belongs to. A more detailed
description of deduction rules concerning association rules is out of range of this
paper.

In Hájek, Havránek(1978a) the reader may find also deduction rules contain-
ing besides formulas of the form ϕ ∼ ψ (∼ associational) also formulas with an
auxiliary “improving” quantifier.

To say that a rule ϕ∼ψ
ϕ′∼ψ′ is Q-sound (sound for each quantifier from the class

Q of quantifiers is the same as to say that the formula (ϕ ∼ ψ) → (ϕ′ ∼ ψ′)
(where → is the connective of implication) is a Q-tautology.

A formula (in the normal form) is a Q-tautology if it is true in each data
matrix for each quantifier ∼ from the class Q.

How complex is to decide whether a formula is a Q-tautology? It is proved
in Hájek, Havránek(1978a) that the set of all associational tautologies is recur-
sive (3.2.29); but now we know more: both the set of associational tautologies
and the set of implicational tautologies is co-NP-complete. See Hájek(2001b),
Hájek(2003) ; for general information on computational complexity see e.g.
Garrey and Johnson(1979).

Let us also mention the question of definability of the partialized quantifier
from the non-partialized one: we present a positive and negative result from
Hájek(2003)).

For each implicational quantifier ⇒∗, the formula ϕ(x) ⇒∗ ψ(x)/χ(x) is
logically equivalent to (ϕ(x)&χ(x)) ⇒∗ ψx) (easy). But there are associational
quantifiers ∼ such that the formula ϕ(x) ∼ ψ(x)/χ(x) is not logically equivalent
to any formula containing only the non-partialized quantifier ∼ (SIMPLE can
be taken as an example.)

Note once more that the above concerns the case with unary predicates; for
calculi with predicates of higher arity the situation is different. To mention a
classical example, recall Trakhtenbrot’s result saying that the set of formulas
of classical predicate logic with at least one at least unary predicate true in all
finite structures (thus being tautologies of finite model theory) is not recursively
enumerable.
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8 GUHA and Statistics

One of the key areas to which observational calculus has been applied is statistical
hypotheses testing Hájek, Havránek(1978a). In such applications, the rows of a
data matrix are realizations of a random vector, independently generated by
some probability distribution P, and the matrix itself is a realization of a random
sample from P. Through appropriate constraints on P, it is possible to capture
probabilistic relationships between the properties corresponding to the columns
of that data matrix. Assuming that P is a priori known to belong to some set D of
probability distributions, a statistical test assesses the validity of the constraint
H0 : P ∈ D0 for a given D0 ⊂ D, called null hypothesis, against the alternative
H1 : P ∈ D1 = D \ D0. The test is performed using some random variable t,
the test statistic, and some borel set Cα, the critical region of the test on a
significance level α ∈ (0, 1), which are connected to H0 through the condition
(∀P ∈ D0)P(t ∈ Cα) ≤ α. In addition, the test often makes use of the fact that
if the considered model is a realization of a random sample, then also the matrix
M of interpretations of open formulae ϕ1, . . . , ϕm is a realization of a random
sample, more precisely a realization of a multinomial random sample (random
sample from a multinomial distribution). That fact allows to choose some test
statistic t that is a function of such a multinomial random sample, and to define
a generalized quantifier ∼ corresponding to the constraint H1 by means of the
truth function

Tf∼(M) = 1 iff tM ∈ Cα, (1)

where tM is the realization of t provided the realization of the random sample
from P yields the matrix of interpretations M .

The existing implementations of GUHA include about a dozen quantifiers
defined according to (1). All of them are two-dimensional, and their truth func-
tions have the special property that the dependence of the truth function on
the two-column matrix M of interpretations reduces to its dependence on the
four-fold table corresponding to M . Formally, there exists a mapping τ from
four-fold tables to reals such that for each two-column matrix of interpretations
M , the following holds

tM = τ(aM , bM , cM , dM ), (2)

where aM , bM , cM and dM are the counts of the pairs (1, 1), (1, 0), (0, 1) and
(0, 0), respectively, among the rows of M (four-fold table).

Recall the definitions of an associational, implicational and symmetric asso-
ciational quantifier above.

A typical implicational quantifier ⇒∗ is suitable to capture a high probability
that the random variable corresponding to ψ assumes the value 1 provided the
random variable corresponding to ϕ assumes the value 1, whereas a symmetric
associational quantifier ∼ is suitable to capture a positive correlation between
those random variables.

If the binary generalized quantifier ∼ in a sentence ϕ ∼ ψ represents a
statistical test of a null hypothesis H0 against an alternative H1, given some
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initial assumptions A, then the statistical inference based on that test can be
represented by means of the following inference rule:

A,ϕ ∼ ψ

H1
, (3)

where A is some “frame assumption”, which is justified, assuming A and the
incompatibility of H0, H1, by the fact that if H0 held, then the observed va-
lidity of ϕ ∼ ψ would be improbable. More precisely, its probability would
not exceed the prescribed significance level α: Pr(ϕ ∼ ψ|A & H0) ≤ α. (See
Hájek, Havránek(1978a) for some details.)

The most fundamental examples of symmetric associational quantifiers are
∼F
α , the Fisher quantifier, corresponding to the one-sided Fisher exact test of

independence in four-fold tables with the significance level α ∈ (0, 1) 1, and the
chi-square quantifier ∼χ2

α , corresponding to the χ2 asymptotic test of indepen-
dence in four-fold tables with the significance level α. The truth functions of
their most simple versions are defined as follows:

Tf∼F
α
(M) = 1 iff aMdM > bMcM ∧ ∑min(rM ,kM )

i=aM

(
kM
i

)(
�M
rM −i

)

(mM
rM

) ≤ α, (4)

Tf∼χ2
α

(M) = 1 iff aMdM > bMcM ∧ mM (aMdM −bMcM )2

rMsMkM �M
≥ χ2

1(1 − 2α), (5)

where χ2
f (t) for t > 0 denotes the t-quantile of the χ2 distribution with f ∈ N

degrees of freedom, rM = aM + bM , sM = cM + dM , kM = aM + cM , �M =
bM + dM , and mM = aM + bM + cM + dM , i.e., mM is the number of rows of
the matrix M .

The basic example of an implicational quantifier is the lower critical impli-
cation →θ

α with the threshold θ ∈ (0, 1), which corresponds to the binomial test
with a significance level α. The truth function of the most simple version of this
quantifier is defined

Tf→θ
α
(M) = 1 iff

rM∑

i=aM

(rM

i
)
pi(1 − p)rM −i ≤ α. (6)

In statistical hypotheses testing, the test is usually performed in such a way
that the condition Pr(ϕ ∼ ψ|A & H0) ≤ α is fulfilled for a particular pair
(H0, H1) of tested hypotheses. Therefore, (3) is justified only for each such pair
separately, saying nothing about the simultaneous validity of other pairs of tested
hypotheses. All implementations of GUHA have been restricted only to this most
simple way of statistical hypotheses testing, in statistical terms called testing
1 In more details, if the sentence ϕ ∼F

α ψ is true in our data then we may assume
that the probabilities of ϕ, ψ, ϕ&ψ (in the universe from which our data present
a random sample) satisfy P (ϕ&ψ) > P (ϕ) · P (ψ) (given some probabilistic frame
assumption).
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on a local significance level. In practical applications of GUHA, however, this
restriction does not prevent the possibility to make use of methods for hypotheses
testing on a multiple significance level and to obtain sets of simultaneously valid
hypotheses.

To get an idea about how hypotheses testing on a multiple significance level
can be treated within the GUHA framework, consider pairs of null and alterna-
tive hypotheses (H(1)

0 , H
(1)
1 ), . . . , (H(n)

0 , H
(n)
1 ), such that for each i = 1, . . . , n,

there is a significance level αi ∈ (0, 1) and a binary generalized quantifier ∼i

defined for (H(i)
0 , H

(i)
1 ) on the significance level αi and used to construct a sen-

tence ϕi ∼i ψi. It is immaterial whether the open formulae ϕi, i = 1, . . . , n,
respectively ψi, i = 1, . . . , n, in the sentences ϕ1 ∼1 ψ1, . . . , ϕn ∼1 ψn differ
for different i = 1, . . . , n. Suppose, for simplicity, that the pairs of hypothe-
ses are ordered in such a way that α1 ≤ . . . ≤ αn, and that the initial as-
sumptions A, the null hypotheses H(1)

0 , . . . , H
(n)
0 and the quantifiers ∼1, . . . ,∼n

fulfil the following condition: (∀I ⊂ {1, . . . , n}) I �= ∅ ⇒ Pr(
∧
i∈I(ϕi ∼i

ψi)|A &
∨
i∈I H

(i)
0 ) ≤ α. Taking as axioms the system A & ¬(

∧
i∈I H

(i)
1 ) →

∨
i∈I H

(i)
0 for ∅ �= I ⊂ {1, . . . , n}, the condition Pr(ϕ ∼ ψ|A & H0) ≤ α yields

an inference rule representing the statistical inference in multiple hypotheses
testing: {A,

∧
i∈I(ϕi∼iψi)∧

i∈I H
(i)
1

, ∅ �= I ⊂ {1, . . . , n}}. Existing methods for multiple hy-

potheses testing differ with respect to how the validity of the condition (8) is en-
sured (Hochberg and Tamhane(1987), Samuel-Cahn(1996), Westfall(1997)). In
the applications of GUHA Coufal et al.(1999), Holeňa et al.(1999), the follow-
ing methods have been employed:

a) Bonferroni method, requiring (∀i ∈ {1, . . . , n}) αi = α
n .

b) Holm method, in which (∀i ∈ {1, . . . , n}) αi = α
n+1−i .

c) Simes method, the initial assumptions of which include the independence
of the achieved significance levels of the tests represented by ∼1, . . . ,∼n,
whereas α1, . . . , αn are required to fulfil (∀i ∈ {1, . . . , n}) αi = iα

n .

9 Generalization of GUHA to Fuzzy Hypotheses

As was shown in the preceding section, important examples of generalized quanti-
fiers encountered in the GUHA method correspond to common tests of statistical
hypotheses. However, there is an inner contradiction inherent to using common
statistical tests in GUHA. Those tests always require a precise formulation of
the tested hypothesis, i.e. precisely stated restrictions on the distribution of the
underlying random variables. On the other hand, due to its exploratory charac-
ter, GUHA is used predominantly in situations in which the user has a priori
only a rather vague knowledge about the underlying random variables, thus be-
ing unable to make a competent a priori choice of assumptions concerning their
distributions.

Therefore, it would be advantageous to reflect the vagueness of the user’s a
priori knowledge in the formulation of the generated hypotheses. To generalize
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the GUHA approach in such a way is the objective of its recently proposed exten-
sion, which successfully tackles the case of GUHA implications Holeňa(1996a),
Holeňa(1998). That extension provides the possibility to replace a precisely for-
mulated traditional statistical hypothesis with a fuzzy hypothesis, viewed as a
normalized fuzzy set Π̃ on a set Π of admissible parameters, Π̃ = {(p, µ(p)) :
p ∈ Π} with µ : Π → 〈0, 1〉.

Consider, for example, a sentence ϕ →!
p ψ, in which the quantifier of a lower

critical implication →!
p with p ∈ (0, 1) is applied to open formulae ϕ and ψ. Due

to (6), generating ϕ →!
p ψ corresponds to testing the statistical null hypothesis

Pr(ψ|ϕ) ≤ p, (7)

where Pr(ψ|ϕ) denotes the conditional probability of ψ being valid conditioned
on ϕ being valid Holeňa(1998). The constant p in (6) and (7) is a precise number
and must be chosen in advance. On the other hand, the extension of GUHA
proposed in Holeňa(1996a), Holeňa(1998) allows testing, instead of (7), the fuzzy
hypothesis

Pr(ψ|ϕ) is low. (8)

Needless to say, (8) is much more feasible than (7), at least for a user who has
only poor previous knowledge of the data.

Similarly, generating a sentence ϕ →?
p ψ, where →?

p is the quantifier of a
upper critical implication, corresponds to testing the statistical null hypothesis

Pr(ψ|ϕ) ≥ p. (9)

Instead, the proposed extension allows testing the fuzzy hypothesis

Pr(ψ|ϕ) is high. (10)

Both (8) and (10) can be viewed as fuzzy sets on the open interval (0, 1), which
is the set of admissible values for the parameter p in (7) and (9). A number
of examples of membership functions that correspond to (8) or to (10) can be
found in Holeňa(1996a), Holeňa(1998).

For testing fuzzy hypotheses such as (8) or (10), a suitable generalization of
the concept of implicational quantifiers is needed. Such a generalization is now
briefly sketched.

Let a fuzzy hypothesis be viewed as a normalized fuzzy set Π̃ on a set Π of
admissible parameters. Then a binary generalized quantifier ⇒ is called fuzzy-
implicational w.r.t. Π̃ if for each two-column models M1, M2, the following
implication is valid:

aM2 ≥ aM1 & bM2 ≤ bM1 ⇒
⇒ Ftfa→(M2) ≥ Ftfa→(M1) & Ftfr→(M2) ≥ Ftfr→(M1).

(11)

Here, Ftfa→ and Ftfr→ are two 〈0, 1〉-valued functions defined in Holeňa(1996a)
and called accepting fuzzy truth function of → w.r.t. Π̃, and rejecting fuzzy
associated function of → w.r.t. Π̃, respectively. Several important properties of
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these associated functions have been proven and their relationship to the truth
function Tf→ from (1) has been studied in Holeňa(1998).

At present, another approach to fuzzy hypotheses testing is being elaborated,
in which fuzzy hypotheses are viewed not as fuzzy sets, but as predicates of
a many-sorted predicate calculus Holeňa(2001a), Holeňa(2001b). Differently to
the approach outlined here, that alternative approach allows to tackle fuzzy
hypotheses testing with purely logical means.

10 GUHA Procedures and Their Implementations

Under a GUHA procedure we understand a concrete algorithm of generation
GUHA hypotheses given the input data and values of input parameters defin-
ing the syntax and semantics of hypotheses to be generated and evaluated; at
the same time we call an implementation of such an algorithm also a GUHA
procedure.

This is entirely general; but historically, (almost) all existing GUHA proce-
dures generated GUHA-associations, i.e. hypotheses of the form ϕ ∼ ψ where
ϕ,ψ are open formulas (satisfying some syntactical restrictions given by input
parameter) and ∼ is a fixed associational quantifier, taken from an offer of a
list of possible choices, parameters of the quantifier chosen being a part of input
parameters of the procedure.

We shall not discuss the “pre-historical” implementations and mention only
three last ones:

GUHA-ASSOC for personal computers, described in Hájek et al.(1995); for
long time this was the most used implementation.

GUHA+-, implemented by a group of students, working under WINDOWS,
described and freely available on web – see 2;

4ft-Miner is a part of the system LISP-Miner2. We shall describe this last
implementation.

The GUHA procedure 4ft-Miner mines for association rules ϕ ∼ ψ and for
conditional association rules ϕ ∼ ψ/χ. Quantifiers of fourteen types can be used.
Open formulas ϕ, ψ and χ are conjunctions of literals and are called antecedent
succedent and condition respectively. Input and output of 4ft-Miner are described
below.

A conditional association rule is an expression of the form ϕ ∼ ψ/χ where
ϕ, ψ and χ are open formulas. The intuitive meaning is that ϕ and ψ are in
relation given by the quantifier ∼ when the condition χ is satisfied (see above).

10.1 Quantifiers of 4ft-Miner

Fourteen types of quantifiers are implemented in procedure 4ft-Miner. There are
three implicational quantifiers: ⇒p,s, ⇒!

p,α,s and ⇒?
p,α,s .

2 LISP-Miner is an academic software system for Knowledge Discovery in Databases
research and teaching. It is suitable namely for mid-size, pilot and students projects.
The system LISp-Miner is developed at University of Economics, Prague and it is
freely available, see 1.
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Further there are three analogous double implication quantifiers: ⇔p,s ,
⇔!
p,α,s, ⇔?

p,α,s and three analogous equivalence quantifiers: ≡p,s (see above).
≡!
p,α,s, ≡?

p,α,s, and also Rauch(1978).
There are also symmetric associational quantifiers corresponding to χ2 test

and to Fisher’s test and the simple quantifier defined by the condition ad > h.bc
where δ ≥ 0. The quantifier →C,S corresponding to Agrawal’s association rule
and the quantifier corresponding to condition max( b

a+b ,
c
d+c ) < γ where 0 ≤ γ <

1, see Zembowicz and Zytkow(1996) is also implemented.

10.2 Antecedent, Succedent and Condition

Antecedent, succedent and condition are conjunctions of literals of the form A[σ]
where A is a predicate and σ is a subset of a set of possible values of A (above
we wrote (σ)A for A[σ].) An example of the conditional association rule:

A1[1, 3, 4] ∧ A3[5, 6] ⇔0.9 A5[8, 12] ∧ A7[11, 12, 14] ∧ A8[2] / A9[4, 5, 6, 7, 8].

10.3 Input of 4ft-Miner

An input of 4ft-Miner is given by: (i): The analyzed data matrix. (ii): The quan-
tifier. (iii): Simple definition of all antecedents to be automatically generated. It
consists of: (iii-a): A list of all predicates from which literals of antecedent will
be automatically generated. (iii-b): Simple definition of the set of all literals
to be automatically generated from each particular predicate. (iii-c): Minimal
and maximal number of literals in each generated antecedent. (iv): Analogous
definitions of all succedents and of all conditions to be automatically generated.

The set of all literals to be generated from a particular predicate is given
by a type of subsets and by the minimal and the maximal number of particular
values in the subset. There are five types of subsets to be generated: all subsets,
intervals, left cuts, right cuts and cuts.

Examples of a definition of the set of basic Boolean attributes for column A
with possible values {1,2,3,4,5}: (1) all subsets with values defines basic Boolean
attributes A[1, 2], A[1, 3], . . ., A[4, 5], A[1, 2, 3], A[1, 2, 4], . . ., A[3, 4, 5]; (2) in-
tervals with 2-3 values defines basic Boolean attributes A[1, 2], A[2, 3], A[3, 4],
A[4, 5], A[1, 2, 3], A[2, 3, 4] and A[3, 4, 5]; (3) left cuts with most 3 values defines
basic Boolean attributes A[1], A[1, 2], A[1, 2, 3].

10.4 Output of 4ft-Miner

4ft-Miner automatically generates all (GUHA-)association rules or all condi-
tional (GUHA-)association rules given by the conditions (ii)–(iv) (usually 105–
107) and verifies them in data matrix given by (i). Output of 4ft-Miner is the
set of all association rules (all conditional association rules) true in data matrix
given by (i).

Usual output of 4ft-Miner consists of tens or hundreds of true association
rules (true conditional association rules). There are strong tools for dealing with
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output of 4ft-Miner. It is possible to sort output 4ft association rules by var-
ious criterions. Flexible conditions can be used to define subsets of output 4ft
association rules. It is also possible to export defined subsets in several formats.

10.5 Some Further Features of 4ft-Miner

4ft-Miner works under WINDOWS, analyzed data matrix can be stored in a
database (ODBC is applied). New values can be defined for particular columns
(e.g. intervals or groups of original values). New columns of data matrix can be
also defined (SQL - like) and used in conditions (iii) - (v).

4ft-Miner works very fast. Usual task (data matrix with 104 rows, several
millions of 4ft association rules to be generated and verified) requires only several
minutes at PC with Pentium II and with 128 MB of operational memory. Several
optimisation techniques and deep theoretical results are used, e.g. bit strings
for representation of analyzed data matrix Rauch(1978) and deduction rules.
Note that the method of first finding frequent patterns (frequent conjunctions of
literals) powerful in Agrawal style data mining cannot be immediately used in our
general case; but the paper Hájek(2001a) contains a comparison of that method
with the approach of GUHA and suggests a variant of the former approach
appliable in GUHA.

11 GUHA and Information Relations

Information relations on objects of a data structures are defined and studied in
Demri and Orlowska(2002) Chapt. 3 (where the reader also finds references to
relevant previous works). There are particular (finitely many) binary relations
on the set of objects definable by quantifying over subsets of predicates (not
objects), eg. strong indiscernibility:

for any set A of predicates and x, y ∈ M, 〈x, y〉 ∈ inf(A) iff (∀P ∈ A)(fP (x) =
fP (y)) (the underlying data being M = 〈M, (fP )P predicate〉.

Another example, for the case that fP maps objects onto subsets of VP :
forward inclusion –

〈x, y〉 ∈ fin(A) iff (∀P ∈ A)(fP (x) ⊆ fP (y)).

There are examples of six indistinguishability relations; there are also six dis-
tinguishability relations. If you represent the data by a matrix, then the fact of
〈x, y〉 is or is not in the relation is fully determined by the pair of rows/vectors
corresponding to x, y, more precisely to their subvectors with coordinates in A.

But this can be understood as dual – in some sense – to the situation in
GUHA, just interchanging the role of objects and predicates (transposing the
data matrix). For simplicity, assume Boolean data fP (x) ∈ {0, 1} (where 0 = ∅ –
empty set, 1 = {∅}) and let ⇔ be the quantifier of classical equivalence; let P1, P2
be predicates and a1, a2 objects. Then P1(x) ⇔x P2(x) is true in our data M iff
for all objects u, fP1(u) = fP2(u). And P (a1) ⇔P P (a2) (where P is a variable
ranging over predicates iff for all predicates P, fP (a1) = fP (a2). (This is the
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case of A = M ; similarly for arbitrary A.) This leads to the following research
topic. Investigate information relations defined using generalized quantifiers. We
give some examples, still assuming A = M (the case of A ⊆ M is handled by
relativized quantifiers as presented above).

y has many properties that x has: P (x) ⇒P
p,s P (y). Here ⇒p,s is FIMPL and

the quantified variable is P. Thus we work with the four-fold table (a, b, c, d)
where a is the number of properties presented both by x and by y, b is the
number of properties presented by x but not by y, etc. The formula is true if
a/(a+ b) ≥ p and a ≥ s (think of p = 0.9, s = 10).

x is (simply) associated with y: P (x) ∼P
h,s P (y).

Here ∼h,s is SIMPLE; think of h = 2 and s = 10. The formula is true if
a ≥ 10 (x, y posses at least 10 properties in common) and ad > 2bc (in this sense
coincidence of x, y in properties dominates their difference). Also statistically
motivated quantifiers may be considered (saying e.g. that x, y are significantly
positively dependent with respect to their properties); of course, some care is
necessary in interpreting such relations.

12 Conclusion

The GUHA method and its underlying logical and statistical theory has been
presented and its relations to mining association rules, theory of information
relations and to relational data mining have been discussed. Further research
topics include:

– processing of extremely large data sets by GUHA,
– more on GUHA and fuzzy logic,
– GUHA with more general data (many sorted, non-unary predicates but

unary quantifiers) and connection with relational data mining,
– connection of GUHA with non-invasive data mining and information rela-

tions.

It is hoped that this program is inspiring for various partners of the COST
Action 274–TARSKI.
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Džeroski, S. and N. Lavrač [2001], Relational data mining. Springer.
Feglar, T. [2001], “The GUHA architecture.” In: Proc. Relmics 6, edited by H. de Swart,

Katholieke Universiteit Brabant, Tilburg, The Netherlands, pp. 358–364.
Garrey, M. R. and D. S. Johnson [1979], Computers and intractability. W. J. Freeman

and Co., New York.
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hypotéz I.” Kybernetika, 2, pp. 31–47.
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Hájek, P. and T. Havránek [1978b], “Mechanizing hypothesis formation (mathematical
foundations for a general theory).” . Internet edition.
http://www.cs.cas.cz/∼hajek/guhabook.
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Abstract. The approach presented in this overview paper exploits that
modal logics can be seen to be fragments of first-order logic and deductive
methods can be developed and studied within the framework of first-
order resolution. We focus on a class of extended modal logics very similar
in spirit to propositional dynamic logic and closely related to description
logics. We review and discuss the development of decision procedures for
decidable extended modal logics and look at methods for automatically
generating models.

1 Introduction

Over the last nearly ten years a variety of methods for reasoning with modal
and description logics have been developed, implemented and applied in several
case studies, cf. for example [36, 41, 46, 47, 42]. Though the logics involved are
very similar, the reasoning methods used and proof search strategies employed
can differ considerably. Various empirical studies have been undertaken mainly
for basic multi-modal logic or its corresponding description logic ALC. Many of
these studies are competitive in nature or study the effects of various optimi-
sation methodologies on the performance of provers. While such work is vital,
it is only a beginning. From current studies it is difficult to extrapolate general
conclusions for different reasoning methods and different logics not considered in
such studies. The literature on formal logic and proof theory does not give much
guidance either. Particular forms of reasoning methods tend to get favoured
over others, mostly due to ease of presentation, without there being theoretical
or empirical evidence for the practical usefulness of the considered proof meth-
ods. Thus currently it is still difficult to choose between the different methods
and provers; what is lacking is a general body of knowledge which would sup-
port well-judged choices. In the area of automated reasoning for propositional
logics there have been extensive analytical and empirical evaluations of different
proof methods. Similar research developments for modal and description logic
reasoning systems are only starting to get off the ground.
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The aim of this paper is to give an overview of some recent advances in the
area. We concentrate on decision procedures developed in the framework of first-
order resolution and focus on translation-based resolution methods for modal
logics. This means that we take a modal formula, translate it into first-order
logic through the Kripke-semantics, and then apply some variant of resolution
to it. Using the combination of a translation method and resolution has some ob-
vious advantages. Any modal logic which can be embedded into first-order logic
can be treated. The translations are straightforward, and can be performed in
time O(n log n), so no engineering effort is needed here. For the resolution part,
standard resolution provers can be used, or otherwise they can be used with
small adaptations. Modern resolution provers are among the most sophisticated
and fastest theorem provers available. The translation approach is generic, it can
handle first-order modal logics, undecidable (first-order definable) modal logics,
and combinations of modal and non-modal logics. In all cases soundness and
completeness of the approach is immediate from the soundness and complete-
ness of the translation mapping and the resolution calculus. Resolution provers
provide decision procedures for a large class of (extended) modal logics and de-
scription logics. Often the same refinements that decide modal and description
logics decide also more expressive first-order generalisations such as the guarded
fragment or Maslov’s class K [25, 48].

This survey focusses on the extended modal logic K(m)(∩,∪,−,�), first con-
sidered in De Nivelle, Hustadt and Schmidt [16], and subsystems thereof as
well as extensions with relational theories. K(m)(∩,∪,−,�) is a PDL-like logic
which permits complex formulae as parameters of the modal operators. This is
useful for application domains in artificial intelligence and computational lin-
guistics. For example, if e denotes the eats relation and p is the set of plants,
then 〈e〉p can be interpreted as denoting the set of plant eaters, while [e]p de-
notes the set of vegetarians, who eat nothing but plant matter1. An expression
which requires complex relational parameters is the set of cheese lovers, given by
〈e ∧ l〉c ∧ ¬〈¬(e ∧ c)〉c, where l denotes the ‘likes’ relation and c is interpreted
as the set of cheeses2.

Formally, K(m)(∩,∪,−,�) is the multi-modal logic defined over families of
relations closed under intersection, union, complementation and converse. It ex-
tends Boolean modal logic (due to Gargov and Passy [29]) with converse on
relations. K(m)(∩,∪,−,�) is very expressive. It subsumes standard modal logics
such as K, KT , KD, KB, KTB, and KDB, their independent joins, as well as
the basic tense logic Kt. Global satisfiability of these logics can be embedded
in K(m)(∩,∪,−,�) and it subsumes modal logics extended with the universal
modality. Logics of philosophical interest such as logics expressing inaccessibil-
ity, sufficiency, or both necessity and sufficiency [30, 43, 44] can be embedded

1 x |= [e]p iff for any y, such that Re(x, y) we have that y |= p. Thus, the meaning of
x |= [e]p is ‘everything that x eats is plant matter’.

2 Observe x |= 〈e ∧ l〉c iff x eats and likes (some) cheese. Further, x |= ¬〈¬(e ∧ c)〉c
iff for any y |= c, both Re(x, y) and Rl(x, y) are true. Therefore, cheese lovers are
people who eat and like every cheese.
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in K(m)(∩,∪,−,�). Certain forms of interactions and correspondence proper-
ties, for example, inclusions among relations and symmetry, are covered as well.
K(m)(∩,∪,−,�) subsumes a large class of well-known description logics [16, 34].
It is most closely related to the description logic ALB introduced in [50].

In this paper we focus on first-order logic fragments induced by the standard
relational translation of modal logics. Other translation methods exist (see Sec-
tion 12) but, as yet, it is not known how to treat modal logics with complex
modal parameters within the context of these translation methods.

Regardless as to which translation method is adopted, a crucial decision is
the choice of a suitable refinement of the basic resolution calculus for first-order
logic. Depending on our aims we have various options. Ordering refinements
provide decision procedures for very expressive logics, while if we are interested
in generating models for satisfiable formulae selection-based refinements (or hy-
perresolution) are more natural (Fermüller et al. [23, 22], Leitsch [55], Hustadt
et al [35, 50, 49, 52]). We discuss an ordered resolution decision procedure for a
class of clauses induced by K(m)(∩,∪,−,�) in Section 6. In Section 7 we describe
a refinement which relies solely on the selection of negative literals for certain
extensions of K(m)(∩,∪,�). This refinement has the property that for many
modal logics its derivations resemble those of tableau calculi. We consider the
polynomial simulation of single-step prefix tableau by selection-based resolution
in Section 8. Such simulation results do not only say something about the rela-
tive complexity of resolution and tableaux, they can also be exploited to transfer
proof procedures, extra inferences rules, search strategies, simplification criteria
and optimisation techniques between the different approaches. Moreover, the re-
lationship can be exploited for extracting new tableau calculi from resolution in a
more or less automatic way. As a case analysis, in Section 9, we define a semantic
tableau calculus for the logic K(m)(∩,∪,�) which is derived from the selection-
based resolution procedure. Soundness, completeness and termination results are
then mere corollaries of corresponding results for the resolution refinement. The
selection-based refinement also has the property that, like tableau-based proce-
dures, it can be used for the automatic construction of models for satisfiable
formulae and the models are finite if the procedure is a decision procedure. This
is the topic of Section 10. In Section 11 we mention automated reasoning tools
that implement the procedures described in this paper.

Before we can proceed to the main part of this paper, namely Sections 6–11,
we need to define the class of logics under consideration, how they translate
to first-order logic and describe the resolution framework. This is done in Sec-
tions 3– 5. Section 2 summarises the notational conventions used in this paper.
The final section mentions some important topics not covered in this paper be-
cause of space limitations.

2 Notational Convention

Throughout the notational convention is the following. The letters x, y, z are
reserved for first-order variables, s, t, u, v for terms, a, b for constants, f, g, h for
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function symbols, and p, q, r for propositional symbols, and P,Q,R for predicate
symbols. A is the letter reserved for atoms, L for literals, and C,D for clauses.
For sets of clauses the letter N is used. The Greek letters ϕ,ψ, φ are reserved for
modal or first-order formulae, and α, β, γ are reserved for relational formulae.

3 Extended Modal Logics

The language of K(m)(∩,∪,−,�) is defined over countably many propositional
variables p, p1, p2, . . ., and countably many relational variables r, r1, r2, . . .. A
propositional atom is a propositional variable, � or ⊥. A modal formula is either
a propositional atom or a formula of the form ¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, 〈α〉ϕ and [α]ϕ,
where ϕ is a modal formula and α is a relational formula. A relational formula is
a relational variable or has one of the following forms: α ∧ β, α ∨ β, ¬α, and α�

(converse), where α and β are relational formulae. Other connectives are defined
to be abbreviations, for example, ϕ → ψ = ¬ϕ ∨ ψ or the universal modality is
[u] = [rj ∨ ¬rj ], for some relational variable rj .

The semantics of K(m)(∩,∪,−,�) is defined in terms of relational structures
or frames. A frame is a tuple (W,R) of a non-empty set W (of worlds) and a
mapping R from relational formulae to binary relations over W satisfying:

Rα∧β = Rα ∩Rβ Rα∨β = Rα ∪Rβ R¬α = Rα Rα� = R�
α .

Here and in the rest of the paper we prefer to use the notation Rα instead of
R(α). The defining class of frames of a modal logic determines, and is determined
by, a corresponding class of models. A model (an interpretation) is given by a
triple M = (W,R, ι), where (W,R) is a frame and ι is a mapping from modal
formulae to subsets of W satisfying:

ι(⊥) = ∅ ι(�) = W ι(¬ϕ) = ι(ϕ)
ι(ϕ ∧ ψ) = ι(ϕ) ∩ ι(ψ) ι(〈α〉ϕ) = {x | ∃y ∈ W ((x, y) ∈ Rα ∧ y ∈ ι(ϕ))}
ι(ϕ ∨ ψ) = ι(ϕ) ∪ ι(ψ) ι([α]ϕ) = {x | ∀y ∈ W ((x, y) ∈ Rα → y ∈ ι(ϕ))}.

A modal formula is satisfiable iff an M exists such that for some x inW , x ∈ ι(ϕ).
We also consider logics with fewer relational operations, as well as logics

restricted by relational theories consisting of additional frame properties. A logic
K(m)(�1, . . . , �k) in-between K(m) and K(m)(∩,∪,−,�), where the �i are distinct
operations from {∩,∪,−,�} (m ≥ 1, 0 ≤ i ≤ k ≤ 4), is defined to be the
multi-modal logic defined over relations closed under �1, . . . , �k. If L is a logic in-
between K(m) and K(m)(∩,∪,−,�) and ∆ is a set of relational frame properties
then L∆ denotes the logic characterised by the class of L-frames which satisfy
the conjunction of properties in ∆ 3. Examples of relational frame properties
and the corresponding modal axiom schemas are given in Figure 1.

It is well-known that an implication between relational formulae can be de-
fined by (α → β) = [α ∧ ¬β]⊥ in Boolean modal logic [70] and therefore also
3 Used in a formula ∆ is assumed to represent the conjunction of relational properties.
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Seriality, for D = 〈r〉� : ∀x∃y R(x, y)

Reflexivity, for T = [r]p → p : ∀xR(x, x)

Symmetry, for B = 〈r〉[r]p → p : ∀x∀y (R(x, y) → R(y, x))

Inclusion, for [r1]p → [r2]p : ∀x∀y (R2(x, y) → R1(x, y))

For [r3]p → ([r1]p ∨ [r�
2 ]p) : ∀x∀y (R1(x, y) ∧ R2(y, x) → R3(x, y))

Fig. 1. Some correspondence properties.

in K(m)(∩,∪,−,�). For example in K(m)(∩,∪,−,�) the symmetry of the ac-
cessibility relation R1 associated with r1 can be specified by r1 → r�

1 . We also
observe that a modal logic L including relational complementation and one re-
lational conjunction and relational disjunction allows for the definition of the
universal modality. If r is a relational name in the language of the logic L then
the universal modality [u] can be defined by [u]ϕ = [r ∨ ¬r]ϕ = [¬(r ∧ ¬r)]ϕ.

4 Translation to First-Order Logic

Modal formulae will be mapped to first-order logic formulae by two transforma-
tions: a translation of the modal formula into first-order logic, in this case, a
semantics-based translation, followed by a structural transformation.

The standard semantics-based translation of K(m)(∩,∪,−,�) into first-order
logic is determined by the definition of the semantics of the logical operators.
For modal formulae the translation is specified by the following.

π(�, x) = � π(⊥, x) = ⊥
π(pi, x) = Pi(x) π(¬ϕ, x) = ¬π(ϕ, x)

π(ϕ � ψ, x) = π(ϕ, x) � π(ψ, x) for � ∈ {∧,∨,→,↔}
π(〈α〉ϕ, x) = ∃y (τ(α, x, y) ∧ π(ϕ, y)) π([α]ϕ, x) = ∀y (τ(α, x, y) → π(ϕ, y))

Relational formulae are translated according to the following.

τ(rj , x, y) = Rj(x, y) τ(¬α, x, y) = ¬τ(α, x, y) τ(α�, x, y) = τ(α, y, x)
τ(α � β, x, y) = τ(α, x, y) � τ(β, x, y) for � ∈ {∧,∨}
In the translation each propositional or relational variable (pi or rj) is uniquely
associated with a unary or binary predicate variable, denoted by the correspond-
ing capital letter (Pi or Rj).

By definition, Π maps any modal formula ϕ to ∃x π(ϕ, x).

Theorem 1. Let L be a logic in-between K(m) and K(m)(∩,∪,−,�) and ∆ a
(possibly empty) set of relational frame properties. For any modal formula ϕ, ϕ
is satisfiable in L∆ iff ∆ ∧ Π(ϕ) is first-order satisfiable.

The purpose of the structural transformation is to convert the first-order
translation into a more manageable form. Before we describe it formally, we
need to state some definitions of basic notions.
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The polarity of (occurrences of) modal or first-order subformulae is defined
as usual. Any occurrence of a proper subformula of an equivalence has zero
polarity. For occurrences of subformulae not below a ‘↔’ symbol, an occurrence
of a subformula has positive polarity if it is one inside the scope of an even
number of (explicit or implicit) negations, and it has negative polarity if it is one
inside the scope of an odd number of negations.

For any first-order formula ϕ, if λ is the position of a subformula in ϕ, then
ϕ|λ denotes the subformula of ϕ at position λ and ϕ[ψ �→ λ] is the result of
replacing ϕ|λ at position λ by ψ. The set of all the positions of subformulae of
ϕ is denoted by Pos(ϕ).

Structural transformation, also referred to as renaming, associates with each
element λ of Λ ⊆ Pos(ϕ) a predicate symbol Qλ and a literal Qλ(x), where
x = x1, . . . , xn are the free variables of ϕ|λ, the symbol Qλ does not occur in
ϕ and two symbols Qλ and Qλ′ are equal only if ϕ|λ and ϕ|λ′ are equivalent
formulae4. Let Def+λ (ϕ) = ∀x (Qλ(x) → ϕ|λ) and Def−

λ (ϕ) = ∀x (ϕ|λ → Qλ(x)).
The definition of Qλ is the formula

Defλ(ϕ) =






Def+λ (ϕ) if ϕ|λ has positive polarity,
Def−

λ (ϕ) if ϕ|λ has negative polarity,
Def+λ (ϕ) ∧ Def−

λ (ϕ) otherwise.

The corresponding clauses are called definitional clauses. Now, define DefΛ(ϕ)
inductively by:

Def∅(ϕ) = ϕ and
DefΛ∪{λ}(ϕ) = DefΛ(ϕ[Qλ(x) �→ λ]) ∧ Defλ(ϕ),

where λ is maximal in Λ ∪ {λ} with respect to the prefix ordering on positions.
A definitional form of ϕ is DefΛ(ϕ), where Λ is a subset of all positions of
subformulae (usually, non-atomic or non-literal subformulae).

Theorem 2 (e.g. [9, 71]). Let ϕ be a first-order formula. (i) ϕ is satisfiable
iff DefΛ(ϕ) is satisfiable, for any Λ ⊆ Pos(ϕ). (ii) DefΛ(ϕ) can be computed in
linear time.

5 First-Order Resolution

Basics. The usual definition of clausal logic is assumed. A literal is an atom or
the negation of an atom. The former is said to be a positive literal and the latter
a negative literal. If the predicate symbol of a literal has arity one (two) then
we call this literal a unary literal (binary literal). A clause with one literal is
a unit clause (or unit). If this literal is a unary (binary) literal then the clause
will be called a unary (binary) unit clause. In this paper clauses are assumed
4 In practice, one may want to use the same symbols for variant subformulae, or

subformulae which are obviously equivalent, for example, ϕ ∨ ψ and ψ ∨ ϕ.
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to be multisets of literals, and will be denoted by P (x) ∨ P (x) ∨ ¬R(x, y), for
example. The empty clause will be denoted by ∅. The components in the variable
partition of a clause are called variable-disjoint or split components, that is, split
components do not share variables. A clause which cannot be split further will
be called a maximally split clause. A positive (resp. negative) clause contains
only positive (resp. negative) literals.

Two formulae or clauses are said to be variants of each other if they are
equal modulo variable renaming. Variant clauses are assumed to be equal.

We say an expression is functional if it contains a constant or a non-nullary
function symbol. Otherwise it is called non-functional.

Resolution. Now, we briefly recall the definition of ordered resolution extended
with a selection function from Bachmair et al [4–6]. Derivations are controlled
by an admissible ordering � and a selection function. Basically the idea is that
inferences are restricted to literals maximal under the ordering � while the selec-
tion function is used to override the ordering, and give preference to inferences
with negative literals. A third parameter in our presentation is a normalisation
function Norm.

By definition, an ordering � is admissible, if (i) it is a total, well-founded
ordering on the set of ground literals, (ii) for any atoms A and B, it satisfies:
¬A � A, and B � A implies B � ¬A, and (iii) it is stable under the application
of substitutions. An ordering is said to be liftable if it satisfies (iii). The multiset
extension of � provides an admissible ordering on clauses. A literal L is said to
be (strictly) maximal with respect to a clause C if for any literal L′ in C, L′ �� L
(L′ �� L). Let M be a set and �c an arbitrary ordering on M . Assume that
with every literal L we associate a complexity measure cL ∈ M . An ordering is
compatible with a given complexity measure cL on ground literals, if cL �c cL′

implies L � L′ for any two ground literals L and L′.
A selection function S assigns to each clause a possibly empty set of occur-

rences of negative literals. If C is a clause, then the literal occurrences in S(C)
are selected. No restrictions are imposed on the selection function. The minimal
requirement for the normalisation function is that Norm(C) is a clause which
is logically equivalent to C and Norm(C) � C. Many resolution decision proce-
dures rely on condensing (defined below) as the minimal normalisation function.

Let R be the resolution calculus defined by the rules of Figure 2. As is usual
we implicitly assume that the premises of the resolution rule have no common
variables. The premise C ∨ A1 of the resolution rule and premise of the factoring
rule will be referred to as a positive premise, while the premise ¬A2 ∨ D of the
resolution rule will be referred to as a negative premise. The literals resolved
upon and factored upon are called eligible literals.

The splitting rule is a rule familiar from DPLL algorithms and tableau calculi.
Instead of trying to refuteN∪{C∨D} one tries to refuteN∪{C} andN∪{D} (or
N ∪ {C} and N ∪ {D,¬C}, if C is a ground clause). The splitting rule is don’t
know non-deterministic and requires backtracking. However, in the resolution
context splitting can be simulated by introducing a new propositional symbol.
If C ∨ D is a clause that can be split into two split components C and D, then
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Deduce:
N

N ∪ {Norm(C)}
if C is a factor or resolvent of
premises in N .

Delete:
N ∪ {C}

N
if C is redundant.

Split:
N ∪ {C ∨ D}

N ∪ {C} | N ∪ {D} if C and D are variable-disjoint.

Resolvents and factors are computed with:

Ordered resolution:
C ∨ A1 ¬A2 ∨ D

(C ∨ D)σ

provided (i) σ is the most general unifier of A1 and A2, (ii) no literal is selected in C,
and A1σ is strictly 
-maximal with respect to Cσ, and (iii) ¬A2 is either selected, or
¬A2σ is maximal with respect to Dσ and no literal is selected in D.

Ordered factoring:
C ∨ A1 ∨ A2

(C ∨ A1)σ

provided (i) σ is the most general unifier of A1 and A2, and (ii) no literal is selected
in C and A1σ is 
-maximal with respect to Cσ.

Fig. 2. The calculus R.

it is possible to replace C ∨ D by two clauses C ∨ q, and ¬q ∨ D. q is made
minimal in the ordering �, and ¬q is selected [14, 75]. In most cases this is easier
to implement than the full splitting rule.

R forms a complete refutation system for clause sets. In general, the calculus
R can be enhanced with standard simplification rules such as tautology deletion
and subsumption deletion, in fact, it can be enhanced by any simplification rule
which is compatible with a general notion of redundancy [5, 6]. Essentially, a
ground clause is redundant in a set N with respect to the ordering � if it follows
from smaller instances of clauses inN , and a non-ground clause is redundant inN
if all its ground instances are redundant inN . A setN of clauses is saturated up to
redundancy with respect to a particular refinement of resolution if the conclusion
of every inference from non-redundant premises in N is either contained in N , or
else is redundant in N . Subsumption and condensing are instances of redundancy
elimination. A clause D subsumes a clause C iff there exists a substitution σ such
that Dσ ⊆ C (strictly speaking, in our framework Dσ ⊂ C has to hold). The
condensation Cond(C) of a clause C is a minimal5 multiple factor of C which
subsumes C. A clause C is condensed if there is no proper subclause of C which
is a factor of C.

A derivation in R from a set of clauses N is a finitely branching, ordered tree
T with root N and nodes which are sets of clauses. The tree is constructed by
applications of the expansion rules to the leaves. We assume that no resolution
or factoring inference is computed twice on the same branch of the derivation.

5 Minimality is with respect to the number of literals in the clause.
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Any path N(= N0), N1, . . . in a derivation T is called a closed branch in T iff
the clause set

⋃
j≥0Nj contains the empty clause, otherwise it is called an open

branch. We call a branch B in a derivation tree complete (with respect to R)
iff no new successor nodes can be added to the endpoint of B by R, otherwise
it is called an incomplete branch. A derivation T is a refutation iff every path
N(= N0), N1, . . . in it is a closed branch, otherwise it is called an open derivation.

A derivation T from N is called fair iff for any path N(= N0), N1, . . . in T ,
with limit N∞ =

⋃
j≥0

⋂
k≥j Nk, it is the case that each clause C which can

be deduced from non-redundant premises in N∞ is contained in some Nj . Intu-
itively, fairness means that no non-redundant inferences are delayed indefinitely.
For a finite complete branch N(= N0), N1, . . . Nn, the limit N∞ is equal to Nn.

Theorem 3 ([6]). Let T be a fair R derivation from a set N of clauses. Then:
(i) If N(= N0), N1, . . . is a path with limit N∞, then N∞ is saturated (up to
redundancy). (ii) N is satisfiable if and only if there exists a path in T with limit
N∞ such that N∞ is satisfiable. (iii) N is unsatisfiable if and only if for every
path N(= N0), N1, . . . the clause set

⋃
j≥0Nj contains the empty clause.

It should be noted that inferences with ineligible literals are not unsound,
but are provably redundant. In other words, only inferences with eligible literals
need to be performed for soundness and completeness.

6 Decision Procedures Using Ordered Resolution

Many modal logics naturally translate into decidable fragments of first-order
logic. For example the basic modal logic K translates into the two-variable frag-
ment, into the guarded fragment [1], into Maslov’s class K [58], and into fluted
logic [72, 73] (cf. [34]). By constructing decision procedures for these decidable
fragments, one obtains generic decision procedures for modal logics and the
corresponding description logics. Resolution decision procedures have been de-
veloped for the guarded fragment [15, 25], for Maslov’s class K [48], for fluted
logic [78] and various other classes related to modal logics, see e.g. [22, 34, 45]. In
this paper we consider only the relationship to a fragment of clausal logic based
on the two-variable fragment. The fragment is called DL∗ [16]. It is a variation of
the class of DL-clauses, that was introduced in [50] with the purpose of handling
expressive description logics.

In order to simplify the definition of the fragment DL∗ of clausal logic all
clauses are assumed to be maximally split. The notions can be easily adopted
for clauses with more than one split component. A maximally split clause C is
a DL∗-clause iff the following conditions are satisfied.

1. All literals are unary, or binary.
2. There is no nesting of function symbols.
3. Every functional term in C contains all the variables of C. (This condition

implies that if C contains a functional ground term, then C is ground.)
4. Every binary literal (even if it has no functional terms) contains all the

variables of C.
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The first-order translation of the modal formula [¬r1 ∧ r2]〈¬r1 ∧ r2〉p is

∃x∀y ((¬R1(x, y) ∧ R2(x, y)) → ∃z (¬R1(y, z) ∧ R2(y, z) ∧ P (z))).

The structural transformation results in the set of formulae on the left, while the clausal
form is given on the right. (Here α is used as an abbreviation for ¬r1 ∧ r2.)

∃xQ[α]〈α〉p(x)

∀x (Q[α]〈α〉p(x) →
∀y (Qα(x, y) → Q〈α〉p(y)))

∀x (Q〈α〉p(x) → ∃y (Qα(x, y) ∧ P (y)))

∀xy (Qα(x, y) → (¬R1(x, y) ∧ R2(x, y)))

∀xy ((¬R1(x, y) ∧ R2(x, y)) → Qα(x, y))

Q[α]〈α〉p(a)
∗

¬Q[α]〈α〉p(x) ∨ ¬Qα(x, y)∗ ∨ Q〈α〉p(y)

¬Q〈α〉p(x) ∨ Qα(x, f(x))∗

¬Q〈α〉p(x) ∨ P (f(x))∗

¬Qα(x, y)∗ ∨ ¬R1(x, y)∗

¬Qα(x, y)∗ ∨ R2(x, y)∗

R1(x, y)∗ ∨ ¬R2(x, y)∗ ∨ Qα(x, y)∗

Fig. 3. A sample transformation of a modal logic formula to DL∗.

Examples of DL∗-clauses include ground clauses, and the following.

¬Q0(x) ∨ Q1(x) ∨ ¬Q2(x) Q0(x) ∨ ¬R0(x, y) ∨ Q1(y)
¬Q0(x) ∨ Q1(f(x)) R0(x, y) ∨ ¬R1(y, x) ∨ R2(x, y)
¬Q0(x) ∨ ¬R0(f(x), x) R0(x, y) ∨ ¬R1(x, f(x, y)) ∨ R2(f(x, y), y)

The clauses R0(x, y) ∨ R0(x, f(x)), Q0(x, x, x) ∨ Q1(f(f(x))) and R0(x, x) ∨
R1(x, y) do not belong to the class of DL∗-clauses. The clause Q0(x) ∨ Q1(a)
does not belong to DL∗, since it is not maximally split.

Theorem 4 ([16, 50]). Over a finite signature6 there are only finitely many
maximally split DL∗-clauses (modulo variable renaming).

The proof can be obtained by first observing that there is a fixed upper bound
for the maximal number of variables in a clause. Then there are only a finite
number of possible literals. Because every clause is a subset of the set of possible
literals, there is a finite set of possible clauses.

Theorem 5 ([16]). The number of possible DL∗-clauses is bounded by 22f(s)
,

where f is of order s log(s) and s is the size of the signature.

The reduction of modal formulae to sets of DL∗-clauses makes use of a struc-
tural transformation introducing new names for subformulae corresponding to
non-atomic subexpressions of the original modal formula [16, 50]. The reduction
is illustrated in Figure 3. It is not difficult to verify that the generated clauses
are all DL∗ clauses. In general, it can be proved that:
6 The supply of function symbols and predicate symbols is finite, while there are

possibly infinite but countably many variables.
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Theorem 6 ([16]). Let ϕ′ be a first-order formula that results from transla-
tion of a modal formula ϕ in K(m)(∩,∪,−,�). Every clause in the clausal nor-
mal form of DefΛ(ϕ′) is a DL∗-clause, where Λ = {λ | there is a non-atomic
subexpression ϕ|λ′ of ϕ and ϕ′|λ = Π(ϕ|λ′)}.

In order to decide the class DL∗, we use the following ordering which is similar
to the recursive path ordering. First we define an order >d on terms: s >d t if
s is deeper than t, and every variable that occurs in t, occurs deeper in s. Then
we define P (s1, . . . , sn) � Q(t1, . . . , tm) as {s1, . . . , sn} >mul

d {t1, . . . , tm}. Here
>mul
d is the multiset extension of >d . So we have P (f(x)) � P (a), P (x) and

P (x, y) � Q(x), but not P (f(x)) � P (f(a)). The ordering >d originates from
Fermüller et al. [23]. The selection function S does not select any negative literal
in any clause. We denote this particular instance of the resolution calculus R by
Rord.

In the example in Figure 3 the maximal literals are marked with ∗. These
are the literals that can potentially be resolved or factored upon.

In order to prove that the procedure Rord is indeed a decision procedure we
have to show that it is complete, and terminating. The completeness follows from
Theorem 3. Termination is a consequence of Theorem 4, and the fact that the
restriction derives only clauses that are within DL∗, or splittable clauses with
split components in DL∗ (cf. [45, 50]).

Theorem 7. Let L be a logic in-between K(m) and K(m)(∩,∪,−,�). Let ∆ be
a finite set of relational properties expressible in DL∗. Let N be the clausal form
of ∆ ∧ DefΛΠ(ϕ), where ϕ is any modal formula in L and Λ is defined as
in Theorem 6. Then: (i) Any derivation from N in Rord (up to redundancy)
terminates in double exponential time. (ii) ϕ is unsatisfiable in L iff there is a
refutation of N in Rord.

Relational properties expressible in DL∗ include the Boolean combination of
relational inclusions or equivalences expressed over intersection, union, comple-
mentation and converse. Moreover, reflexivity and irreflexivity can be expressed
in DL∗. It is usually the case that when studying modal decidability problems
by analysing the decidability of related clausal classes one comes to realise that
stronger results are possible than initially anticipated. For instance, it is not
difficult to see that modal and relational formulae with positive occurrences of
relational composition can also be embedded into the class DL∗. This means that
Theorem 7 can be strengthened. Let K(m)(∩,∪,−,�, �, ;pos ) denote the multi-
modal logic in which relational formulae may also have the forms: α�ϕ (domain
restriction), and α ;β (composition), but the latter may occur positively only
(that is, occur in the scope of an even number of explicit and implicit negation
symbols). The semantics of the new operators are defined (as expected) by:

Rα�ϕ = {(x, y) | (x, y) ∈ Rα ∧ x ∈ ι(ϕ)}, and
Rα ; β = Rα ;Rβ = {(x, y) | ∃z ((x, z) ∈ Rα ∧ (z, y) ∈ Rβ)}.

Observe that the range restriction of a relation can be represented in terms of
domain restriction and converse, by (α��ϕ)�.
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Det [β]p → 〈γ〉p ∀x∃y (Rβ(x, y) ∧ Rγ(x, y))

Sym 〈α〉[β]p → p ∀x∀y (Rα(x, y) → Rβ(y, x))

Gr [β]p → [α]p ∀x∀y (Rα(x, y) → Rβ(x, y))

Conf 〈α〉[β]p → 〈γ〉p ∀x∀y (Rα(x, y) → ∃z (Rα(x, z) ∧ Rβ(z, y)))

Fig. 4. Modal axioms and their correspondence properties.

Theorem 8. Let L be a logic in-between K(m) and K(m)(∩,∪,−,�, �, ;pos ). Let
∆ be a finite set of relational properties expressible in DL∗. Let N be the clausal
form of ∆ ∧ DefΛΠ(ϕ), where ϕ is any modal formula in L and Λ is defined
as in Theorem 6. Then: (i) Any derivation from N in Rord (up to redundancy)
terminates in double exponential time. (ii) ϕ is unsatisfiable in L iff there is a
refutation of N in Rord.

This theorem cannot be strengthened further by removing the restriction on
compositions. From the undecidability result of the equational theory of Boolean
algebras with composition in [54] it follows that allowing arbitrary occurrences
of composition leads to undecidability.

Theorem 9. The satisfiability problem in every logic in-between K(m)(∩,∪,−, ; )
and K(m)(∩,∪,−,�, �, ; ) is undecidable.

Theorem 10. Every logic in-between K(m)(∩,∪,−) and K(m)(∩,∪,−,�, �) is
NEXPTIME-complete.

Proof. A consequence of the NEXPTIME-completeness of the satisfiability of
Boolean modal logic and FO2 formulae [37, 56].

From Theorem 8 we can obtain some decidability results for propositional
modal logics. In the following let α, β and γ denote either a relational variable or
a relational formula built from relational variables using disjunction and compo-
sition. Let Σ be a set modal formulae in the language of multi-modal K(m) and
let K(m)Σ be the extension of K(m) closed under the formulae in Σ. For exam-
ple, the axiom schema listed in Figure 4 determine classes of logics considered
in Catach [12] and Baldoni [7].

Theorem 11. Let Σ be any finite set of instances of formulae in Figure 4, and
let ∆Σ be the set of associated first-order properties as specified in Figure 4.
Then: For any modal formula ϕ, ϕ is satisfiable in K(m)Σ iff ∆Σ ∧ Π(ϕ) is
first-order satisfiable.

Proof. By noting that disjunction and composition in the relational parameters
of the modal operators can be normalised away, it is not difficult to see that
all formulae in Figure 4 are Sahlqvist formulae. Using the scan algorithm [24]
one can prove the properties associated with the modal formulae in Figure 4
are in fact their correspondence properties. Thus, the theorem follows from the
well-known Sahlqvist Theorem [76].
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This theorem is also an easy consequence of a more general theorem by Cat-
ach [12].

Theorem 12. Let Σ be any finite set of instances of formulae in Figure 4, with
the restriction that in each case α is a relational formula built from relational
variables and disjunction only, while β and γ denote either a relational vari-
able or a relational formula built from relational variables using disjunction and
composition. Then, the satisfiability problem in K(m)Σ is decidable, and it can
be decided by a resolution procedure based on the translation into DL∗ and any
ordering refinement compatible with >d.

Proof. The restriction that α is a relational formula built from relational dis-
junction only ensures that relational composition occurs only positively in the
first-order correspondence properties for the axioms in Σ. This implies all cor-
respondence properties can be formulated in DL∗. The result then follows by
Theorem 7.

Finally, we observe that decidability is preserved if a relational property ψ
in the theory ∆ for a logic in-between K(m) and K(m)(∩,∪,−,�, �, ;pos ) may
also include binary literals of the form (¬)R(x, x) or (¬)R(y, y), if x and y
are the two universally quantified variables in the property ψ. An example is
∀xy (R1(x, y) → R2(x, x) ∨ R3(y, y)). Although the clausal form is not an DL∗

clause it can easily be transformed into a set of DL∗ clauses using the renaming
techniques used in Hustadt and Schmidt [48] for deciding Maslov’s dual class K
by ordered resolution.

7 Decision Procedures Using Selection-Based Resolution

K(m)(∩,∪,�) and logics below it have the property that they can be decided
by a refinement of resolution which is defined solely by a selection function of
negative literals [16, 50]. The transformation to clausal form is based on the stan-
dard translation and we use the same structural transformation as described in
Section 4, except that DefΛ introduces the same symbol for variant subformulae
with the same polarity. For simplicity it is assumed that ϕ is in negation normal
form, that is, in every subformula of the form ¬ψ, ψ is a propositional vari-
able. As a consequence all occurrences of non-atomic subformulae of ϕ′ with one
free variable have positive polarity. This means that Defλ(ϕ′) = Def+λ (ϕ′) for
the positions λ associated with these occurrences. But subformulae correspond-
ing to relational formulae (subformulae with two free variables) can occur both
positively and negatively. For these DefΛ introduces one symbol for all variant
occurrences of subformulae corresponding to non-atomic relational subformulae
with positive polarity and a different symbol for all variant occurrences with
negative polarity. For example, DefΛ maps [α]〈α〉p with α = r1 ∧ r2 to the
conjunction of the following formulae.
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P(a)

¬Qψ(x)+ ∨ ¬Pi(x)+ if ψ = ¬pi
¬Qψ(x)+ ∨ P(x) [∨ P(x)] if ψ = φ1 ∧[∨] φ2

¬Qψ(x)+ ∨ ¬R(x, y)+ [∨ P(y)] if ψ = [α]φ [ψ = [α]⊥]

¬Qψ(x)+ ∨ P(f(x))

¬Qψ(x)+ ∨ R(x, f(x))
if ψ = 〈α〉φ

¬Qpα(x, y)+ ∨ R(x, y) [∨ R(x, y)] if α = β1 ∧[∨] β2 has pos. polarity

Qnα(x, y) ∨ ¬R(x, y)+ [∨ ¬R(x, y)+] if α = β1 ∧[∨] β2 has neg. polarity

Fig. 5. Schematic clausal forms for K(m)(∩,∪,�).

∃xQ[α]〈α〉p(x)
∀x (Q[α]〈α〉p(x) → ∀y (Qnα(x, y) → Q〈α〉p(y)))
∀x (Q〈α〉p(x) → ∃y (Qpα(x, y) ∧ P (y)))

∀xy (Qpα(x, y) → (R1(x, y) ∧ R2(x, y)))
∀xy ((R1(x, y) ∧ R2(x, y)) → Qnα(x, y)).

The symbol Qnα (resp. Qpα) is associated with the negative (resp. positive) oc-
currence of α.

Subsequently, introduced predicate symbols are denoted by Qψ and Qpα or
Qnα, where Qψ represents an occurrence of a modal subformula ψ and Qpα (Qnα)
represents a positive (negative) occurrence of a relational subformula α. Let

P(s) denote some literal in {Pi(s), Qψ(s)}i,ψ, and let

R(s, t) denote some literal in {Rj(s, t), Rj(t, s), Qp/nα (s, t), Qp/nα (t, s)}j,α.

Note two occurrences of P(s) or R(s, t) need not be identical. For example,
¬Qψ(x) ∨ Pi(x) ∨ Qχ(x) is an instance of ¬Qψ(x) ∨ P(x) ∨ P(x), while
¬Qψ(x) ∨ ¬Rj(y, x) ∨ Qχ(y) and ¬Qψ(x) ∨ ¬Qnα(x, y) ∨ Qχ(y) are instances of
¬Qψ(x) ∨ ¬R(x, y) ∨ P(y).

All input clauses have one of the forms described in Figure 5 [16, 50]. The
literals marked with + are selected in the clauses by the specific selection function
we use.

The calculus is based on maximal selection of negative literals. This means
the selection function selects exactly the set of all negative literals in any non-
positive clause. An ordering refinement is optional. In this case, the ordered
resolution rule of R can be replaced by the following rule.

Resolution with maximal selection:

C1 ∨ A1 · · · Cn ∨ An ¬An+1 ∨ . . . ∨ ¬A2n ∨ D
(C1 ∨ . . . ∨ Cn ∨ D)σ

provided for any 1 ≤ i ≤ n, (i) σ is the most general unifier of Ai and An+i,
(ii) Ci ∨ Ai and D are positive clauses, (iii) no Ai occurs in Ci, and (iv) Ai,
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¬An+i are selected. The negative premise is ¬An+1 ∨ . . . ∨ ¬A2n ∨ D and the
other premises are the positive premises. The literals Ai and An+i are the eligible
literals.

Let Rhyp be the calculus based on maximal selection and no ordering. This
means the rules are the above resolution rule, positive unordered factoring and
splitting. The normalisation function is not needed (but could of course be added
without losing completeness), that is, we assume Norm is the identity mapping.
For simplification tautology deletion is used. All derivations in Rhyp are generated
by strategies in which no application of the resolution or factoring with identical
premises and identical consequence may occur twice on the same path in any
derivation. In addition, deletion rules, splitting, and the deduction rules are
applied in this order, except that splitting is not applied to clauses which contain
a selected literal.

As all non-unit clauses of a typical input set contain a selected literal all
definitional clauses can only be used as negative premises of resolution steps.
To begin with there is only one candidate for a positive premise, namely, the
ground unit clause Qϕ(a) representing the input formula ϕ. Inferences with such
ground unary unit clauses produce ground clauses consisting of positive literals
only, which will be split into ground unit clauses.

Lemma 1 ([50]). Maximally split (non-empty) inferred clauses have one of two
forms: P(s), or R(s, f(s)), where s is a ground term.

In general, s will be a nested non-constant functional ground term, which is typ-
ically avoided in resolution decision procedures based on an ordering refinement,
because in most situations nesting causes unbounded computations. However,
it can be shown that for the class of clauses under consideration any derived
clause is smaller than its positive parent clauses with respect to a well-founded
ordering which reflects the structure of the formula.

Theorem 13 ([50]). Let L be a logic in-between K(m) and K(m)(∩,∪,�). Let
ϕ be any L-formula and let N be the clausal form of DefΛΠ(ϕ). Then: (i) Any
Rhyp-derivation from N terminates. (ii) ϕ is unsatisfiable in L iff there is a
refutation of N by Rhyp.

Theorem 14 ([16]). For any logic in-between K(m) and K(m)(∩,∪,�), the
space complexity for testing the satisfiability of a modal formulae ϕ with Rhyp

is bounded by O(ndm), where n is the number of symbols in ϕ, d is the number
of different diamond subformulae in ϕ, and m is the modal depth of ϕ7.

Formulae in K(m)(∩,∪,�) translate by Π into the guarded fragment, while
there are formulae in K(m)(∩,∪,−,�) which do not [16]. It is not difficult to see
that formulae in K(m)(∩,∪,�) are in fact translated into the subfragment GF1−,
introduced by Lutz, Sattler and Tobies [57]. In contrast to the guarded fragment,
GF1− permits the development of PSPACE decision procedures [31, 57]. Under
7 By definition the modal depth of a formula ϕ is the maximal nesting of modal oper-

ators 〈α〉 or [α] in ϕ.
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the assumption that either (i) there is a bound on the arity of predicate symbols
in GF1− formulae, or (ii) that each subformula of a GF1− formula has a bounded
number of free variables, the satisfiability problem of GF1− is the same as for
K(m) [57]. Thus, we can conclude:

Theorem 15. The computational complexity of the satisfiability problem of any
modal logic in-between K(m) and K(m)(∩,∪,�) is PSPACE-complete.

In [31] it is shown that Rhyp can be implemented as a modification of the main
procedure of a standard (saturation based) first-order theorem prover with split-
ting (e.g. spass) to provide a space optimal decision procedure for GF1−. A
direct consequence is the following.

Theorem 16. Rhyp can be turned into a polynomial space resolution decision
procedure for logics in-between K(m) and K(m)(∩,∪,�).

So far in this section we have considered only logics with empty relational
theory. It is natural to try and strengthen the results obtained. We might ask
whether the results can be generalised, and if it is indeed possible, to try and
determine for which theories the above results can be generalised. Generalisations
of Theorem 13 have been considered in [16, 50]. We quote here a generalised
theorem established in [16].

Theorem 17 ([16]). Let L be a logic in-between K(m) and K(m)(∩,∪,�). Let
∆ be a finite Rhyp-saturated set of clauses consisting of two kinds of split com-
ponents.

1. Clauses with at most two free variables, which are built from finitely many
binary predicate symbols Rj, no function symbols, and containing at least one
guard literal (that is, this literal is negative and includes all the variables of
the clause).

2. Clauses built from one variable, finitely many function symbols (including
constants), and finitely many binary predicate symbols Rj, with the restric-
tion that (a) the argument multisets of all non-ground literals coincide, and
(b) each literal which contains a constant is ground.

Suppose ϕ is an L-formula and N is the clausal form of DefΛΠ(ϕ). Then:
(i) Any Rhyp-derivation from N ∪ ∆ terminates. (ii) ϕ is unsatisfiable in L∆
iff there is a refutation of N ∪∆ by Rhyp.

Relational frame properties covered by this result include reflexivity, irreflex-
ivity, seriality, symmetry, inclusions among relations, for example, R1 ⊆ R2 or
R1 ⊆ (R�

2 ∩R3), as well as, for example, ∀x∃y ¬R(x, y), ∀x∃y (R(x, y) ∨ R(y, x)),
or ∀xy (R(x, y) → R(x, x)). Of the properties in Figure 4 the properties Det,
Sym and Gr are covered, provided that the relational parameters α, β and γ are
formed from relational variables and disjunction. Thus, familiar logics covered
by the above results include KT , KD, KB, KTB, and KDB, but also the basic
tense logic Kt.
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The results of this section also cover the corresponding description logics,
for example, the basic description logic ALC possibly extended with role con-
junction, role disjunction and inverse roles. Acyclic TBox statements, and both
concept and role ABox statements are also in the scope of the last theorem.

8 Simulating Tableaux

Selection refinements of resolution (and hyperresolution) are closely related to
standard modal tableau calculi and description logic systems [16, 22, 49, 50, 52].
In this section we investigate simulation relationships between the selection-
based resolution procedure Rhyp and Massacci’s single-step prefixed tableau cal-
culi [59].

There are three notions of simulation [16]: polynomial simulation of deriva-
tions, polynomial simulation of search, and step-wise simulation. By definition,
a proof system A p-simulates (polynomially simulates) derivations of a proof
system B iff there is a function g, computable in polynomial time, which maps
derivations in B for any given formula ϕ, to derivations in A for ϕ. A system A
p-simulates search of a system B iff there is a polynomial function g such that
for any formula ϕ, g maps derivations from ϕ in A to derivations from ϕ in B.
The first notion generalises the notion of p-simulation found in [13], who are only
concerned with the p-simulation of proofs (that is, successful derivations leading
to a proof). Simulation of search is a relationship in the opposite direction. It
implies that A does not perform any inference steps for which no corresponding
inference steps exist in B. To show that A p-simulates proofs or derivations of B
it is sufficient to prove that for every formula ϕ and every derivation DB of ϕ in
B, there exists a derivation DA of ϕ in A such that the number of applications
of inference rules in DA is polynomially bounded by the number of applications
of inference rules in DB. This can be achieved by showing that there exists a
number n such that each application of an inference rule in DA corresponds
to at most n applications of inference rules in DB. It follows that the length
of derivation DB is polynomially bounded by the length of DA. This is known
as a step-wise simulation of B by A [20]. Note that a step-wise simulation is
independent of whether the considered derivations are proofs or not.

The single-step prefixed tableau calculi of Massacci [59] for subsystems of
S5 are defined by Figures 6 and 7. The basic entities are formulae labelled with
prefixes. A labelled (prefixed) formula has the form σ : ϕ, where σ is a sequence
of positive integers and ϕ is a modal formula. σ represents a world in which ϕ is
true. Tableau derivations in the single-step prefixed tableau calculi have a tree
structure and begin with the formula, 1 : ϕ in the root node. Successor nodes
are then constructed by the application of the expansion rules in Figure 6. The
prefixes in the expansion rules, except for σ.n of the (�)-rule, are assumed to be
present on the current branch.

Theorem 18 ([59]). Let Σ ⊆ {D,T,B, 4, 5}. A formula ϕ is satisfiable in a
logic KΣ iff a tableau containing a branch B can be constructed by the tableau
calculus for KΣ such that B does not contain the falsum and further rule appli-
cations are redundant.
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(⊥)
σ : ψ, σ : ¬ψ

σ : ⊥ (∧)
σ : ψ ∧ φ

σ : ψ, σ : φ
(∨)

σ : ψ ∨ φ

σ : ψ | σ : φ

(�)
σ : �ψ

σ.n : ψ
with σ.n new to the current branch

(�)
σ : �ψ

σ.n : ψ
(D)

σ : �ψ

σ : �ψ
(T )

σ : �ψ

σ : ψ

(B)
σ.n : �ψ

σ : ψ
(4)

σ : �ψ

σ.n : �ψ
(4r)

σ.n : �ψ

σ : �ψ

(4d)
σ.n : �ψ

σ.n.m : �ψ
(5)

1.n : �ψ

1 : ��ψ

Fig. 6. Single step prefixed tableau expansion rules for subsystems of S5.

K : (K) K5 : (K), (4r), (4d), (5) KD5 : (K), (D), (4r), (4d), (5)
KD : (K), (D) KDB : (K), (D), (B) KB4 : (K), (B), (4), (4r)
KT : (K), (T ) KD4 : (K), (D), (4) K45 : (K), (4), (4r), (4d)
KB : (K), (B) KTB : (K), (T ), (B) KD45 : (K), (D), (4), (4r), (4d)
K4 : (K), (4) S4 : (K), (T ), (4) S5 : (K), (T ), (4), (4r)

Fig. 7. Tableau calculi for subsystems of S5. (K) denotes the sequence of rules
(⊥), (∧), (∨), (�), (�).

Theorem 19 ([52]). Let Σ ⊆ {D,T,B, 4, 5}. There is a p-simulation of single
step prefix tableau derivations for KΣ using Rhyp.

The proof exploits the step-wise simulation of tableau inference steps by
resolution inference steps where the theories are given by the clausal form of the
conjunction of the first-order correspondence properties of the axioms. For the
modal logics KΣ with Σ ⊆ {D,T,B} simulation in the other direction can also
be proved.

Theorem 20 ([52]). Rhyp p-simulates search in single step prefix tableaux for
KΣ with Σ ⊆ {D,T,B}.

This is a consequence of a near bisimulation between the tableau derivations and
Rhyp derivations for the logics under consideration. If factoring rules are added
to the single step prefix tableau calculus then this calculus can also p-simulate
Rhyp derivations.

Because Rhyp does not terminate in the presence of the transitivity clause or
Euclideanness, Theorem 20 does not extend to transitive and Euclidean modal
logics. For 4 and 5 termination in single step prefixed tableaux is ensured by a
loop checking mechanism [59]. Once a loop is detected in a branch no further
rules are applied. In Rhyp further inference steps will be performed. To prevent
this we would have to provide a means by which the resolution procedure can
recognise the redundancy of further inference steps. This can be realised with a
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blocking inference rule, used in [49], which has an effect similar to loop checking.
Using soft typing described in [27] might provide an alternative solution.

Similar simulation results can be obtained for other forms of modal tableau
calculi, including caluli with implicit or explicit accessibility relation and analytic
modal KE tableaux, e.g. [46, 59], or even sequent proof systems. Simulation
results of tableau calculi for description logics by resolution can be found in
Hustadt and Schmidt [49, 50].

9 Developing Tableaux via Resolution

In general, resolution (refutation) proofs for the first-order translation of a modal
formula have little resemblance to proofs in the modal source logic. This is be-
cause the modal form is usually lost during the transformation to clausal form
and subsequent deduction. It is therefore difficult to translate first-order resolu-
tion proofs back into modal proofs. By using a different translation method, for
example, translation methods based on the functional translation where acces-
sibility is encoded in terms of paths [3, 40, 69], this problem can be reduced and
eliminated for certain logics, cf. [11, 17]. A solution to the problem of backward
translation of resolution proofs is provided by the structural translation used in
Section 7 and 8, and the tableau simulating resolution refinement Rhyp [52]. It
makes it easy to convert resolution proofs into tableau style (or natural deduction
style) modal proofs.

Taking this idea a step further, the approach using Rhyp can be exploited
for systematically developing sound and complete tableau proof systems. For
instance, De Nivelle et al [16] show how a tableau system for K(m)(∩,∪,�) can
be extracted from the resolution method described in Section 7. The idea is to
express a Rhyp resolution inference step by a tableau rule, or if this is not possible,
as is the case for conjunctive subformulae, to express a group of Rhyp resolution
inference steps as a tableau rule.

A tableau is a finitely branching tree whose nodes are sets of labelled formulae.
Given that ϕ is a formula to be tested for satisfiability the root node is the set
{a : ϕ}. Successor nodes are constructed in accordance with a set of expansion
rules. A rule X

X1 | ... | Xn
fires for a selected formula F in a node if F is an instance

of the numerator X, or more generally, F together with other formulae in the
node are instances of the formulae in X. n successor nodes are created which
contain the formulae of the current node and the appropriate instances of Xi. It
is assumed that no rule is applied twice to the same instance of the numerator.

Assume that ϕ is a formula in negation normal form. Recall, the inference in
Rhyp starts with an inference with the only positive clause Qϕ(a). Accordingly,
the root of the tableau is given by {a : ϕ}. Subsequent Rhyp inference steps can be
translated more or less directly into the tableau expansion rules listed in Figure 8
(for details see [16]). The rules for K(m)(∩,∪,�) include the clash rule (⊥), seven
‘elimination’ rules (∧), (∨), (�), (�), (�), (∧r), and (∨r) for positive occurrences
of subformulae, and three ‘introduction’ rules (�I), (∧rI) and (∨rI) for negative
occurrences of subformulae. The side conditions for the introduction rules ensure
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(⊥)
s : ψ, s : ¬ψ

s : ⊥ (∧)
s : ψ ∧ φ

s : ψ, s : φ
(∨)

s : ψ ∨ φ

s : ψ | s : φ

(�)
s : 〈α〉ψ

(s, t) : α, t : ψ
with t new to the branch (�)

(s, t) : α, s : [α]ψ
t : ψ

(�)
(s, t) : α�

(t, s) : α
(∧r) (s, t) : α ∧ β

(s, t) : α, (s, t) : β
(∨r) (s, t) : α ∨ β

(s, t) : α | (s, t) : β

(�I)
(t, s) : α

(s, t) : α� (∧rI) (s, t) : α, (s, t) : β
(s, t) : α ∧ β

(∨rI) (s, t) : α
(s, t) : α ∨ β

Fig. 8. Tableau expansion rules for K(m)(∩,∪,�). For the rules (�I), (∧rI) and (∨rI)
the side conditions are that the formulae in the denumerator, i.e. α�, α ∧ β or α ∨ β,
occur as subformulae of the parameter γ of a box formula s : [γ]ψ on the current
branch.

that formulae are not introduced unnecessarily. Conjunction and disjunction are
assumed to be associative and commutative operations. Only the disjunction
rules are don’t know nondeterministic and require the use of backtracking. For
any logic L in-between K(m) and K(m)(∩,∪,�) the expansion rules are given by
appropriate subsets.

Unnecessary duplication and superfluous inferences can be kept to a min-
imum by adopting a notion of redundancy which is in the spirit of Bachmair
and Ganzinger [4]. A labelled formula F is redundant in a node if the node
contains labelled formulae F1, . . . , Fn (for n ≥ 0) which are smaller than F and
|=L (F1 ∧ . . . ∧ Fn) → F . In this context a formula ψ is smaller than a formula
φ if ψ is a subformula of φ, but a more general definition based on an admis-
sible ordering in the sense of [4, 5] may be chosen. The application of a rule is
redundant if its premise(s) or its conclusion(s) is (are) redundant in the current
node. For example, for any s, s : � is redundant, and if a node includes s : ψ
and s : ψ ∨ φ, then the (∨) rule need not be applied, and no new branches are
introduced.

Theorem 21 ([16]). A formula ϕ is satisfiable in K(m)(∩,∪,�) iff a tableau
containing a branch B can be constructed with the rules of Figure 8 such that B
does not contain falsum (s : ⊥ for some s) and each rule application is redundant.

Corollary 1 ([16]). The appropriate subsets of the rules from Figure 8 provide
sound, complete and terminating tableau calculi for logics in-between K(m) and
K(m)(∩,∪,�).

10 Generating Herbrand Models

A problem closely related to the satisfiability problem is the problem of generat-
ing (counter-)models. It is well-known that hyperresolution can be employed with
dual purpose, namely, as a reasoning method and a Herbrand model builder [22].
Thus, in this section we briefly discuss the use of Rhyp as a procedure for auto-
matically constructing Herbrand models for extended modal logics. The results
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are actually consequences of properties of classes of range restricted clause sets.
A clause C is said to be range restricted iff the set of variables of the positive
part of C is a subset of the set of variables of the negative part of C. A clause
set is range restricted iff it contains only range restricted clauses. This means
that a positive clause is range restricted only if it is a ground clause.

A Herbrand interpretation is a set of ground atoms. By definition a ground
atom A is true in an interpretation H iff A ∈ H and it is false in H iff A �∈ H,
� is true in all interpretations and ⊥ is false in all interpretations. A literal ¬A
is true in H iff A is false in H. A conjunction of two ground atoms A and B is
true in an interpretation H iff both A and B are true in H and respectively, a
disjunction of ground atoms is true in H iff at least one of A or B is true in the
interpretation. A clause C is true in H iff for all ground substitutions σ there
is a literal L in Cσ which is true in H. A set N of clauses is true in H iff all
clauses in N are true in H. If a set N of clauses is true in an interpretation H
then H is referred to as a Herbrand model of N .

For range restricted clause sets the procedure Rhyp implicitly generates Her-
brand models [10, 31, 35]. For a class of solvable range restricted clauses, if Rhyp

terminates on a clause set N without having produced a refutation then a model
can be extracted from any complete, open branch in the derivation. The model
is given by the set of ground unit clauses in the limit of the branch, i.e. the
clause set at the leaf of the branch.

Theorem 22 ([52]). Let N be the clausal form of a K(m)(∩,∪,�) formula ϕ
(as defined in Section 7), and let N∞ be the limit of an arbitrary branch B in
a Rhyp derivation tree with root N . Let [[B]] be the set of positive ground unit
clauses in N∞. If N∞ does not contain the empty clause, then [[B]] is a finite
(Herbrand) model of N .

Now a modal model M = (W,R, ι) can be easily constructed from [[B]] for
ϕ. Essentially, the set of worlds is defined by the set of ground terms occurring
in [[B]]. The interpretation of relational formulae is determined by the set of Ri
literals in [[B]]. For any Ri, if Ri(s, t) is in [[B]] then (s, t) ∈ Rri , which can be ex-
tended to a homomorphism for complex relational formulae. The interpretation
of modal formulae can be defined similarly. For any unary literal Pi(s) (resp.
Qψ(s)) in [[B]], s ∈ ι(pi) (resp. s ∈ ι(ψ)), that is, pi (resp. ψ) is true in the world
s. This is homomorphically extended as expected. Consequently:

Theorem 23 ([16, 52]). Let L and ∆ be as in Theorem 17. For any modal
formula satisfiable in L∆ a finite modal model can be effectively constructed on
the basis of Rhyp.

Corollary 2 ([16, 52]). Let L and ∆ be as in Theorem 17. Then, L∆ has the
finite model property.

These results extend also to methods closely related to Rhyp such as the
tableau calculus introduced in the previous section. For example:

Corollary 3 ([16]). If L is a logic in-between K(m) and K(m)(∩,∪,�), and ϕ
is satisfiable in L then a finite modal model can be effectively constructed on the
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basis of the tableau calculus for L given by the appropriate subset of rules from
Figure 8.

Besides hyperresolution there exist a number of other methods for creating
Herbrand models, or representations of Herbrand models. For references see
Fermüller et al [22, §4.2]. It would be worth studying the application of these
methods to translations of modal logics.

11 Mechanisation

There are a number of first-order theorem provers that implement the Bachmair-
Ganzinger framework of resolution and equality reasoning. These include the
state-of-the-art theorem provers: E [80, 81], saturate [28], spass [82, 83] and
vampire [74]. The theorem prover otter [60] also implements ordered resolu-
tion and hyperresolution. These provers are sophisticated programs which have
been developed over many years. Of these provers, spass forms the basis of the
theorem prover mspass which has been used to study the practical properties
of Rord and Rhyp for automating modal logic reasoning and simulating tableau
procedures [47, 51–53, 77]. These studies have been mainly for basic multi-modal
logic. Furthermore, with one exception, a variation of the optimised functional
translation method was used, since mspass has shown better performance for
the optimised functional translation method compared to the relational transla-
tion method on the benchmark problems used in the studies. However, according
to current knowledge the practical scope of the optimised functional translation
method is limited to modal logics with K or KD modalities.

The main difference between spass and mspass is that mspass accepts also
modal logic, description logic and relational formulae as input. Modal formu-
lae and description logic formulae are built from a vocabulary of propositional
symbols of two disjoint types, namely, propositional (Boolean or concept) and
relational (role). The repertoire of logical constructs includes: (i) the standard
Boolean operators on both propositional and relational formulae, (ii) multiple
modal operators, permitting complex relational parameters, i.e. 〈 〉 and [ ], as
well as the domain and range operators, (iii) the relational operators, compo-
sition, relative sum, converse, identity, diversity, and (iv) the test operator of
PDL, domain restriction and range restriction. mspass supports non-logical ax-
ioms which are true in every possible worlds (that is, global satisfiability, or
generalised concept or role terminological axioms for description logics). In addi-
tion, it is possible to specify additional frame properties, or any other first-order
restrictions on the translated formulae.

Among the mentioned theorem provers the following features make (m)spass
the most flexible and well-suited theorem prover for reasoning within extended
modal logics and description logics. (m)spass includes an advanced converter
of first-order logic formulae into clausal form. Special features of the converter
include optimised Skolemisation, strong Skolemisation, and an improved imple-
mentation of renaming [64]. (m)spass supports splitting and branch condensing
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(branch condensing resembles branch pruning or backjumping). Ordered infer-
ence, splitting, and condensing are of particular importance concerning the per-
formance for satisfiable formulae, and for randomly generated formulae, unit
propagation and branch condensing are important as well.

Mechanisation of the approaches described in this paper is not difficult. All
that is needed is to select a correct set of flag settings to turn mspass into
implementations of a particular combination of a translation, and Rord or Rhyp.

Although mspass does not provide a decision procedure for all the modal
logics one might be interested in, for example, PDL or graded modal logic
are not supported, an attractive feature of mspass is the possibility to specify
arbitrary first-order theories. Anything which can be encoded into first-order
logic with equality can be expressed with mspass. This allows for its use as
a flexible tool for the investigation of combinations of interacting non-classical
logics or description logics, which have not been been studied in depth before,
and which may not have been anticipated by the implementors. In this context
it is useful that, on termination, mspass does not only produce a ‘yes’/‘no’
answer, but it also outputs a proof or a saturated set of clauses (depending on
whether input problem is unsatisfiable or satisfiable). A finite saturated set of
clauses provides a characterisation of a class of models for the input problem.
In the case Rhyp is used the generated ground clauses define a Herbrand model
(whenever all clauses are range-restricted).

12 Topics Not Covered

The combination of translation and first-order inference methods provides a
powerful and versatile approach for studying and mechanising reasoning, model
generation and other aspects of modal logic. Due to space restrictions we had
to be selective in our choice of topics covered in this overview. Some important
topics omitted in this overview include the following.

Non-standard Translation Approaches. Non-standard translation methods in-
clude reductions derived from the functional semantics of normal modal logics
with unparameterised modalities, namely the functional translation [3, 40, 65],
the optimised functional translation [40, 69, 84] and the semi-functional transla-
tion [62]. In addition, a tree layered translation was introduced by Areces et al [2]
for basic modal logic. It is not difficult to see that methods based on this trans-
lation can be simulated with the optimised functional translation method. Sur-
veys of the different translation methods of modal logics and other non-classical
logics are [66–68]. The above mentioned non-standard translation approaches
are all implemented in mspass [51]. Experience shows that the performance of
first-order theorem provers is best when a variation of the optimised functional
translation can be used [47].

A recent development is the introduction in [79] of a translation principle,
called the axiomatic translation principle, which promises to make it easier to
develop inference calculi and automated decision procedures for extensions of the
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modal logic K(m) with modal axioms. The axiomatic translation reduces propo-
sitional modal logics with relational background theories, including triangular
properties such as transitivity, Euclideanness and functionality, not covered in
this paper, into the two-variable guarded fragment. In [79] it is shown that any
resolution procedure based on Rord decides the satisfiability problem of modal
logics for which the axiomatic translation can be shown to be complete. These in-
clude the logics K4, KT , KD, KB, Kalt1, K5, K4B, KT4B, and their fusions,
as well as extensions of K with certain generalised axioms. Another reduction to
first-order logic of interest is due to Demri and De Nivelle [18]. They show that a
certain class of modal logics, the class of regular grammar logics with converse,
are decidable by reduction to the two-variable guarded fragment.

Deciding Modal Logics with Transitive Modalities. To decide extensions of K4
another possibility besides using the axiomatic translation is to use the semi-
functional translation method in combination with ordered resolution [45].
Rather than modifying the translation function, the approach of Ganzinger et
al [26] modifies the calculus and use ordered chaining rules for transitive rela-
tions. Both these approaches provide decision procedures for the logics K4, S4
and KD4.

Mechanising Correspondence Theory. Computing the first-order correspondence
property, if it exists, for a modal formula amounts to the elimination of the uni-
versal monadic second-order quantifiers expressing the validity in a frame of that
formula or, equivalently, the elimination of the existential monadic second-order
quantifiers expressing the satisfiability of the formula. One of the best known
algorithms for elimination of existential second-order quantifiers is scan, devel-
oped by Ohlbach and Gabbay [24]. The scan algorithm is based on constraint
resolution and was implemented by Engel [21] as an extension of the otter the-
orem prover. The scan algorithm is known to be sound, meaning that whenever
the algorithm terminates successfully the resulting formula is equivalent to the
original formula. Unfortunately, it is provably impossible for such a reduction
(by scan or any other method) to be always successful, even if there is a simpler
equivalent formula for a second-order logic formula. However, even though scan
cannot be complete in this general sense, scan has been shown to be useful
for computing first-order frame correspondents for modal axiom schemata. It
is known that scan can compute the frame correspondence properties for very
many well-known axioms such as T , 4, 5, etcetera.

scan is not the only quantifier elimination algorithm, though to date it is
the only algorithm based on resolution. Another algorithm is the DLS algorithm,
due to Doherty, Lukaszewicz and Szalas [19] which is also suitable for comput-
ing modal correspondence properties. The DLS algorithm was implemented by
Gustafsson [38]. Both scan and the DLS algorithm can be used remotely. An
overview of these and other quantifier elimination algorithms is [63].

Generating Minimal Herbrand Models. In general Herbrand models are not
unique and can be large. Therefore there is a need for generating minimal mod-
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els. There are various approaches to generating minimal Herbrand models with
hyperresolution [8, 10, 39, 61]. With a moderate extension of Rhyp it is possible
to guarantee the generation of all and only minimal Herbrand models for any
modal and description logics reducible to a decidable class of range restricted
clauses. This follows from [10] and recent investigations of GF1− and the class
BU [31–33]. An alternative approach proposed in [31–33] uses a variant of a local
minimality test developed for propositional logic.
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1 Introduction

From numerical mathematics we know that a linear equation Ax = b may be
solved more efficiently if a reduction of A as A =

(
B O
C D

)
is known beforehand.

For the task
(

B O
C D

)
·
(

y
z

)
=

(
c
d

)
, one will solve By = c first and then Dz =

d − Cy. Having an a priori knowledge of this kind is also an advantage in many
other application fields. We here deal with a diversity of techniques to decompose
relations according to some criteria and embed these techniques in a common
framework. The results of decompositions obtained may be used in decision
making, but also as a support for teaching, as they often give visual help.

Our starting point will always be a concretely given relation, i.e., a Boolean
matrix. In most cases, we will look for a partition of the set of rows and the set
of columns, respectively, that arises from some algebraic condition. From these
partitions, a rearranged matrix making these partitions easily visible shall be
computed as well as the permutation matrix necessary to achieve this.

The current article presents results of the report [Sch02] obtainable via
http://ist.unibw-muenchen.de/People/schmidt/DecompoHomePage.html

which gives a detailed account of the topic. The report is not just a research
report but also a Haskell program in literate style. In contrast, the present article
only gives hints as to these programs. Therefore, some details are omitted.

This article is organized as follows. Chapter 2 presents the idea of extracting
theories as proposed in this paper. Then Ch. 3 will mention some prerequisites.
The hints concerning the relational language used are given in Ch. 4, followed
by Ch. 5 with models and interpretations in Haskell. With Ch. 6 the first de-
composition based on the strongly connected component ontology is elaborated
in some detail to further clarify the idea. Theoretical basics of the more sophisti-
cated Galois decompositions are explained in Ch. 7 before these are made ready
for programming in Ch. 8.
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2 The Idea of Theory Extraction

If some concrete relations are given as boolean matrices, one may talk about these
in terms of a logical language and theory. We provide names for the relations and
names for row and column entries which will be interpreted so that the name
of the relation gets assigned the matrix as its interpretation, etc. This already
gives us a sparse language and a sparse theory without any specific theorems to
hold.

When a relational decomposition is reached, the language will have to contain
also the necessary predicates and theorems expressing the algebraic idea behind
the decomposition. Which predicates and theorems we need will depend on the
decomposition we are aiming at and which we will call the given ontology. One
ontology we have in mind is the game ontology. It considers the given homoge-
neous relation as the graph of a two-player game as described in [SS89,SS93], e.g.
One wishes to solve the game, i.e., to qualify the positions as to being a position
of win, of draw, or of loss for the player about to move. Other ontologies that
have been handled include irreducibility, difunctionality, matching, etc.

The following diagram shows the idea. We start with the given model of the
sparse theory (which is the relation originally given) and some ontology-enhanced
theory. What we are constructing is in a sense the pushout.

Sparse theory
↓

Ontology-enhanced theory

|=

|=

Given model
↓

Result model

After decomposition, the given model may be viewed with the mechanism our
ontology has provided. Then the theory will also contain certain formulae de-
scribing what holds between the new ontology-dependent items.

Consider the following trivial example. We start with the left relation B and
aim at the game ontology decomposition. Then we will obtain two uniquely
determined sets a, b satisfying the relational theorems a = B ; b and B ; a = b.
In the game ontology they may be interpreted as loss := a, win := b, and draw
:= b ∩ a, below arranged as partition into win, draw, loss. They will furthermore
allow us to obtain a permutation so as to rearrange the matrix B to the right-
hand side form, which makes the algebraic laws easily visible.

1 2 3 4 5 6 7

1

2

3

4

5

6

7




0 1 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
1 0 0 0 0 0 0
1 0 0 1 0 0 0
0 0 0 0 1 0 1
0 0 1 0 1 0 0




1

2

3

4

5

6

7




1
0
0
0
1
0
0







0
0
1
0
0
1
1







0
1
0
1
0
0
0




2 4 3 6 7 1 5

2

4

3

6

7

1

5




0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 1 0 0 0
0 0 0 0 1 0 1
0 0 1 0 0 0 1
1 0 0 1 0 0 0
0 1 0 0 0 1 0




Original game matrix, partition and rearranged matrix
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3 Preliminaries

A major aspect in this work is, thus, to be able to handle permutations, to
derive them for special purposes, to treat them as relations when appropriate,
and to make them fully available in the Haskell program. Permutations may be
considered as a function, decomposed into cycles, or as a permutation matrix.
Everybody who has worked in functional programming will admit that transition
from one form to the other is a simple programming task. As everything is worked
out in the report [Sch02], we need not explain it here in detail. The additional
general reference is [SS89,SS93], which will not be mentioned every time.

The permutations shall mostly be determined from partitions of a set so as to
convert it to a list of elements with elements of an equivalence class side aside.
Again, one will concede that this is a solvable task for a functional program-
mer; so we avoid mentioning this in detail here. One should, however, observe
that sometimes rows and columns are permuted simultaneously and sometimes
independently. These two situations need rather different treatment.

As space is limited, we cannot collect all the well-known and often recalled ma-
terial in order to make this article self-contained. We restrict to mentioning that
relations here are conceived as subsets R ⊆ X × Y of the Cartesian product of
some sets X, Y between which they are defined to hold. Operations are compo-
sition ; , transposition T, identities , union ∪, intersection ∩, complementation
, null relations , universal relations , and containment ⊆ of relations.

When expressing the basic relational operators in Haskell, the programming
language chosen, we will handle relations as rectangular boolean matrices. Often
we represent their entries True by 1 and False by 0 when showing matrices
in the text. The following basic relational operators |||, &&&, ***, <== for
union, intersection, composition and containment of relations are all formulated
in Haskell.

4 Relational Language

To formulate the theorems of an ontology-enhanced theory, we will need the
language generated by the denotations of these operations, and we will not al-
ways immediately execute them. So we distinguish, e.g., between the denotation
:***: as a Haskell infix constructor, and its interpretation, the operation ***.
Therefore, a relational language is presented allowing us to talk about elements,
vectors (or sets), and (binary) relations. We are going to work in a typed or
heterogeneous setting, which means that we start from a category.

data CatObject = Obj String | ...

So we will be able to give names to the category objects using the constructor
Obj and a chosen string. The category will later stay the same when an extended
theory is extracted guided by some ontology.
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Then we need denotations for individual variables, constants, functions, and
predicates. In our setting, we always bind these together with their typing, and
we restrict to unary predicate constants which we call vectors and binary pred-
icate constants, which we call relations. A relational constant is nothing more
than a name, the string. Its type are the CatObjects between which the relation
is supposed to hold. They are, however, not concretely given as we stay – so far
– on the syntactical side.

data ElemConst = Elem String CatObject
data VectConst = Vect String CatObject
data RelaConst = Rela String CatObject CatObject

On all this, we now build first-order predicate logic, introducing individual vari-
ables, terms, and formulae.

data ElemVari = VarE String CatObject
data VectVari = VarV String CatObject
data RelaVari = VarR String CatObject CatObject

Vectors are here supposed to be column vectors. From the beginning, we dis-
tinguish element terms, vector terms, and relation terms. Null, universal, and
identity relation constants may uniformly be denoted throughout as indicated.

data ElemTerm = EC ElemConst | EV ElemVari | ...
data VectTerm = VC VectConst | VV VectVari | RelaTerm :****: VectTerm |

VectTerm :||||: VectTerm | VectTerm :&&&&: VectTerm |
NegVect VectTerm | NullV CatObject | UnivV CatObject |
VFctAppl RelaFct RelaTerm | ...

data RelaTerm = RC RelaConst | RV RelaVari | RelaTerm :***: RelaTerm |
NegaRela RelaTerm | Transp RelaTerm | Ident CatObject |
NullR CatObject CatObject | UnivR CatObject CatObject |
RelaTerm :|||: RelaTerm | RelaTerm :&&&: RelaTerm | ...

data ElemFct = EFCT ElemVari ElemTerm
data VectFct = VFCT VectVari VectTerm
data RelaFct = RFCT RelaVari RelaTerm

The 0-ary operations for , , require giving domains or codomains, respec-
tively. Typical checks such as relaTermIsWellFormed, typeOfVectTerm are pro-
vided for well-formedness, type control, etc.

In order to further facilitate maintenance of ubiquitous typing three forms of
formulae are distinguished. In case x ∈ v, this is represented by the vector
formula VE v x. In a similar way, REE r x y means (x, y) ∈ r.

data ElemForm = Equation ElemTerm ElemTerm | ...
data VectForm = VectTerm :<===: VectTerm | VE VectTerm ElemTerm | ...
data RelaForm = RelaTerm :<==: RelaTerm |

REE RelaTerm ElemTerm ElemTerm | ...
data Formula = EF ElemForm | VF VectForm | RF RelaForm |

Negated Formula | Implies Formula Formula |
Disjunct Formula Formula | Conjunct Formula Formula | ...
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Again, typing and well-formedness are defined as usual. The types of all kinds of
formulae are intended to be Bool. Free variables are defined as usual, and then
a theory (fragment) may be formulated as a data structure in Haskell.

data Theory = TH String -- name of the theory
[CatObject] -- carrier set denotations
[ElemConst] -- element denotations
[VectConst] -- subset denotations
[RelaConst] -- relation denotations
[VectFct] -- vector functions
[RelaFct] -- relation functions
[Formula] -- formulae demanded to hold

Of course, some testing is provided with checkTheoryWellDefined. The following
is an example with just a denotation for a base set and a denotation for a relation
intended to be defined on it, but only empty denotation lists [] provided for
elements, subsets, functions, and formulae.

verySparseTheory = TH "Example" [o] [] [] [Rela "B" o o] [] [] []
where o = Obj "BaseSet"

5 Models and Interpretations

While we have so far only been concerned with syntax, we will now offer the
opportunity to interpret the language, and the theories we have defined, in a
model. Therefore, we show how an interpretation may be given. In our approach,
theory and model are both represented in Haskell, so the distinction between the
two will sometimes be difficult.

Via an interpretation, the objects get assigned sets in this model, however,
we just mention the cardinalities of the sets. So – in a rather trivial sense –
numbers can be viewed as names of the rows and columns. Also, vector and
relation denotations are assigned concrete versions by the model.

data InterpreteObjs = Carrier CatObject Int
data InterpreteCons = InterCon ElemConst Int
data InterpreteVect = InterVec VectConst [Bool]
data InterpreteRela = InterRel RelaConst [[Bool]]
data InterpreteVFct = InterVFc VectFct ([Bool] -> [Bool])
data InterpreteRFct = InterRFc RelaFct ([[Bool]] -> [[Bool]])

Only in rare cases as, e.g., when studying rooted graphs with the root distin-
guished, will we have element constants. We provide an automatic interpreta-
tion for null relations, universal relations, and identity relations. Putting this
together, a model is defined as follows:
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data Model = MO String -- name of the model
[InterpreteObjs] -- cardinalities of carrier sets
[InterpreteCons] -- numbers of corresponding elements
[InterpreteVect] -- subset-interpreting boolean vectors
[InterpreteRela] -- relation-interpreting matrices
[InterpreteVFct] -- interpreted vector functions
[InterpreteRFct] -- interpreted relation functions

We provide some generic mechanisms on the model side in order to check whether
the sets in question are assigned to objects consistently by the interpretations.
Lots of technicalities are necessary to ensure that this works as it is supposed
to.

Before an interpretation is possible, we need valuations of the individual vari-
ables, i.e., an environment as a list of variable/value pairs.

type InterpreteElemVari = (ElemVari, Int)
type InterpreteVectVari = (VectVari, [Bool])
type InterpreteRelaVari = (RelaVari, [[Bool]])
type ElemValuations = [InterpreteElemVari]
type VectValuations = [InterpreteVectVari]
type RelaValuations = [InterpreteRelaVari]
type Environment = (ElemValuations,VectValuations,RelaValuations)

Using a rather primitive lookup function, we may then write

valuation env v = ...

to get the value of v in the environment env. Now terms and formulae may be
interpreted according to the following examples.

interpreteVectTerm :: Model -> Environment -> VectTerm -> [Bool]
interpreteVectTerm m env vt =

let MO _ os _ vs _ _ _ = m
(evs,vvs,rvs) = env

in case vt of
VFctAppl vf vt2 -> let ivf = interpreteVectFct m env vf

ivt = interpreteVectTerm m env vt2
in ivf ivt

...

interpreteVectFct :: Model -> Environment -> VectFct -> [Bool] -> [Bool]
interpreteVectFct m env vf bv =

let VFCT vv vt = vf
(evs,vvs,rvs) = env
viWITHbm = (evs,(vv,bv) : vvs,rvs)

in interpreteVectTerm m viWITHbm vt
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interpreteRelaTerm :: Model -> Environment -> RelaTerm -> [[Bool]]
interpreteRelaTerm m env rt =

let MO _ _ _ _ rs = m
in case rt of

RC rc -> (\(InterRel _ b) -> b) $ head $
dropWhile (\(InterRel e _) -> rc /= e) rs

rt1 :***: rt2 -> let int1 = interpreteRelaTerm m env rt1
int2 = interpreteRelaTerm m env rt2

in int1 *** int2
...

interpreteRelaForm :: Model -> Environment -> RelaForm -> Bool
interpreteRelaForm m env rf =

case rf of
rt1 :<==: rt2 -> let int1 = interpreteRelaTerm m env rt1

int2 = interpreteRelaTerm m env rt2
in int1 <== int2

...

Once a model for a theory is given – which is at the same time finite as well as
sufficiently small –, it will be possible to check the model property against the
theory with checkIsModelForTheory mo th.

6 Strongly Connected Component Ontology

These concepts of language, theory, model, and theory extraction shall now
be exemplified in a field for which the theoretical background is well-known.
Starting from a homogeneous relation, we plan to permute rows and columns
simultaneously.

Let some relation R be given and look for its reflexive transitive closure R∗

and for the equivalence R∗∩R∗T generated by this closure, the equivalence classes
of which give the strongly connected components. Permuting rows and columns
of R simultaneously so as to have them grouped according to these equivalence
classes gives much insight into the structure of R.

First, a sparse theory is formulated, and the schema for an ontology-enhanced
theory. In the sparse theory upon start, we simply know that a node set is given
together with a relation R on it and no formulae are supposed to hold. So we
provide denotations for a single category object sO and a relation constant r
on it.

strongConnCompSparseTheory :: CatObject -> RelaConst -> Theory
strongConnCompSparseTheory sO r =

TH "StrongConnCompSparseTheory" [sO] [] [] [r] [] [] []

Later, we will start with a model depending on a boolean matrix gR, the given
relation, as a parameter.
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strongConnCompGivenModel :: CatObject -> RelaConst -> [[Bool]] -> Model
strongConnCompGivenModel sO r gR =

MO "StrongConnCompGivenModel" [Carrier sO (rows gR)]
[] [] [InterRel r gR] [] []

No provisions have been made to denote single elements of the node set. As the
number of connected components is not known beforehand, we provide the name
for the list of partitioning connected components as non-empty subsets of entries
as pl. The list of vector denotations of the ontology is then used in the formulae
that describe what has been achieved when decomposition is executed once the
model is known.

strongConnCompOntolEnhancedTheorySchema ::
CatObject -> RelaConst -> [VectConst] -> Theory

strongConnCompOntolEnhancedTheorySchema sO r pl =
let rt = RC r

d = domRC r
vts = map VC pl
nullVect = NullV d
subsetNonEmpty s = Negated (VF (s :<===: nullVect))
partitionSetsNonEmpty = map subsetNonEmpty vts
subsDisjoint (s1,s2) = VF (s1 :&&&&: s2 :<===: nullVect)
allUnordPairsOfPartSets s =

let fff res [] = res
fff res (h:t) = fff (res ++ (map (\x -> (h,x)) t)) t

in fff [] s
partSetsDisjoint = map subsDisjoint (allUnordPairsOfPartSets vts)
syntSetUnion = foldr (:||||:) nullVect vts
partitionSetsExhaust = VF (syntSetUnion :====: (UnivV d))
rEquivalenceClosure = Rela "rEquCl" sO sO
equivalenceTimesSetEqualsSet s =

VF (RC rEquivalenceClosure :****: s :====: s)
in TH "StrongConnCompOntolEnhancedTheory" [sO] [] pl

[r,rEquivalenceClosure] [] []
(partitionSetsNonEmpty ++ partSetsDisjoint ++
[partitionSetsExhaust] ++ map equivalenceTimesSetEqualsSet vts)

The piece of code schematically generates the formulae satisfied by strongly
connected components, namely that they be nonempty, disjoint, and exhaust
the set. In addition, they are closed with respect to the equivalence formed
of the reflexive-transitive closure intersected with its transpose. We have not
included the properties the equivalence closure enjoys, as these are standard.

This schema of a theory cannot be checked for well-formedness with checkTheory-

WellDefined, as it is composed of lists of sets and formulae with lengths not
yet determined. After applying the decomposition algorithm, there will be the
result model where subset constants are filled in corresponding to the sets of the
partition as long as there exist further strongly connected components.
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strongConnCompResultModel ::
Theory -> Model -> ([VectConst] -> Theory) -> (Theory,Model)

strongConnCompResultModel sparseTheory givenModel enhancedTheorySchema =
let TH _ [co] _ _ [rc] _ _ _ = sparseTheory

MO _ iC _ _ iR _ _ = givenModel
eThS = enhancedTheorySchema
r = interpreteRelaConst givenModel ([],[],[]) rc
reflTransClos = reflTranClosure r
eq = transpMat reflTransClos &&& reflTransClos
rowTypesH = sort $ nub reflTransClos
rowTypesH1 [] = []
rowTypesH1 (hh:tt) = hh : (rowTypesH1

(map (\ pp -> zipWith (&&) (map not hh) pp) tt))
rowTypes = reverse $ rowTypesH1 rowTypesH
partitionSetsNamed =

zipWith (\a b -> Vect ("partSet" ++ show a) co) [1..] rowTypes
th@(TH _ _ _ _ [_,rEqCl] _ _ _) = eThS partitionSetsNamed
partitionSetsInterpreted =

zipWith (\a b -> InterVec a b) partitionSetsNamed rowTypes
resModel = MO "StrongConnCompResultModel" iC []

partitionSetsInterpreted (iR ++ [InterRel rEqCl eq]) [] []
in (th,resModel)

Here, the three parameters of the pushout are taken and the reflexive-transitive
closure is formed, as well as the equivalence defined by it. Then the rows of
the closure are considered. First, duplicates are eliminated, then the rows are
sorted in order to have the matrix later with small elements first followed by
greater ones. As now the number of strongly connected components is known,
they may be named as partSeti, followed by building the enhanced theory. To
these names are then attached the resulting partition sets and delivered in the
result model. Once gR is concretely given as the matrix on the left, a sophisticated
TEX-generating matrix printing algorithm will produce the subdivided matrix
on the right showing the connected components.

1 2 3 4 5 6 7 8 9 10 11 12 13

1

2

3

4

5

6

7

8

9

10

11

12

13




1 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 1 1
0 0 1 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 0




2 7 8 1 3 6 12 13 4 5 9 10 11

2

7

8

1

3

6

12

13

4

5

9

10

11




0 0 1 0 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0 1 0
0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0




An original relation and the rearranged relation
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One will observe that all this is based on the following

Proposition. Any given finite homogeneous relation R can by simultaneously
permuting rows and columns be transformed into a matrix of the following form:
It has upper triangular pattern with square diagonal blocks


∗ ∗ ∗

∗ ∗
∗




where ∗ = unless the generated preorder R∗ allows entries =/ . The reflexive-
transitive closure of every diagonal block is the universal relation .

7 Galois Decompositions

We now present some more involved possibilities to decompose a relation. They
are closely related, as all of them may be formulated using a Galois correspon-
dence. Afterwards a schema for the decompositions will be given that enables us
to handle them more or less simultaneously.

In all of these cases, we will need two antitone mappings between powersets,
which we call σ : P(V ) → P(W ) and π : P(W ) → P(V ). These mappings are
usually determined by a relational construct based on some relation B : V ↔ W .
Nested iterations will then start with the empty subset of V on the left and the
full subset of W on the right – or vice versa. While there is a lot of theory
necessary for the infinite case, the finite case is rather simple. Consider the
starting configuration with its trivial containments ⊆ π( ) and σ( ) ⊆
which are perpetuated by the antitone mappings to ⊆ π( ) ⊆ π(σ( )) ⊆ . . .
and . . . ⊆ σ(π( )) ⊆ σ( ) ⊆ . In the finite case, these two sequences will
eventually become stationary. The effect of the iteration is that the least fixed
point a of v 	→ π(σ(v)) on the side started with the empty set is related to the
greatest fixed point b of w 	→ σ(π(w)) on the side started from the full set. The
final situation obtained will be characterized by a = π(b) and σ(a) = b.

7.1 Termination

The set of all points of a graph, from which only paths of finite length emerge,

J(R) := inf{ x | x = R; x }

is called the initial part J(R) of the relation R underlying the graph. We are
going to determine the initial part of that relation. A relation is progressively
finite if J(R) = . A slightly different property is being progressively bounded,
suph≥0 Bh ; = . A difference between the two exists only for non-finite rela-
tions; it may, thus, be neglected here.
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Looking at the definition of the initial part, the two antitone functionals v 	→
σ(v) := v and w 	→ π(w) := R;w seem to play a major role. One will later easily
identify them in Constituents.

The algorithm applied to the relation R will result in a pair (a, b) of vectors. The
relational formulae valid for the final pair (a, b) of the iteration are a = π(b) =
R; b and b = σ(a) = a. (In this case, it is uninteresting to start with the empty
set and the full set exchanged from left to right.)

Here, b is the initial part belonging to R: There are no paths of infinite length
from the vertices of b, which, however, do exist starting from vertices of a. This
is based on the following

Proposition. Any finite homogeneous relation may by simultaneously permut-
ing rows and columns be transformed into a matrix satisfying the following basic
structure with square diagonal entries:(

progressively bounded
∗ total

)

This subdivision into groups “initial part/infinite path exists” is uniquely deter-
mined, and indeed

a =
( )

=
(

progressively bounded
∗ total

)
;

( )
, b =

( )
=

( )

The termination-oriented decomposition may prove useful in the following case:
Assume a preference relation being given, where it is not clear from the beginning
that this preference is circuit-free. There is a tendency of ranking equal all those
who belong to a circuit. The initial part collects all items from which one will not
run into a circuit at all, so that they are properly ranked by the given relation.
The others should be treated with the strongly connected component ontology
and then be ranked groupwise.

1 2 3 4 5 6 7 8 9 10 11

1

2

3

4

5

6

7

8

9

10

11




0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0
0 1 1 1 0 1 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0
0 1 0 0 0 1 1 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 0 0




1 2 10 3 4 5 6 7 8 9 11

1

2

10

3

4

5

6

7

8

9

11




0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 1 0 1 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0
0 1 1 0 0 0 1 1 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0
1 1 0 0 1 0 0 0 0 0 0




A relation, original and rearranged according to its initial part
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7.2 Matching and Assignment

A second Galois decomposition is known to exist in connection with matchings
and assignments. Here we will for the first time consider heterogeneous relations.
Let two matrices Q, λ : V ↔ W be given, where λ ⊆ Q is univalent and
injective, i.e. a matching – possibly not yet of maximum cardinality, for instance

Q =

1 2 3 4 5

1

2

3

4

5

6

7




1 0 0 1 0
0 0 0 0 0
1 0 0 1 0
0 0 0 1 0
0 1 1 1 1
1 0 0 1 0
0 0 1 0 1




⊇ λ =

1 2 3 4 5

1

2

3

4

5

6

7




1 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 1 0 0




Sympathy and matching

We consider Q to be a relation of sympathy between a set of boys and a set of
girls and λ the set of current dating assignments, assumed only to be established
if sympathy holds. We now try to maximize the number of dating assignments.

Definition. i) Given a possibly heterogeneous relation Q, the relation λ will be
called a Q-matching if it is univalent, injective, and contained in Q, i.e., if

λ ⊆ Q λ; λT ⊆ , λT ; λ ⊆ .
ii) We say that a point set x can be saturated if there exists a matching λ with

λ; = x.

The current matching λ may have its origin from a procedure like the following
that assigns matchings as long as no backtracking is necessary. The second pa-
rameter of the encapsulated function serves for accounting purposes so that no
matching row will afterwards contain more than one assignment.

trivialMatchAbove q lambda =
let colsOccupied = map or (transpMat lambda)

trivialMatchRow [] [] = []
trivialMatchRow (True:t) (False:_ ) =

True :(replicate (length t) False)
trivialMatchRow (_ :t) (_ :tf) = False:(trivialMatchRow t tf)
trivialMatchAboveH [] _ = []
trivialMatchAboveH ((hq, hl) : t) f =

let actRow = case or hl of
True -> hl
False -> trivialMatchRow hq f

fNEW = zipWith (||) actRow f
in actRow : (trivialMatchAboveH t fNEW)

in trivialMatchAboveH (zip q lambda) colsOccupied
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Given this setting, it is again wise to design two antitone mappings. The first
shall relate a set of boys to those girls not sympathetic to anyone of them,
v 	→ σ(v) = QT ; v. The second shall present the set of boys not assigned to some
set of girls, w 	→ π(w) = λ; w.

The iteration will end with two vectors (a, b) satisfying a = π(b) and σ(a) = b
as before. Here, this means a = λ; b and b = QT ; a. In addition a = Q; b. This
follows from the chain a = λ ; b ⊆ Q ; b ⊆ a, which implies equality at every
intermediate state. Only the resulting equalities for a, b have been used together
with monotony and the Schröder rule.

One may discuss whether we had been right in deciding for starting the iteration
procedure with on the left side and on the right. Assume we had decided the
other way round. This would obviously mean the same as starting as before, but
with Q, λ transposed. Instead of a = λ; b, b = QT ; a, and a = Q; b we would then
obtain the three conditions with Q replaced by QT, λ by λT, and a, b exchanged.
While the two equations with Q just exchange each other, the first is transferred
to b = λT ; a. This means that the resulting decomposition of the matrices does
not depend on the choice – if this fourth equation is also satisfied.

It is thus not uninteresting to concentrate on condition b = λT ; a. After having
applied trivialMatch to some sympathy relation and applying the iteration, it
may not yet be satisfied. So let us assume b = λT ; a not to hold, which means

that b = QT ; a
⊇
=/ λT ; a.

We make use of the formula λ; S = λ; ∩ λ; S, which holds since λ is univalent.
The iteration ends with b = QT ; a and a = λ; b. This easily expands to

b = QT ; a = QT ; λ; b = QT ; λ; QT ; a = QT ; λ; QT ; λ; QT ; a . . .
from which the last but one becomes

b = QT ; a = QT ; λ; b = QT ; λ; ∩ λ; QT ; a = QT ; (λ; ∪ λ; QT ; a)
= QT ; (λ; ∪ λ; QT ; (λ; ∪ λ; QT ; a))

indicating how to prove that
b = (QT ∪ QT ; λ; QT ∪ QT ; λ; QT ; λ; QT ∪ . . . ); λ;

If λT;a ⊆
=/ b, we may thus find a point in λT ; a∩ (QT ∪QT;λ;QT ∪QT;λ;QT;λ;QT ∪ . . . );

λ; which leads to the famous alternating chain algorithm. While trivialMatch

didn’t do any backtracking, the alternating chain algorithm does. It therefore
delivers cardinality maximum matchings and not just matchings that cannot be
increased by finding an enclosing one.

We now visualize the results of this matching iteration by concentrating on the
subdivision of the matrices Q, λ initially considered by the resulting vectors
a = {2, 6, 4, 1, 3} and b = {5, 3, 2}. One easily proves that b = λT ; a is already
satisfied. Some additional care must be taken concerning empty rows or columns
in Q. To obtain the subdivided relations neatly, these are placed at the beginning
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of the rows, respectively at the end of the columns. In addition, rows and columns
may be permuted so as to let λ appear as a diagonal.

1 4 5 3 2

2

6

4

1

3

5

7




0 0 0 0 0
1 1 0 0 0
0 1 0 0 0
1 1 0 0 0
1 1 0 0 0
0 1 1 1 1
0 0 1 1 0




1 4 5 3 2

2

6

4

1

3

5

7




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0




Sympathy and matching rearranged

Proposition. Any given heterogeneous relation Q admits a cardinality maxi-
mum matching λ ⊆ Q. Both relations may then in addition be simultaneously
transformed into matrices of the following form by independently permuting
rows and columns: Principally, they have a 4 by 4 pattern with possibly empty
zones and not necessarily square diagonal blocks.


 total

HallT + square
* Hall + square surj





 perm.

perm.




– The first zone of rows and the last zone of columns of both matrices are zero
rows resp. columns.

– The upper right 3 by 3 zones are again empty.
– The zones λ3,1 and λ4,2 are identity matrices.
– Zone Q2,1 is a total relation.
– Zone Q4,3 is a surjective relation.

The cardinality maximum matching λ is not uniquely determined, only by car-
dinality. The decomposition is, thus, uniquely determined up to the so-called
term-rank, defined below, which here shows up as the total length of the diago-
nal in λ.

We also provide the definition of term-rank and Hall-condition.

Definition. i) Given a relation Q, the term rank is defined as the minimum
number of lines (i.e., rows or columns) necessary to cover all entries 1 in Q, i.e.

min{|s| + |t| | Q; t ⊆ s}.

ii) Given a relation Q and a set x, we say that x satisfies the Hall condition

⇐⇒ |z| ≤ |QT ; z| for every subset z ⊆ x.
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8 Galois Decomposition Ontologies

Appropriate ontologies for these Galois decompositions shall now be developed.
They may serve to solve a diversity of application problems, such as matching,
line-covering, assignment, games, etc.
This shall be done simultaneously, i.e., in a schema that may be instantiated
later to cope with these variants. So we give the task in a schematic form also
and introduce the following constituents as a parameter.

type Constituents = (String,[CatObject],[RelaConst],[VectFct])
gameConstituents :: Constituents
gameConstituents =

let singleObject = OC (CstO "NodeSet")
b = Rela "B" singleObject singleObject
vv = VarV "v" singleObject
f = VFCT vv (NegVect (RC b :****: (VV vv)))

in ("Game",[singleObject],[b],[f,f])
terminationConstituents :: Constituents
terminationConstituents =

let singleObject = OC (CstO "NodeSet")
b = Rela "B" singleObject singleObject
vv1 = VarV "v1" singleObject
vv2 = VarV "v2" singleObject
f1 = VFCT vv1 (NegVect (VV vv1))
f2 = VFCT vv2 (RC b :****: (NegVect (VV vv2)))

in ("Termination",[singleObject],[b],[f1,f2])
matchAssignConstituents :: Constituents
matchAssignConstituents =

let firstObject = OC (CstO "NodeSet1")
secndObject = OC (CstO "NodeSet2")
q = Rela "B" firstObject secndObject
lambda = Rela "Lambda" firstObject secndObject
vv1 = VarV "v1" firstObject
vv2 = VarV "v2" secndObject
f1 = VFCT vv1 (NegVect (RC q :****: (VV vv1)))
f2 = VFCT vv2 (NegVect (RC lambda :****: (VV vv2)))

in ("MatchAssign",[firstObject,secndObject],[q,lambda],[f1,f2])

As can be seen, we have provided for denotations for category objects, relation
constants, and antitone functions relating vectors on the domain side to vectors
on the codomain side and vice versa. From this, we get the sparse theory in a
schematic way. We may afterwards instantiate with the respective constituents.

sparseTheorySchema :: Constituents -> Theory
sparseTheorySchema cs =

let (s,os,rs,vfs) = cs
in TH ("SparseTheory" ++ s) os [] [] rs [] [] []

sparseGameTheory = sparseTheorySchema gameConstituents
sparseTerminationTheory = sparseTheorySchema terminationConstituents
sparseMatchAssignTheory = sparseTheorySchema matchAssignConstituents
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Also the given models may be presented schematically, providing the respective
constituents first and then the list of given matrices.

givenModelSchema :: Constituents -> [ [[Bool]] ] -> Model
givenModelSchema cs gRs =

let TH s os _ _ rs _ _ _ = sparseTheorySchema cs
irs = zipWith (\ rc bm -> InterRel rc bm) rs gRs
osM = map (\(a,b) -> Carrier a b) $ nub $ concat $

map (\(InterRel rc bm) -> [(domRC rc,rows bm),
(codRC rc,cols bm)]) irs

in MO ("GivenModel" ++ s) osM [] [] irs [] []
givenModelGame gRs = givenModelSchema gameConstituents gRs
givenModeTermination gRs = givenModelSchema terminationConstituents gRs
givenModeMatchAssign gRs = givenModelSchema matchAssignConstituents gRs

With, e.g.,
givenModelGame = givenModelSchema gameConstituents listOfMat

this may be instantiated. We can immediately check
checkIsModelForTheory givenModelGame sparseGameTheory,

for instance.

As there will always be a result which simply subdivides the domain as well as
the range set into two subsets, it is a feasible task to find the schema of a Galois
ontology-enhanced theory.

galoisOntolEnhancedTheorySchema :: Constituents -> Theory
galoisOntolEnhancedTheorySchema cs =

let (_,_,_,vfs) = cs
TH s os es vs rs _ _ fs = sparseTheorySchema cs
rsTerm = map RC rs
[lr,rl] = vfs
(d,c) = typeOfFV lr

leftFixAboveNull = Vect "LeftFixAboveNull" d
rightFixBelowUniv = Vect "RightFixBelowUniv" c

leftFixAboveNullT = VC leftFixAboveNull
rightFixBelowUnivT = VC rightFixBelowUniv

sigmaLeftNullEqualsRightUniv =
VF $ VFctAppl lr leftFixAboveNullT :====: rightFixBelowUnivT

leftNullEqualsPiRightUniv =
VF $ VFctAppl rl rightFixBelowUnivT :====: leftFixAboveNullT

in TH ("GaloisEnhancedTheoryTo" ++ s) os es
[leftFixAboveNull,rightFixBelowUniv]
rs vfs [] (fs ++

[leftNullEqualsPiRightUniv,sigmaLeftNullEqualsRightUniv])

There is not much computation in this piece of code. Two vector denotations
are provided for and made to vector constants terms. Then the formula is built
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that says that appplying the left-right function to the left vector will result in
the right vector. Finally the formula is generated that the right-left function
applied to the right vector will result in the left vector. As before, instantiation
is possible, e.g.,

gameOntologyEnhancedTheory =
galoisOntolEnhancedTheorySchema gameConstituents

Then we develop the result model in a schematic form. The antitone functions
have to be inserted as appropriate. We formulate the basic iteration for the
antitone functions along the well-known until-construct of Haskell with lr for
σ and rl for π.

untilGalois lr rl (v, w)
= let lrv = lr v

rlw = rl w
in if (w == lrv) && (v == rlw) then (v, w)

else untilGalois lr rl (rlw, lrv)

This untilGalois is the main algorithmic part in generating the result model in
a schematic form. All the rest is designed to administrative purposes of getting
the left-right and right-left functions appropriately out of the enhanced theory,
interpreting them, and applying them, e.g.

galoisResultModelSchema :: Constituents -> [ [[Bool]] ] -> (Theory,Model)
galoisResultModelSchema cs gRs =

let th@(TH s os _ [leftFixAboveNull,rightFixBelowUniv]
rs vfs _ [lNP,sLN]) = galoisOntolEnhancedTheorySchema cs

mo@(MO _ osM _ _ irs _ _) = givenModelSchema cs gRs
[lR,rL] = vfs
(d,c) = typeOfFV lR
argVectConstLeft = VarV "argL" d
argVectConstRight = VarV "argR" c
dSize = getObjectCarrierSize osM d
cSize = getObjectCarrierSize osM c
lr v = interpreteVectTerm mo ([],[(argVectConstLeft ,v)],[])

(VFctAppl lR (VV argVectConstLeft ))
rl w = interpreteVectTerm mo ([],[(argVectConstRight,w)],[])

(VFctAppl rL (VV argVectConstRight))
(leNuPi,siLeNu) = untilGalois lr rl (replicate dSize False,

replicate cSize True)
vectInterpretations = [InterVec leftFixAboveNull leNuPi,

InterVec rightFixBelowUniv siLeNu]
resModel = MO ("GaloisResultPushoutOf" ++ s)

osM [] vectInterpretations irs [(InterVFc lR lr),
(InterVFc rL rl)] []

in (th,resModel)
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Instantiation is possible to
resGameModel =

galoisResultModelSchema gameConstituents listOfMat
resTermionationModel =

galoisResultModelSchema terminationConstituents listOfMat
resMatchAssignModel =

galoisResultModelSchema matchAssignConstituents listOfMat
and one may check

isResultModelGame =
checkIsModelForTheory mod the where (the,mod) = resGameModel

9 Conclusion and Outlook

We have provided several ontologies in which to embed newly presented rela-
tions for handling them in a pre-formatted way. With the methods presented
it is possible to analyze a given relation with regard to different concepts and
to visualize the results. This paper is in some regard related to work such as
[Kit93,DL01,BR96]. Ordering decompositions have been studied using a similar
technique in [Win03].

We hope that this will lead to future research. We have scanned a diversity
of topics for their algebraic properties. On several occasions, we have replaced
counting arguments by algebraic ones. Our hope is that these algebraic proper-
ties will be of value in handling fuzzy relations in this way, which do not lend
themselves readily to counting methods.

In the course of this research, a wide-spectrum relational reference language
[Sch03] far beyond the hints given here has been and is still being developed. It
is conceived as part of the research of Work Area 2 Mechanization of the Euro-
pean COST Action TARSKI (Theory and Applications of Relational Structures
as Knowledge Instruments) which attempts jointly to find ways to mechanize re-
lational reasoning. Colleagues are expressly invited to take part in this endeavor
and to further contribute to the design of the language.
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Examples of this are not hard to find, since we are referring to logical systems
in a broad sense. In an environment for declarative programming, an abstract
logical machine can underlie the user-oriented language, typically a fragment of
predicate logic or of some first-order theory (cf. [3, 30]); in a relational DBMS,
a high-level language such as SQL gets translated into relational algebra before
query optimization (cf. [29, 1]); even translating a regular definition into a family
of finite automata and then into a concrete lexical analyzer (cf. [2]) can be viewed
as an activity of the kind we are discussing.

The focus of this paper is on definitional extension mechanisms as a way of
overcoming expressive limitations of logical formalisms which are simple enough
to act as machine-oriented languages. This paper does not intend to propose any
formalism as the ultimate machine-language for logic; however, we cannot make
our points clear unless we focus on a specific formalism. We therefore consider a
framework akin to the ‘Schröder-Tarski’ calculus of dyadic relations (here quotes
are meant to indicate that one can retain the general features without being
committed to some standard formulation). We think that formalisms of that
kind, purely equational and devoid of individual variables, can play an important
role in a two-level architecture of logic-based systems.

In fact, proof assistants often perform better in equational reasoning – which
we view as being more machine-oriented – than in unrestricted forms of first-
order reasoning, and hence they push the user in restating his/her axioms and
lemmas in equational terms whenever (s)he can (cf. [12, 16]).

Major drawbacks of the language underlying the proposed calculus are its
poor readability, its lengthy wording, and its rigid syntax. As stated above, such
drawbacks, which are typical of a machine-oriented language, can be alleviated
by definitional extension mechanisms: in the ongoing we propose mechanisms
that are to some extent able to cope with these limitations.

Our presentation relies upon a Prolog program, Anamorpho1, which sets our
ideas to work. In particular, we have designed and implemented in Prolog three
basic mechanism:
• introduction of new term constructors;
• ‘disguisement’ of special equations under new sentence constructors;
• templates for parametric lists of sentences that will be actualized in the for-

mation of axiomatic theories. (Plenty of illustrations of this point will be
given throughout the paper.)

A ‘stress-test’ to which Anamorpho has been subjected relates to the trans-
lation of an Entity-Relationship model into the calculus of relations, along the
lines discussed in [22, 10, 11].

This paper aims at illustrating the features of this definitional environment,
mainly via examples. We will show how easily one can progress from very ba-
sic and simple constructs to quite significant dictions, provided that convenient

1 The complete system, named Metamorpho, will encompass another major compo-
nent, Katamorpho, based on rewriting. An initial version of Anamorpho, written in
SWI-Prolog, is available at the URL http://costantini.dm.univaq.it/online.htm
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support for definition-handling is made available. It is worth noticing that the
layered organization of constructs, which is a key for enhancing the expressive-
ness of the language, is also expected to play an important role in connection
with automated proofs, provided that it is integrated with suitable lemma man-
agement capabilities (cf. [16, 15]).

1 Minimality Assumptions
about the Privileged Formalism

By way of first approach, we develop our extension mechanisms for a logical
formalism which is equational and devoid of individual variables. ‘Equational’
means that every formula can ultimately be reduced to an equation; the ab-
sence of variables implies that our formalism will have no quantifiers or bind-
ing constructs of any kind (descriptors, lambda-abstractors, etc.). Even a for-
malism subject to such syntactic restrictions can span from applications (e.g.,
ER-modeling and knowledge representation) to pure mathematics (e.g. number
theories and set theories), offering adequate support to specifications and rea-
soning. We choose in fact as our ‘drosophila’ (not a niche language, though!) the
historical Schröder-Tarski formalism of dyadic relations, which we call relation
calculus. On it, one can erect such full-fledged theories as the Zermelo-Fraenkel
set theory (cf. [28, 12] and Sec.4.3), which gets much more often developed within
first-order logic. A major drawback will be poor readability; on the other hand,
thanks to its simplicity, relation calculus will not clutter with inessential details
the nature of the design issues which here we address.

Moving from the same minimalist attitude, we will describe the syntax of
our logical language simply by a signature, optionally equipped with a table of
operator-precedences and associativity rules which enable and facilitate a prefix-
infix- and postfix-usage of some operators. This signature will progressively grow,
as new constructs will be brought into play via the extension mechanisms which
we will propose. A Prolog parser can, hence, be exploited (in combination with a
simple filtering recognizer) to analyze our logical expressions. Conversely, in or-
der to ‘pretty-print’ the well-formed expressions of the extended logical language,
a ready-made Prolog program translating them into LATEX will suffice2.

To make the discussion even simpler, we could have set to work our defi-
nitional mechanisms within the equational theory of regular languages [9] (and
in fact our Prolog program would offer support to that, cf. Figure 4); but, by
choosing an overly limited framework as our ‘drosophila’ into which to carve our
examples, we might convey the wrong impression that the expressive power of
a language endowed with only those features that we will indicate cannot lead
very far.

2 By and large, the tables and figures of this paper have been generated by means of
this pretty-printer.
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2 Logical Framework

Very much like any logical formalism, relation calculus consists of a symbolic
language, an intended semantics, a collection of logical axiom schemata (which,
according to the intended semantics, are valid, i.e. true in any legal interpreta-
tion), and a collection of inference rules.
Contexts and Theories. Normally, a derivation gets performed within a
context composed by a calculus and a bunch of theories. Calculus and theories
consist of axioms and inference rules, the only difference being that: The axioms
and inference rules of the calculus reflect some very general semantics associated
with the formalism at work (they are, in a precise sense, logically valid); the ones
of a theory, instead, describe specific assumptions concerning the domain(s) of
an application (they are sometimes called proper axioms and rules). A context
can comprise infinitely many axioms and rules, but in a computational setting we
must insist that the collection of all axioms and rules be encompassed by finitely
many schemata (‘multiplied’ so-to-speak, as explained below, by meta-variables
occurring in them).

General Features of Relation Calculus

Our positive expectations on relation calculus arise from three orders of consid-
erations:
• The algebraic (mostly equational) nature of this formalism.
• The simplicity of graphs and matrices as conceptual tools to support trans-

lation techniques as well as diagrammatic reasoning in this calculus [13], in
a way similar to the way Karnaugh maps help in connection with switching
algebra.

• The absence of variable-binding constructs (or, even, of individual variables)
which, as argued above, in this framework facilitates one in the design of
meta-level tools – such as definitional extension mechanisms of the kind which
we are about to discuss.

Relation calculus was designed to ease reasoning about dyadic relations –
maps, as they are sometimes called – over an unspecified, yet fixed, universe
U of discourse. Its language fulfills the minimality assumptions stated in
Sec.1; we feel therefore authorized to concentrate mainly on syntax and intended
semantics.

Definition. (Relational) expressions are all terms of the following signa-
ture:

symbol : Ø 1l ι pi ∩ � ; � − ∪ †
degree : 0 0 0 0 2 2 2 1 1 2 2 2
priority : 5 3 6 7 2 2 4

Of these, ∩, �, ; , ∪, −, † will be used as left-associative infix operators, � as a
postfix operator, and as a line topping its argument. Larger priority numbers
indicate higher ‘cohesive power’ (number 1 is not used because it is the priority
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number reserved to the relator =). We assume a countable infinity p1, p2, p3, . . .
of relation letters to be available.

The language of relation calculus consists of equalities Q=R, where Q and
R are relational expressions. �

The logical axioms of relational calculus are displayed in Figure 1, and we
are taking the substitution law for equals as our only inference rule3.

P∪Q=Q∪P P∪Q∪R=P∪(Q∪R)

P∪Q∪P∪Q=P P ;Q ;R=P ; (Q ;R)

(P∪Q) ;R=P ;R∪Q ;R P ; ι=P

P��=P (P∪Q)�=P�∪Q�

(P ;Q)�=Q� ; P� P� ; P ;Q∪Q=Q

Fig. 1. Logical axioms of a version of relation calculus

Of the operators and constants in the above signature, only a few deserve
being regarded as primitive constructs: all others, including the ones that will be
added to the signature from time to time, will be regarded as derived constructs.
For definiteness, we will treat as being primitive (apart from the pis) only ∪,

, ; , �, and ι; but warn the reader that a complete basis of constructs can be
chosen in many other ways (e.g., we could have adopted ∩, �, 1l, †, ι).

For an interpretation of relation calculus one must indicate a nonempty U
and a collection � of sub-collections of the Cartesian square U2 =Def U × U ,
meeting the following closure properties:

– The diagonal relation {〈a, a〉 | a ∈ U} belongs to �.
– When Q belongs to �, the following complement and converse of Q also

belong to �:
{ 〈a, b〉 ∈ ⋃ � | 〈a, b〉 /∈ Q };
{ 〈b, a〉 ∈ U2 | 〈a, b〉 ∈ Q } .

(Here
⋃ � designates the collection of of all pairs belonging to at least one

of the P in �.)
– When Q and R belong to �, the following join and composition of Q, R also

belong to �:

{ 〈a, b〉 ∈ U2 | either 〈a, b〉 ∈ Q or 〈a, b〉 ∈ R };
{ 〈a, b〉 ∈ U2 | there is a c ∈ U for which 〈a, c〉 ∈ Q and 〈c, b〉 ∈ R }.

Then one must assign a p�
i drawn from � to each relation letter pi, so that each

expression P comes to designate, thanks to the rules below, a specific relation
3 Instead of the last logical axiom in our list, various authors adopt the so-called

Schröder’s law shown at the bottom-right of Figure 3, cf. [27].
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P� on U (any equality Q=R between expressions turns out, accordingly, to be
either true or false)4:

ι� =Def {〈a, a〉 | a ∈ U}; Q
�

=Def { 〈a, b〉 ∈ U2 | 〈a, b〉 /∈ Q� };
(Q∪R)� =Def { 〈a, b〉 ∈ U2 | either 〈a, b〉 ∈ Q� or 〈a, b〉 ∈ R� };

(Q ;R)� =Def { 〈a, b〉 ∈ U2 | there is a c ∈ U for which 〈a, c〉 ∈ Q� and 〈c, b〉 ∈ R� };
(Q�)� =Def { 〈b, a〉 ∈ U2 | 〈a, b〉 ∈ Q� } .

The interpretation of relation calculus obviously extends to any derived con-
struct. E.g., we will state below that 1l and P†Q are shorts for ι∪ι and for P ; Q,
respectively; hence it will ensue that 1l� =Def

⋃ � and that
(Q†R)� =Def { 〈a, b〉 ∈ U2 | for all c ∈ U , either 〈a, c〉 ∈ Q� or 〈c, b〉 ∈ R� } .
Usually � consists of all sub-collections of U2; accordingly,

⋃ � = U2.
Metavariables. Meta-variables are needed in the statement both of abbrevi-
ating definitions and of axiom schemata, inference rules, and templates. Thanks
to our minimality assumptions, we can almost entirely avoid having to treat
meta-variables of different types. We do not need meta-variables for formulas
since, as seen above, a fully generic formula can be designated by P=Q.

It will turn out, however, that meta-variables representing lists of terms or
formulas forcibly enter into play if we want to introduce variadic constructs, i.e.
functors and relators whose numbers of arguments are not fixed, and if we want to
keep the size of single formulas reasonably small (a ‘granularity’ issue which has
some importance in the development of derivations). Moreover, meta-variables in
templates sometimes stand for ‘names’; i.e., they represent identifiers or special
symbols which one will exploit within theories whose constructions depends on
the template. Finally, one occasionally wants to represent a generic (say dyadic)
construct by a metavariable.

Luckily, we will be able to cope with these accessory meta-variables without
the burden of associating explicitly a type to each meta-variable. We will, in fact,
exploit directly Prolog’s logical variables in the role of meta-variables; and will
rely on valuable features of Prolog to avoid certain otherwise necessary distinc-
tions when working at the meta-level. To escape ambiguities, we will implicitly
relate the type of language expressions which are represented by a meta-variable
to the positions which the latter occupies in a (meta-)formula.

3 Uses and Formats of Definitions

Definitions extend in a bottom-up fashion the basic language, enabling one to
specify a context more concisely and readably. We will now see a few introductory
examples of their use.

We introduce a first kind of definitions by means of the =: sign, which en-
riches the term sublanguage. Having assumed union, complement, composition,
and converse operators ∪, , ; , � to be available from the outset, we can put

4 In the light of this semantics, notice that the operation designated by ; is a special
case of the popular equi-join (cf. [1]); moreover, it is related to classical function
composition ◦ as follows: G ◦ F = F ;G.
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δ =: ι, 1l =: ι∪δ, Ø =: 1l,
P∩Q =: P∪Q, P−Q =: P∩Q, P�Q =: (P−Q) ∪ (Q−P ),
P†Q =: P ; Q, mult(P ) =: P∩P ; δ, bros(P, Q) =: P� ; Q,

thus stating in particular that any term of either the form P∩Q or the form
P�Q stands for the corresponding right-hand-side term. For example, r1�r2
stands for r1∩r2 ∪ r2∩r1, and ultimately (unless we simplify) for r1∪r2 ∪ r2∪r1.

Likewise, by means of the ↔: sign, one can introduce new forms of sentences.
For example,

P⊆Q ↔: P−Q=Ø, P=Q&R=S ↔: P � Q ∪ R � S=Ø,

f ↔: ι=Ø, P=Q→R=S ↔: 1l ; (P � Q) ; 1l ; (R � S) = Ø,

disguise special equalities under the new inclusion relator and various connectives
(which retain their standard meanings of conjunction, falsehood, and material
implication). One can again interchange notation based exclusively on the prim-
itive constructs with customized notation exploiting the derived ones as well.

One can continue by putting, for example,
Disj(P, Q) ↔: P ∩ Q=Ø, isFunc(P ) ↔: bros(P, P )⊆ι, RUniq(P ) ↔: mult(P )=Ø,

rA(P ) =: P ; 1l, diag(P ) =: P ∩ ι, Coll(P ) ↔: is diag(P ),
Total(P ) ↔: rA(P )=1l, dom(P ) =: diag(rA(P )), img(P ) =: dom(P�).

It goes without saying – at least for the implemented Prolog program – that
is diag(P ) stands for diag(P )=P . One hence easily recognizes that isFunc(P ) and
RUniq(P ) are equivalent ways of stating that P designates a single-valued map;
that is, a function partially defined on the universe U . Coll(P ), which requires
P to be a sub-diagonal map, in a sense states that P is monadic, namely that
P can be regarded as the representation of a sub-collection of U . Another way
of representing collections, is by means of those P for which is rA(P ) holds.
Throughout, we will generally name operators by identifiers with a lowercase
initial, and will name relators by identifiers which have either an uppercase
initial or one of the forms “is . . .”, “are . . .”, “has . . .”.

The above two forms of definitions act like macros: in fact, whatever construct
matches something appearing on the left of =: or of ↔: could in principle
disappear from the formulation of a theory, being reducible to what appears on
the right. As we have seen, definitions can be nested; namely, the right-hand-
side expressions of definitions may involve, along with constructs of the basic
endowment, the additional constructs introduced by earlier definitions.

Recursion can be exploited in these kinds of ‘macro’ definitions, mainly in
order to introduce variadic operators, i.e. operators with an unrestricted number
of arguments. Tail-recursion (in essence, simple iteration) suffices to this aim. In
this connection, we adopt the Prolog notation for lists, where [ ], [E1, . . . , En],
and [E1, . . . , En+1 | T ] represent, respectively: the void list; a list of length n
whose ith component is Ei; and a list whose length is at least n + 1, whose ith

component is Ei for i = 1, . . . , n + 1, and whose components from the (n + 2)th
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on form the suffix list T . The following definition ‘implements’ iterated relation
difference5:

−([P ]) =: P −([P, Q | T ]) =: −([P∩Q | T ]).
Plainly, the first element P of the argument list represents the relation from
which all other relations in the list will be subtracted. Among others, this defi-
nition yields
−([P, Q])=:P∩Q, −([P, Q, R])=:P∩Q∩R, −([P, Q, R, S])=:P∩Q∩R∩S.

A substantially different kind of recursion is exemplified by the following
definitions (cf also those in Figure 7)6:

th(L,R ‖ 1) =: L th(L,R ‖ i+ 1) =: R ; th(L,R, i)
succth(L,R‖N − 1) =: th(L,R,N)
tuples(R‖N) =:

(
img(R) ∩ dom(th(R,R,N))

)
− dom(succth(R,R,N))

These introduce a construct th(L, R, N), and related constructs succth(L, R, M)
and tuples(R, N), where the parameters N and M (N = 1, 2, 3, . . . and M =
0, 1, 2, . . .) act as ‘outer ’ parameters. To clarify what is understood there, let us
try a more perspicuous printing of those definitions:

N th(L, R) =: R ; · · · ; R︸ ︷︷ ︸
N−1 times

; L, (N − 1)succth(L, R) =: N th(L, R),

N–tuples(R) =:
(
img(R) ∩ dom(N th(R, R)) − dom(N succth(R, R)

)
.

The intended meaning of L ad R is that they represent functions which extract
the left part (=the first component) and the right part (=the sub-tuple consisting
of all components but the first) from any non-void tuple in U . Thus, roughly
speaking, in order to extract the N th component from a tuple, we must move
N − 1 times right, and then move left. Tuples (including the void tuple) can be
thought of as being those elements of U which are R-images. An N -tuple then is
any tuple within which we can move N times right (ending, presumably, in the
void tuple), but which do not enable N + 1 consecutive moves to the right.

As an application, let us consider the notion of key pertaining to relational
databases: this is a tuple of attributes which uniquely characterizes an entity.
One way of specifying keys, which exploits the th operator introduced above, is
by the definition

Key([L, R, A0, . . . , An]) ↔: isFunc
(⋂n

j=0(j + 1)th(L, R) ; Aj
�

)
,

whose level is, however, too high w.r.t. our current treatment of definitions, not
catering for the very popular “. . . ” construct. We hence resort to the following
specification:

keyFunc([A], L, R ‖ I) =: succth(L, R, I) ; A�,
keyFunc([A, B|T ], L, R ‖ J − 1) =: th(L, R, J) ; A�∩keyFunc([B|T ], L, R, J),

Key([L, R|S]) ↔: isFunc(keyFunc(S, L, R, 0)).
5 Note, incidentally, that we are allowing use of the same name for symbols of different

degrees: e.g., − is being used in both a dyadic and a variadic way.
6 As shown here, to separate the inner from the outer parameters in a definiens, we

will use “‖” instead of “,”. We avoid doing the same within definienda.
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The reader is now invited to give a glance at Figure 2, where various cus-
tomary properties which relations can meet are associated with newly generated
constructs (cf. [8, pp. 34, 44–49]). The defined construct is sometimes a new
relator (e.g., isSymmetric), and we proceed as before; but in other cases, specify-
ing the property by a single equation would seem unnatural to us. For example,
should we put

isEquivalence(P ) ↔: isSymmetric(P ) & isTransitive(P ),

then (by the definition of & given above) isEquivalence(P ) would reduce to
P��P ∪(P ; P − P )�Ø=Ø, where the constituent conditions would loose their
features.

This is why we introduce definitions of another kind, called templates, which
contain the Θ: sign. These will act like procedures in the construction of theories
and contexts, during which they will be invoked with actual terms in place of
the formal parameters (which are the meta-variables occurring to the left of Θ:).
The “,” separator appearing in the body of Θ-definitions behaves as a primitive
and soft conjunction which seems preferable and more natural to us than & in
most cases.

As illustrated by the definition of InductClosed in Figure 2, templates can
be nested one inside another (although the list of syntactic element which they
will generate upon invocation will always be flat); moreover they may contain,
in addition to sentence schemata which will become axioms when templates will
be invoked during the formation of a theory, also context-specific inference rules.
In the case at hand, the rule [Coll(S), G⊆S, S ; R⊆1l ; S] ⇒ D⊆S is meant to
indicate that when D is the inductive R-closure of a set G of generators, then
D will be included in any superset S of G which is closed with respect to the
relation R (in the sense that any R-image of an element of S belongs to S in its
turn).

Recursion helps in definitions of this kind too. In templates, however, simple
tail-recursion does not always suffice: Forms of recursion more unwieldy than
in macros are sometimes needed, as was shown in [22] in specifying the role
of place-holders in ER-modeling – a quick recollection of this can be found in
Sec.4.4 below. As a simple tail-recursive example, let us characterize an IsA chain
among collections of ‘individuals’ of some sort. Assuming that the parameters
Y, P designate the collection of all individuals (an unspecified sub-collection
of U), and the one (included in Y ) of all ‘place-holders’, which none of the
collections in an IsA chain is allowed to intersect, we can put

IsA([Y, P, F ]) Θ: [ι] [ F⊆Y, Disj(F, P ) ],
IsA([Y, P, E, F | T ]) Θ: [ι] [ E⊆F | IsA([Y, P, F | T ]) ].

Thus IsA([Y, P, E0, . . . , En]) states that E0⊆ · · ·⊆En⊆Y and En∩P=Ø, where
it is understood that Y ⊆ι and P⊆Y . The term ι which appears in the default-
list after Θ: will become the actual value of Y , should Y still be uninstantiated
at invocation time.
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isTransitive(P ) ↔: P ; P⊆P
isSymmetric(P ) ↔: P�=P

isReflexive(P ) ↔: P∪P�⊆rA(ι∩P )
isStrict(P ) ↔: diag(P )=Ø

isAntisymmetric(P ) ↔: P ∩P�⊆ι
isTrichotomic(P ) ↔: 1l=P ∪ ι ∪P�

isAsymmetric(P ) ↔: P ∩P�=Ø
isTotallyReflexive(P ) ↔: ι⊆P

isConnex(P ) ↔: P ∪P�=1l
isPreorder(P ) Θ: [ isReflexive(P ), isTransitive(P ) ]

isEquivalence(P ) Θ: [ isSymmetric(P ), isTransitive(P ) ]
isEquivalence(P,Ch) Θ: [ isFunc(Ch), is ; (Ch,Ch), Ch ; Ch�=P ]

isGaloisCorresp(G) Θ: [ G ;G⊆ι, isStrict(G), G�⊆rA(G) ]
isDense(Le) ↔: Le−ι⊆(Le−ι) ; (Le−ι)

hasNoEndPoints(Le) ↔: ι⊆(Le−ι) ; 1l ; (Le−ι)�

isNDMonotonic(F,Le) ↔: Le ; F ∩F ; Le=Ø
Bisimulation(B,Oss) ↔: 1l ; (B−B�) ∪ (Oss ; B−B ; Oss )=Ø

NonVoid(P ) ↔: 1l ; P ; 1l=1l
Const(P ) Θ: [ Coll(P ; 1l ; P ), NonVoid(P ) ]
Point(P ) Θ: [ is rA(P ), Coll(P ; P�), NonVoid(P ) ]

Between(D,R,C) ↔: R⊆D ; 1l ; C
Maps(R,D,C) Θ: [ Coll(D), Coll(C), D ;R⊆1l ; C ]

InductClosed(D,R,G) Θ: [ G⊆D, Maps(R,D,D−G),
[Coll(S), G⊆S, S ;R⊆1l ; S] ⇒ D⊆S ]

semiGroup(P ) Θ: [ P (P (Q,R), S)=P (Q,P (R,S))]
monoid(P,U) Θ: [ semiGroup(P ), P (U,R)=R, P (R,U)=R]

convolution(C,P ) Θ: [ C(C(Q))=Q, C(P (Q,R))=P (C(R), C(Q))]
rightDistrib(P,Q) Θ: [ P (Q(R,S), T ) =Q(P (R, T ), P (S, T ))]
leftDistrib(P,Q) Θ: [ P (T,Q(R,S)) =Q(P (T,R), P (T, S))]
Skolem(P,Q,N) Θ: [ N =: Q, N⊆P, isFunc(N), rA(N)=rA(P )]

Fig. 2. Widespread properties of dyadic relations

semiGroup(∪) convolution(�,∪) P∪Q=Q∪P
monoid( ; , ι) convolution(�, ; ) rightDistrib( ; ,∪)

P∪Q∪P∪Q=P [ P ;Q∩R=Ø ] ⇒ P� ;R∩Q=Ø

Fig. 3. Variant version of the logical axioms for relation calculus

P ∗ =: P ∗

P∪Q =: P∪Q
P ;Q =: P ;Q

Ø =: Ø
ι =: Ø∗

P+ =: P ; P ∗

is ∪(P, P ) P∪Q=Q∪P
monoid(∪, Ø) (ι∪P )∗=ι∪P+=P ∗

leftDistrib( ; ,∪) rightDistrib( ; ,∪)

monoid( ; , ι) X ; Ø= Ø ; X = Ø

[ P ∪Q ;R=Q ] ⇒ P ;R∗=Q

Fig. 4. Primitive and derived symbols, and logical axioms, for regular expressions
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Tense(T1, T2,Tid) Θ: [ Tid =: T1, [is rA(P )] ⇒ P ⊆ T1 † T2 ; P,

T1 ; Q−T1 ; P ⊆ T1 ; (P−Q) ]
Tense(p2, p1, future) Tense(p1, p2, past)

Fig. 5. Proper axioms of a formulation of minimal tense logic based on relation calculus

The following example hints at a totally different use of parameters in tem-
plates, by which one can associate mnemonic identifiers or symbols to relation
letters within a theory:

nameLets([ ]) Θ: [ ], nameLets([P, Q|R]) Θ: [ P=:Q | nameLets(R)].
The very useful definitions of Skolem (which is meant to introduce a new

name for an inclusion-maximal function contained in a given relation) and of
semiGroup, monoid, etc., at the bottom of Figure 2, take advantage, similarly
but with a different purpose (cf. Figures 3 and 4), of the allowed usage of a
metavariable in the role of a constructor.

To see some of the above machinery at work, consider the file in Figure 5.
Loading this will lead to a theory [5, 7] consisting of two axioms (which happen
to be valid, and as such are redundant) and two inference rules. The Tense
template, which serves a local purpose, will be discarded when the loading of
the axiom file ends. The meta-variables in the body of the template which do
not occur among parameters (viz. P and Q) represent propositional sentences.

4 Case Studies

4.1 Templates on Graph Isomorphism

A graph devoid of isolated nodes can be represented simply by the set of its
edges, which we can designate by a relation letter. Then, in order to describe
an isomorphism f between two graphs g, h, we can simply resort to the following
theory:

g =: p1 h =: p2 f =: p3
isFunc(f) isFunc(f�) g=f ; h ; f�

rA(f)=rA(g ∪ g�) rA(f�)=rA(h ∪ h�)
Here the first three items introduce aliases for three relation letters, the next
three items state that f is a function, that f is injective, and that f is a morphism
between g and h; the last two items state that the domain of f consists of all
nodes of g, and that its image consists of all nodes of h.

Since the notion of graph isomorphism is an important one, it may be worth-
while to characterize it by templates, which is doable as follows:

graphIsom(G, F, H) Θ: [ isFunc(F ), isFunc(F�),
dom(F )=nodes(G), img(F )=nodes(H),
G=F ; H ; F� ],

graphIsom(G′, F ′, H ′, G, F, H) Θ: [ nameLets([G, G′, H, H ′, F, F ′]),
nodes(G) =: dom(G ∪ G�),
graphIsom(G, F, H) ].
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link(P,Q) =: P ; 1l ; Q sibs(P ) =: bros(P�, P�)

areQProj(L,R, Y, T ) Θ: [ , , ι, ι] [ isFunc(L), isFunc(R),
link(Y, T )⊆bros(L,R) ]

areQProj(L,R) Θ: areQProj(L,R, , )

areProj(L,R, Y, T ) Θ: [ , , ι, ι] [ areQProj(L,R, Y, T ),
Coll(sibs(L) ∩ sibs(R)), rA(L)=rA(R) ]

areProj(L,R) Θ: areProj(L,R, , )

HdTlPure(L,R,E) Θ: [ areProj(L,R),
Const(E), rA(L)=rA(ι−E) ]

HdTl(L,R, Y,E) Θ: [ areProj(L,R, Y, ι−Y ), Coll(Y ),
Const(E), Disj(E, Y ), Disj(Y, 1l ;R),

rA(L)=rA(E∪Y ) ]
HdTlFlat(P,L,R, Y,E) Θ: [Ø] [ P⊆Y, HdTl(L,R, Y,E),

NonVoid(Y ), rA(L�)=rA(Y �) ]

Fig. 6. Quasi-projections, projections, and head–tail operations

At this point, one can easily construct a theory of the same kind of the theory
seen at the beginning of this section, e.g. by the following series of invocations:

graphIsom(p110, p7, p89), graphIsom(p1, p2, p3, g, f, h),
graphIsom(p4, p5, p6, i, j, k), graphIsom(p3, p7, p4, h, l, i).

Referring to this example, let us notice that the first invocation, which is
graphIsom(p110, p7, p89), should be regarded as ill-formed unless a definition of
the construct nodes were already available at the level of the calculus. Anyway,
each one of the subsequent three invocations will not refer to the global definition
of nodes, but to the one (which appears in the second template) that is local to
the theory. This overriding mechanism may at first look confusing, because each
invocation calls again into play the definition of nodes. Normally, it is not legal to
define a construct twice in the same context; but in a case such as the one at hand,
the system will easily recognize that the three local definitions are in fact the
same, and therefore it will only store the first of the three. Similar considerations
can be made concerning i and h. These aliases get in fact defined repeatedly,
through the invocation of nameLets: if the definitions were inconsistent (e.g., if
i were an alias both for p4 and for p110), they would cause an error during the
loading of the theory. As a last remark concerning the scope of names, note
that the definition of nodes within the above template of graphIsom contains a
meta-variable G, which clearly is not the same G which appears among formal
parameters in the header of the template.

4.2 Templates for Tuple Theories

Figure 6 illustrates how one can organize a hierarchical family of templates in
sight of modeling divergent but akin situations which will be met frequently in
significant application contexts. For example, many theories will describe a uni-
verse U where a pairing operation is available; but in some cases (such as those
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th(L,R ‖ 1) =: L th(L,R ‖ i+ 1) =: R ; th(L,R, i)
sibs(L,R ‖ [ ]) =: 1l

sibs(L,R ‖ [vi|−→V ]) =: th(L,R, i) ; th�(L,R, i) ∩ sibs(L,R,−→V )
mXpr

(
L,R ‖ p(vi, vj)

)
=:

(
th(L,R, i) ; p∩ th(L,R, j)

)
; 1l

mXpr(L,R ‖ ¬ϕ) =: mXpr(L,R, ϕ)
mXpr(L,R ‖ϕ&ψ) =: mXpr(L,R, ϕ) ∩ mXpr(L,R, ψ)
mXpr(L,R ‖ ∃ −→

V ϕ) =: sibs
(
L,R, freeVars(∃ −→

V ϕ)
)

; mXpr(L,R, ϕ)
Maddux(L,R ‖χ) ↔: mXpr(L,R, χ) = 1l
areTotProj(L,R,Tr) Θ: [ areQProj(L,R), Total(L), Total(R),

Tr(χ) ↔: Maddux(L,R, χ) ]

i, j = 1, 2, . . . , p relation letter, −→
V variable-list, and ϕ,ψ, χ first-order formulas

Fig. 7. Translation of first-order formulas/sentences into relational expres-
sions/equations

which arise in relational database applications) one can distinguish ‘individuals’
of some sort from ‘tuples’ (namely those objects which, with the only exception
of a void tuple, result from pairing), whereas in other cases one cannot sharply
draw such a distinction (e.g., Cantor’s historical pairing function operates on
natural numbers, and it also produces natural numbers as results). Rather than
on the pairing operation, we will focus on the ‘left’ and ‘right’ operations which
in a sense invert it (cf. the discussion in Sec.3). In this connection, divergent sit-
uations may arise again; in some cases these operations will turn out to have the
same domain (namely, the collection of non-void tuples proper), and, moreover,
distinct tuples will be guaranteed to differ either in their left elements or in their
right sub-tuples: when this happens, the ‘left’ and ‘right’ functions are called
conjugated projections; in the contrary case, one speaks of conjugated
quasi-projections.

Figure 7 specifies a classical method for translating any dyadic first-order
formula ϕ devoid of constants and function symbols into a relational expression
Eϕ = mXpr(L, R, ϕ), in a context where conjugated quasi-projections L, R, both
total, are available (cf. [28, pp. 95–145]). To explain what is meant, let us refer
to an enumeration v1, v2, . . . of all individual variables, and to an interpretation
�; for all a in the universe U , and for all positive integer i, let ai be the value
for which 〈a, ai〉 ∈ th(L, R, i)� holds. The definitions are so given as to ensure
that

E�
ϕ = { 〈a, b〉 ∈ U2 | � |= ϕ(a1, . . . , ai−1) }

holds provided that no variable vj with i � j occurs free in ϕ. It should hence be
clear that the equation Eϕ=1l, viz. Maddux(L, R, ϕ), has the same truth-value as
ϕ when ϕ is a sentence. In the literature one finds similar algorithms which can
translate all sentences of special first-order theories by taking advantage of the
availability of a fork operator [31, 19, 17] instead of conjugated quasi-projections.
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syq(P,Q) =: bros(P,Q) − bros(P ,Q)
valve(P,Q) =: P − δ ; (P −Q)
mkTotal(P ) =: P∪(ι−rA(P ))

∈ =: p1 ∈∈ =: ∈ ; ∈
	 =: ∈ � /∈∈ =: ∈ ; ∈

	∈ =: bros(∈,∈) mix =: ∈∈ ∩ /∈∈
λ =: valve(mix, Ø) � =: λ ; (∈ ∩ 	 ; δ ; mix)

SetMaddux(χ) ↔: Maddux
(
mkTotal(λ�), mkTotal(��), χ

)

(E) Coll(syq(∈,∈))
(NWL) 1l = λ ; 	

(R) ∈ ⊆ 1l ; (∈ − 	∈)
Skolem(	 ∪ ι − 	∈, p2, arb)

Fig. 8. A weak set theory

4.3 Weak Set Theory

The following five first-order sentences,
(E) ∀x ∀ y ∃ d ( x 
= y → ( d ∈ x ↔ d /∈ y ) ),
(N) ∃ z ∀ v v /∈ z,

(W) ∀x ∀ y ∃w ∀ v ( v ∈ w ↔ ( v ∈ x ∨ v = y ) ),
(L) ∀x ∀ y ∃ � ∀ v ( v ∈ � ↔ ( v ∈ x& v 
= y ) ),
(R) ∀x ∃ r ∀ v ( v ∈ x → ( r ∈ x & v /∈ r ) ),

form the system of axioms of a very weak set theory: extensionality, null set,
single-element addition (‘with’ operation x, y �→ x∪{y}), single-element removal
(‘less’ operation x, y �→ x \ {y}), and regularity. By dropping (R) – whose role
is to forbid membership cycles – one gets an even weaker theory of sets.

Discussing this theory gives us the opportunity to compare the language of
relation calculus with the one of first-order predicate calculus. The translation
of (E), (N), and (R) can be carried out straightforwardly, because each one
of these sentences involves three variables at most. On the other hand, it can
be proved that neither (W) nor (L), separately taken, nor the conjunction of
(W) with (L) and (E), can be translated into relation calculus. Somewhat
surprisingly, the conjunction of (W) with (L) and (N) can be restated as the
single statement

(NWL) ∀x ∀ y ∃ p ( y ∈ p & ∀u (u = x ↔ ( ∃ v (u ∈ v & v ∈ p)
& ∃w (u /∈ w & w ∈ p) ) ) ),

which gets compactly translated into relation calculus, in the way displayed in
Figure 8. As a matter of fact, it can be shown easily – even automatically – that
in first-order logic the following equivalence holds:

(E) � ( (N)& (W)& (L) ) ↔ (NWL).
The intuitive idea is that (NWL) entails in a roundabout fashion that sets

∅, x ∪ {y} and x \ {y} can be obtained from given sets x and y, by stating that
one can form the somewhat more formidable doubleton set
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x@y =Def {x \ {y}, x ∪ {y} }.
As we have recalled above, if one succeeds in deriving areQproj(L, R) for

suitable L, R in a theory formalized within relation calculus, this indicates that
the theory has the same power, both in means of expression and in means of
proof, as the corresponding theory formalized in full first-order logic. Here we
can adopt the set (x@y)@x as the encoding of the ordered pair x, y of sets, and
this is the rationale behind the definitions of λ and � shown in Figure 8. It thus
turns out that the theory in Figure 8 and the first-order theory with which we
have started are equipollent, because all three sentences in areQproj(λ�, ��) can
be derived from the logical axioms in Figure 1 taken together with the proper
axioms in Figure 8. A key step in these derivations is the intermediate lemma
that isFunc(Q�) entails isFunc(valve(P, Q)�) for all P, Q, a general fact which
can be proved in the relation calculus, without contribution of any proper ax-
ioms. This is why the definition of the valve construct should be introduced at
the global level, instead of being kept local to set theory (as are the definitions of
∈,∈∈, . . . , λ, �). Similar considerations advise us that syq (the symmetric quo-
tient construct, cf. [27, pp. 18–20]), and mkTotal (a construct which functionally
prolongs any relation, without affecting the image of any element in its previous
domain), should be made available globally.

Once we have found quasi-projections in a theory based on relation calculus,
and have made them total, we can import all first-order notation, as we do
here by means of the SetMaddux translator. Another definition reuse shown in
Figure 8 is a conservative Skolem extension, by which we introduce an operator
arb meeting the condition

∀x( (arb x ∈ x ∨ arb x = x) & ¬ ∃ y(y ∈ x & y ∈ arb x) ).

4.4 Keys and Placeholders

As discussed in [22, 11], the notions of key and place-holder are crucial for the
semantics of ER-models. While showing how such notions can be specified in
relation calculus, we get a chance to illustrate some additional features (a bit
more esoteric than what we have seen so far) of the definitional apparatus we have
made concrete in Prolog. In relational databases, a key is a tuple of attributes
which uniquely characterizes an entity. One way of specifying this, which exploits
the th operator introduced in Sec.3, is by the definition

Key([L, R, A0, . . . , An]) ↔: isFunc
(⋂n

j=0(j + 1)th(L, R) ; Aj
�

)
,

whose level is, however, too high w.r.t. our current treatment of definitions. Since
our system cannot deal directly, as yet, with the very important “. . . ” construct,
we shall resort to the following specification:

keyFunc([A], L, R ‖ I) =: succth(L, R, I) ; A�,
keyFunc([A, B|T ], L, R ‖ J − 1) =: th(L, R, J) ; A�∩keyFunc([B|T ], L, R, J),

Key([L, R|S]) ↔: isFunc(keyFunc(S, L, R, 0)).

Place-holders form a collection P of individuals such that for every relation
Q in an ER-model:
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lA(P ) =: 1l ; P
RUniq(P,Q) ↔: mult(Q) ∩ rA(P )=Ø LUniq(P,Q) ↔: RUniq(P,Q�)
RXcl(P,Q) ↔: mult(Q) ∩ lA(P )=Ø LXcl(P,Q) ↔: RXcl(P,Q�)

lBoth(S,Q) =: rA(S) ∩ rA(Q)
NoLLBoth(P,Q, S) ↔: lBoth(Q,S) ∩P=Ø
NoLRBoth(P,Q, S) ↔: NoLLBoth(P,Q, S�)
NoTogether(P,Q) ↔: rA(P ) ∩ lA(P ) ∩Q=Ø

NoTwice([P ]) Θ: true(P )
NoTwice([P,Q|T ]) Θ: [ RUniq(P,Q), LUniq(P,Q),

NoTogether(P,Q),
RXcl(P,Q), LXcl(P,Q)

| NoTwice([P |T ]) ]
NoLRBoth([P,Q]) Θ: true([P,Q])

NoLRBoth([P,Q, S|T ]) Θ: [ NoLLBoth(P,Q, S), NoLRBoth(P,Q, S),
NoLRBoth(P, S,Q)

| NoLRBoth([P,Q|T ])]
NoBoth([P ]) Θ: true(P )

NoBoth([P,Q|T ]) Θ: [ NoLRBoth(P,Q,Q)
| {NoLRBoth([P,Q|T ]), NoBoth([P |T ])} ]

PlaceHolders([P,Q|T ]) Θ: {NoTwice([P,Q|T ]), NoBoth([P,Q|T ])}

Fig. 9. Characterization of place-holders

• each place-holder occurs at most once in the domain (respectively, in the
image) of Q;

• no pair of Q has place-holders on both sides;
• place-holders are left- and right-exclusive in Q: e.g., if a pair 〈∗, b〉 with ∗ in

P belongs to Q, then no pair 〈a, b〉 with a 
= ∗ can belong to P ;
• a place-holder cannot occur sometimes on the left and sometimes on the right

of pairs in Q;
• a place-holder cannot occur both in Q and in some other relation S of the

same ER-model.

We can specify all of the above conditions on place-holders as shown in
Figure 9.

This PlaceHolders notion can be combined with that of HdTlFlat introduced
in Sec.4.2. This leads to the template

PlaceHolders(P ′, L′, R′, S′, E′, T, P, L, R, S, E) Θ: [
P=:P ′, L=:L′, R=:R′, S=:S′, E=:E′ | {HdTlFlat(P, L, R, S, E),

PlaceHolders([P |T ])} ],

which can be invoked, e.g., as follows:

PlaceHolders(p5, p1, p2, p3, p4, [p6, p7, p8, p9, p10], π, λ, �, υ, ε).

Notice the use of braces in some of the above definitions, which is aimed at
protecting their recursive core against off-line template expansion (which would
lead to endless loops). Also notice that true (with any number of arguments)
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stands for a void template: It is used to ensure that all parameters in the left-
hand sides of some template definitions do also appear in the corresponding
right-hand sides.

5 Concluding Remarks

Definitional extension mechanisms of the kind discussed in this paper are rarely
bestowed in logic textbooks the attention they deserve (one noticeable exception
is [21]). This is surprising, because many issues which are regarded as funda-
mental in the design of any programming language (e.g., scope of declarations,
implementation of recursion, inheritance, overriding, loop-detection, treatment
of defaults, etc.) enter into the design of logical systems as well. Here we have
treated definitional mechanisms which can be useful near the level of a logi-
cal machine; elsewhere [23], we have addressed modularization issues regarding
large-scale proof development in terms of what one might call ‘proof-engineering’.

Supplied features which make the mechanisms proposed in this paper really
flexible are the ones enabling the user to:
• introduce variadic constructs, to wit, constructs with an unrestricted number

of arguments (e.g. equality chains);
• exploit, in the definienda, parameters which do not belong to the formalism:

typically, natural numbers, lists, and even quantified first-order formulas (cf.
Figure 7);

• make some definitions local to specific theories;
• make some templates for parametric theories ‘ephemeral’, so that they are

available throughout the loading of the context where they are created, but
then they automatically vanish;

• pass identifiers as parameters to templates: a typical use will be Skolemiza-
tion;

• fix default expressions for some template parameters.
Moreover, the system checks the overall consistency of definitions: the same con-
struct cannot be defined twice in the same context, all parameters of a definien-
dum must appear in the definiens, etc. The process of definition expansion should
be guaranteed to converge by such checks, although this fact has not been proved
formally so far.

This article is meant to be the first of a series, whose second paper will treat
extensible inference mechanisms for equational languages of the kind seen above,
and whose third paper will complete the picture of how to move from front-end
languages to back-end formalisms. In each case we will describe tools imple-
mented in Prolog, illustrating their usefulness through significant case-studies:
in their final integrated form, these tools will form a broad-spectrum translation
system named Metamorpho.

As regards the inferential apparatus, we have in mind to investigate two
very different, and in a way complementary, approaches. On the one hand, we
are experimenting with entirely algebraic methods such as Knuth-Bendix (cf.
[20]), with which theorem-provers show a large autonomy, although at a very
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low expressive level. On the other hand, we are getting acquainted with the
Raśiowa-Sikorski approach (cf. [26]), which has considerable appeal for inter-
active automated deduction. The latter method proceeds analytically in a way
similar to the very popular tableau-based systems, although it constructs proofs
instead of refutations (mainly in logics involving only dyadic predicates).

The next significant goal in which we feel engaged is the one of reaching a
satisfactory unified design for the main front-end component of the envisaged
Metamorpho system. To tackle this design issue, we will first carry out the
detailed analysis of a number of translation algorithms and techniques. Various
such algorithms are known, e.g. some which link nonclassical logics with relation
algebras [24, 25, 18], and others which operate on 3-variable sentences of first-
order logic [28, 14]; some others are still under study [7]. Indeed, translation
techniques to switch between man-oriented and machine-oriented formalisms
need to be unceasingly developed and improved.

References

1. S. Abiteboul, R. Hull, and V. Vianu. Foundations of Databases. Addison-Wesley,
1995.

2. A. V. Aho, R. Sethi, and J. D. Ullman. Compilers - Principles, techniques and
tools. Addison-Wesley, 1986. Reprinted.

3. H. Aı̈t Kaci. Warren’s Abstract Machine - A Tutorial Reconstruction. The MIT
Press, Cambridge, Mass., 1991.

4. Dines Bjørner, Manfred Broy, and Igor V. Pottosin, editors. Formal Methods in
Programming and Their Applications, International Conference, Akademgorodok,
Novosibirsk, Russia, June 28 - July 2, 1993, Proceedings, volume 735 of Lecture
Notes in Computer Science. Springer, 1993.

5. J.P. Burgess. Basic tense logic. In D. M. Gabbay and F. Guenthner, editors,
Handbook of Philosophical Logic, volume II, pages 89–133. D. Reidel, Dordrecht-
Holland, 1984.

6. R. Caferra and G. Salzer, editors. Automated Deduction in Classical and Non-
Classical Logics, LNCS 1761 (LNAI). Springer-Verlag, January 2000.

7. D. Cantone, A. Formisano, E.G. Omodeo, and C.G. Zarba. Compiling dyadic first-
order specifications into map algebra. Theoretical Computer Science, 303, 2002.

8. D. Cantone, E.G. Omodeo, and A. Policriti. Set Theory for Computing - From
decision procedures to declarative programming with sets. Texts and Monographs
in Computer Science. Springer-Verlag, Berlin, 2001.

9. F. Corradini, R. De Nicola, and A. Labella. An equational axiomatization of
bisimulation over regular expressions. J. Logic and Comput., 12(2):89–108, 2002.

10. E.-E. Doberkat and E.G. Omodeo. Algebraic semantics of ER-models in the con-
text of the calculus of relations. II: Dynamic view. In H. de Swart, editor, Re-
lational methods in computer science, volume 2561 of Lecture Notes in Computer
Science, pages 50–65. Springer-Verlag, December 2002. (6th International Confer-
ence RelMiCS 2001, and 1st Workshop of COST Action 274 TARSKI, Oisterwijk,
The Netherlands, Oct.16-21, 2001 Revised Papers).

11. E.-E. Doberkat and E.G. Omodeo. ER modelling from first relational principles.
Theoretical Computer Science, To appear.



An Environment for Specifying Properties 105

12. A. Formisano and E. Omodeo. An equational re-engineering of set theories. In
Caferra and Salzer [6], pages 175–190.

13. A. Formisano, E.G. Omodeo, and M. Simeoni. A graphical approach to relational
reasoning. In W. Kahl, D. L. Parnas, and Schmidt G., editors, Proc. of Relational
Methods in Software, RelMiS 2001, Bericht No.2001-02. Fakultät für Informatik,
Universität der Bundeswehr Muenchen, april 2001. To appear on Electronic Notes
in Theoretical Computer Science 44(3).

14. A. Formisano, E.G. Omodeo, and M. Temperini. Goals and benchmarks for auto-
mated map reasoning. J. Symb. Computation, 29(2):259–297, 2000. (Special issue
on Advances in First-order Theorem Proving, M.-P. Bonacina and U. Furbach eds).

15. A. Formisano, E.G. Omodeo, and M. Temperini. Instructing equational set-
reasoning with Otter. In R. Gore, A. Leitsch, and T. Nipkow, editors, Auto-
mated Reasoning. Proc. of First International Joint Conference, IJCAR 2001–
(CADE+FTP+TABLEAUX), number 2083 in Lecture Notes in Computer Science,
pages 152–167, Berlin, 2001. Springer-Verlag.

16. A. Formisano, E.G. Omodeo, and M. Temperini. Layered map reasoning: An ex-
perimental approach put to trial on sets. In A. Dovier, M.-C. Meo, and A. Omicini,
editors, Declarative Programming – Selected Papers from AGP 2000, number 48 in
Electronic Notes in Theoretical Computer Science, pages 1–28. Elsevier Science B.
V., 2001.

17. M. F. Frias. Fork algebras in Algebra, Logic, and Computer Science. World Scien-
tific Publishing Co., 2002.

18. M. F. Frias and E. Or�lowska. Equational reasoning in non cassical logics. Journal
of Applied Non Classical Logics, 8(1-2):27–66, 1998.

19. A. M. Haeberer, G. A. Baum, and G. Schmidt. On the smooth calculation of
relational recursive expressions out of first-order non-constructive specifications
involving quantifiers. In Bjørner et al. [4], pages 281–298.

20. D.E. Knuth and P.B. Bendix. Simple word problems for universal algebras. In
J. Leech, editor, Computational problems in abstract algebra, pages 263–297. 1970.

21. A. P. Morse. A Theory of Sets. Pure and Applied Mathematics. Academic Press,
New York, 1965.

22. E.G. Omodeo and E.-E. Doberkat. Algebraic semantics of ER-models in the con-
text of the calculus of relations. I: Static view. In W. Kahl, D. L. Parnas, and
Schmidt G., editors, Proc. of Relational Methods in Software, RelMiS 2001, Bericht
No.2001-02. Fakultät für Informatik, Universität der Bundeswehr Muenchen, april
2001. To appear on Electronic Notes in Theoretical Computer Science 44(3).

23. E.G. Omodeo and J. T. Schwartz. A ‘theory’ mechanism for a proof-verifier based
on first-order set theory. In A. Kakas and F. Sadri, editors, Computational Logic:
Logic Programming and Beyond – Essays in honour of Bob Kowalski, Part II,
volume 2408 of Lecture Notes in Artificial Intelligence, pages 214–230. Springer-
Verlag, Berlin, 2002.

24. E. Or�lowska. Relational interpretation of modal logics. In H. Andreka, D. Monk,
and I. Nemeti, editors, Algebraic Logic. Colloquia Mathematica Societatis Janos
Bolyai 54, pages 443–471. North-Holland, Amsterdam, 1988.

25. E. Or�lowska. Relational semantics for nonclassical logics: Formulas are relations.
In J. Wolenski, editor, Philosophical Logic in Poland, pages 167–186. 1994.

26. H. Rasiowa and R. Sikorski. The mathematics of metamathematics, volume 12 of
PWN. Polish Scientific Publishers, Warsaw, 1963.
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Abstract. In this paper, we discuss how a proper definition of a ranking
can be introduced in the framework of supervised learning. We elaborate
on its practical representation, and show how we can deal in a sound
way with reversed preferences by transforming them into uncertainties
within the representation.
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1 Introduction

Supervised learning has been studied by many research groups, largely com-
ing from statistics, machine learning and information systems science. In these
studies, the problems of classification (discrete) and regression (continuous) have
received a lot of attention. More recently the problem of ranking gained in in-
terest because of the wide variety of applications it can be used for.

Ranking can be interpreted as monotone classification or monotone regres-
sion. The addition of the word “monotone” to the definition is, however, less
trivial than it seems. And the problems this addition to the definition entails in
the mathematical model used to deal with classification or regression are even
more persistent. In this paper, we will mainly focus on discrete models, in other
words, we will discuss how we can deal with monotone classification, which is
equivalent to monotone ordinal regression.

Compared to classification, methods for solving ranking problems are only
beginning to emerge. The reason for this slow progress lies partly in the fact that
a solid framework for dealing with rankings in the supervised learning context
has not yet been developed. For example, not all methods can guarantee that
the generated classifier behaves monotonically, e.g. [3, 14]. Developing such a
framework is the main goal of this paper.

Another bare terrain in machine learning is that of working with ordinal data,
e.g. [7, 10, 17], even though “In measurement theory the raw data are typically
postulated to be ordinal in nature” [12]. Mostly “. . . the question addressed is the
conditions under which the data structure exhibits numerical measures having
certain properties”. However, we prefer to work directly on the ordinal nature
of the data itself, clearing ourselves of any conditions to be met.

H. de Swart et al. (Eds.): TARSKI, LNCS 2929, pp. 107–123, 2003.
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2 Problems with Earlier Proposals

The aim of supervised learning is to discover a function λ : Ω → L from a set
of objects Ω to a set of labels L, based on a finite set of example pairs (a, λ(a))
with a ∈ Ω. If L is finite, then λ is referred to as a classification. Generally,
the objects a ∈ Ω are described by means of a finite set Q = {q1, . . . , qn} of
attributes q : Ω → Xq. Therefore, to each a ∈ Ω corresponds a vector a =
(q1(a), . . . , qn(a)) ∈ X =

∏
q∈Q Xq (called the data space, a.k.a. measurement

space), and the problem is then restated as learning the function λ based on
examples (a, λ(a)) with a ∈ Ω. Although this new definition is not less restrictive
if handled with care, it does tend to encourage a more narrow view, where λ(a)
is interpreted as λ(a). This may lead to conflicting situations, since it is possible
that a, b ∈ Ω, a = b but λ(a) �= λ(b). We will use the term doubt to refer to such
a situation.

The problem of ranking is generally formulated as a classification problem
in the narrow view, with the additional restriction that it has to be monotone,
i.e. for all x,y ∈ X we must have that x ≤X y implies λ(x) ≤L λ(y), where
(x1, . . . , xn) ≤X (y1, . . . , yn) if and only if xi ≤Xqi

yi for i = 1, . . . , n, and
the relations ≤Xq

on Xq and ≤L on L are complete orders. Again, conflicting
situations may arise, which we will refer to as reversed preference (see Section 6).
Some authors [13, 15] impose some additional restrictions, such as demanding
the training data to fulfill the monotonicity requirement, to ensure that these
conflicts do not occur. Others [2] propose a form of naive conflict resolution.

However, a fundamental flaw in this definition is that it is formulated as a
restriction not on the original definition λ : Ω → L of a classification, but on
its operational counterpart λ : X → L, which was introduced in function of the
description of the objects. Yet another problem is that ranking is not merely a
restriction, but can also be seen as a generalisation of classification, in which the
equality relation is replaced by an order relation. For example, in the formulation
of a ranking given above, we see that “x ≤X y implies λ(x) ≤L λ(y)” is an
extension of “x = y implies λ(x) = λ(y)”. It is well known that different points
of view on a basic definition may lead to completely different extensions, so, if
possible, the most intrinsic definition should be chosen. In our case, this means
that λ : Ω → L is preferred.

It should be remarked that, while we focus in the firs part of this paper on a
representation based on sets of λ, there exists another strategy using cumulative
models coming from statistics (e.g. cumulative logit model [1]) and later on
applied in other learning schemes [7–9]. Instead of λ, it considers a family (λi)i∈L,
where the λi : Ω → {0, 1} are defined by λi(a) = 0 if λ(a) ≤L i, and 1 otherwise.
In the last two sections of this paper, we will incorporate this cumulative model
(a probabilistic one) to construct a probabilistic representation of λ.

3 Classification and Ranking

Classification. Thus, following the preceding discussion, we define a classifica-
tion λ in Ω as the assignment of the objects belonging to Ω, to some element,
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called a class label, in a universe L of labels. If L is a continuum, λ is usu-
ally referred to as a regression. The class labels can be identified with their
inverse image in the object space Ω, where they constitute a partition. We will
call these inverse images (object) classes. For any class label i ∈ L, we denote
the corresponding class by Ci := λ−1(i), and Cl := {Ci | i ∈ L}. So, the set
of all classifications in Ω stands in one-to-one correspondence to the set of all
partitions of Ω (which is equivalent to the set of all equivalence relations on Ω).
Remark that we may assume that λ is surjective by constraining L to the image
of λ (this can be done without loss of generality since by definition, we are only
interested in objects from Ω, which may well be infinite).

Ranking: Preliminaries. If we want to define a ranking based on this definition,
it becomes clear that there is no room for a concept such as monotonicity since Ω
has no inherent structure such as X . Still, we have to plant the seeds for it, such
that monotonicity will appear naturally when the data space X is introduced
as a representation of Ω. This can be done, following the ideas from [9, 16], by
returning to the semantics behind ranking, which declares that the higher an
object’s rank, the more it is preferred.

We can model this preferential information by a complete preorder. A pre-
order R on Ω is a binary relation R on Ω that is reflexive and transitive. It is
called complete if for all a, b ∈ Ω we have aRb or bRa. A preorder can be seen
as a special kind of weak (also called large) preference relation [19] S (which is
only reflexive), and where the expression aSb stands for “a is at least as good
as b” (it is also said that “a outranks b”). Given a complete preorder S, we can
define a strict preference relation P by aPb if and only if aSb and not bSa, and
an indifference relation I by aIb if and only if aSb and bSa. We clearly have
that S = P ∪ I.

Ranking: Definition. In the MCDA literature [16], the term “sorting” is used to
refer to a classification into a pre-defined finite set of ordered classes. The best
way of to enlighten the meaning of words is to turn to a dictionary. According
to Webster’s Encyclopedia Unabridged Dictionary [20], the meaning of “sort” is:
“n. a particular kind, species, variety, class, or group, distinguished by a common
character or nature; v.t. to arrange according to sort, kind or class”. On the other
hand, looking up the word “rank” results in: “n. a number of persons forming
a separate class in a social hierarchy or in any graded body; relative position or
standing; v.t. to arrange in ranks or in regular formation”. Therefore, we feel the
term “ranking” would be better suited. More general, we define a ranking as:

Definition 1. A ranking in Ω is a classification/regression λ : Ω → L, to-
gether with an order ≥L on L. We denote this ranking by (λ, ≥L). Moreover,
the order ≥L defines a weak preference relation S on Ω as follows:

aSb ⇐⇒ λ(a) ≥L λ(b) ,

or stated differently, aSb if and only if s ≥L r, for any a ∈ Cs and b ∈ Cr, with
Ci = λ−1(i) denoting the class associated with the label i ∈ L.
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In this paper, we will only consider complete rankings, where ≥L is a complete
order on L, i.e. (L, ≥L) is a chain. This is in line with most of the current prob-
lems considered in supervised learning. In this case, we have a specific preference
structure on Ω linked with the classes. For a ∈ Cs and b ∈ Cr it holds that

aPb ⇐⇒ s >L r and aIb ⇐⇒ s = r.

So, the set of all rankings in Ω stands in one-to-one correspondence to the
set of all complete preorders S on Ω. The classes are formed by the indifference
relation I which is an equivalence relation (transitivity holds since S is a complete
preorder). Hence, the indifference relation I determines the classification.

Remarks. The foregoing definition of a ranking consists of two parts: firstly a
classification/regression with an ordered image; secondly, the associated seman-
tics expressed by a weak preference relation. It is the second condition that
ensures that a (finite) ranking is not simply an ordinal classification. A second
point worth noting in the definition is that the set L is not necessarily finite (the
same is true in the definition of a classification). Still, in the remainder of this
paper, we will assume that L is finite. We will also assume that X is finite to
obtain a pure ordinal setting.

4 Representing a Classification: Sets

The above definitions are not really useful in practice since they relate to a
universe Ω that is in essence just an enumeration of all the objects. To ac-
cess some of the interesting properties of the objects, we fall back on a set of
attributes Q. In this way, we can represent each object a ∈ Ω by a vector
a = (q1(a), . . . , qn(a)) ∈ Ω̂ ⊆ X , where Ω̂ is the set of all measurement vec-
tors corresponding to objects in Ω. This also leads to a representation λ̂ of the
classification λ : Ω → L in the following way:

λ̂ : Ω̂ → 2L,

x 
→ λ̂(x) = {λ(a) | a ∈ Ω ∧ a = x},

where 2L is the power set of L, i.e. the set of all subsets of L. Thus, the rep-
resentation of a classification is again a classification, but now in the space
Ω̂ ⊆ X , with classes CI := λ̂−1(I), where I ⊆ L (we may define a classification
λ̂∗ : Ω → 2L by setting λ̂∗(a) = λ̂(a)) 1. Moreover, if Ω is isomorphic to X ,
then λ̂ is isomorphic to λ.

This property of isomorphism states that the representation λ̂ is a very natu-
ral one. We certainly want to keep this property in the case of rankings. Moreover,
the more general observation that representing a classification results again into
a classification is also a very desirable property. We know that the real problem
1 Since λ̂ and λ̂∗ both express the same idea, we will not restrain ourselves from mixing

their usage.
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is one of classification, but we will work with a representation, so it would be
against our intuition that this representation would become something different
from a classification. In the same line of thinking, we would like this property,
if possible, to hold for rankings as well.

5 Representing a Ranking: Intervals

General Notation. As mentioned above, we would like to have that if Ω ∼=
X , then a representation of a ranking (λ, ≥L) should be a ranking once more.
therefore, we will denote a representation of a ranking by

(λrepr, �)

where � is some relation on the image of λrepr that should be isomorphic to ≥L
if Ω ∼= X .

In the remainder if this paper, the term “order” is used in its strict math-
ematical sense (i.e. a reflexive, antisymmetric, transitive binary relation). The
term “ordering”, however, is used more freely, conveying a semantical idea rather
than a mathematical one.

Conditions on the Ordering �. There are some intuitive conditions we want
to impose on the relation �. It should be (i) reflexive, to ensure that equal
elements of the image of λrepr are also treated equally, (ii) an extension of ≥L,
as discussed previously, and (iii) meaningful, just as ≥L has a meaning in terms
of a preference relation. So, we would like to have an interpretation such as

λrepr(a) � λrepr(b) ⇐⇒ aŜb (1)

where aŜb means: based on the information derived from Q and λrepr, we conclude
that a is at least as good as b. Lastly, closely related to the previous, we would like
that (iv) � does not depend on λ. Remark that condition (i) has an additional
advantage since it enables us to interpret � as a weak preference relation.

Next, we study a representation continuing with λrepr = λ̂ in the spirit of
the previous section. Later on, in Section 8, we will consider another possibility
for λrepr.

The Image of a Ranking. Let (λ, ≥L) be a (complete) ranking. A first remark
concerns the range of λ̂ when we are dealing with rankings. Because of the ordinal
nature of the class labels, it is only meaningful to associate intervals to objects.
Therefore, we define

λ̂ : Ω̂ → L[2] = {[r, r′] | (r, r′) ∈ L2 ∧ r ≤L r′},

x 
→ [λ̂�(x), λ̂r(x)],
(2)
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where

λ̂�(x) = min{λ(a) | a ∈ Ω ∧ a = x},

λ̂r(x) = max{λ(a) | a ∈ Ω ∧ a = x}.

Remark that if we write I ∈ L[2] as an interval [r, s], it holds by definition that

CI �= ∅ =⇒ (∃a ∈ Cr)(∃b ∈ Cs)(a ∈ CI ∧ b ∈ CI), (3)

Finding an Ordering of L[2] (1). Starting from (ii) and (iii), we will try to
generalise ≥L while keeping in mind its underlying semantics. Recall that we
have by definition of S derived from a ranking that

s ≥L r ⇐⇒ (∀a ∈ Cs)(∀b ∈ Cr)(aSb)
⇐⇒ (∃a ∈ Cs)(∃b ∈ Cr)(aSb),

where the second equivalence is due to the fact that the objects inside one class
are all considered to be indifferent to each other. We can reformulate these
expressions as follows:

s ≥L r ⇐⇒ (∀(a, b) ∈ Ω2)((a, b) ∈ Cs × Cr ⇒ aSb) (4)
⇐⇒ (∃(a, b) ∈ Ω2)((a, b) ∈ Cs × Cr ⇒ aSb). (5)

These expressions can easily be generalised by replacing s ≥L r by I � I ′,
where I, I ′ ∈ L[2], and Cs (resp. Cr) by CI �= ∅ (resp. by CI′ �= ∅). If we
impose reflexivity, and write I = [s1, s2], I ′ = [r1, r2], this finally results in
(using Expression (3))

[s1, s2] �1 [r1, r2] ⇐⇒ s1 ≥L r2 ,

as a generalisation of (4), and

[s1, s2] �2 [r1, r2] ⇐⇒ s2 ≥L r1 ,

as a generalisation of (5). Relation �1 is an order, and relation �2 is an interval
order2.

It is clear that these two relations fulfill conditions (i), (ii) and (iv). However,
in both cases there are some problems with condition (iii). We have for instance
that [1, 3] and [1, 2] are incomparable w.r.t. �1. However, we would prefer an
object with label [1, 3] over another with label [1, 2] if that is all we know about
these objects. Indeed, if an object is assigned to [1, 2], it may belong to either
of the classes C1 and C2, whereas an object assigned to [1, 3] may also belong
to the better class C3. So, for two objects a, b ∈ Ω, knowing only λ̂(a) = [1, 3]
and λ̂(b) = [1, 2], we would prefer a over b, implying that we would like to have
[1, 3] � [1, 2]. This reasoning is in line with the semantics (1) we are pursuing.
Whereas �1 proves to be too restrictive, the relation �2 seems to be too per-
missive, being indifferent between [1, 2] and [1, 3]. This means that we need to
find something in between the generalisations of (4) and (5).
2 An interval order is a reflexive Ferrers (whence complete) relation. A relation R

on X is called Ferrers if (aRb ∧ cRd) ⇒ (aRd ∨ cRb), for any a, b, c, d ∈ X. The
Ferrers property can be seen as a relaxation of transitivity.
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Finding an Ordering of L[2] (2). There exist quite some different kinds of orders
that could be possible candidates for �, see e.g. [6]. Unfortunately, their known
characterisations are not particularly helpful in pinpointing one or more of them
in the present context. We could simply check them all out and see whether they
suit our purpose, but at this point, it is more interesting to let us guide by the
reasoning demonstrated in the previous paragraph, and to first state the desired
semantics and translate it afterwards into a suitable expression.

In that way we define I � I ′ if and only if I is an improvement over I ′ or I ′

is a deterioration compared to I. We will now translate this into mathematical
expressions. Assuming that CI and CI′ are non-empty, we say that I is an
improvement of I ′ if and only if

{
(∃a ∈ Ω)(∀b ∈ Ω)((a,b) ∈ CI × CI′ ⇒ aSb)

(∀a ∈ Ω)(∃b ∈ Ω)((a,b) ∈ CI × CI′ ⇒ aSb) .
(6)

Likewise, I ′ is a deterioration of I if and only if
{

(∃b ∈ Ω)(∀a ∈ Ω)((a,b) ∈ CI × CI′ ⇒ aSb)

(∀b ∈ Ω)(∃a ∈ Ω)((a,b) ∈ CI × CI′ ⇒ aSb) .
(7)

It immediately strikes that all of these expressions can be seen as intermediate
to the generalisations of (4) and (5). If we write I = [s1, s2] and I ′ = [r1, r2], it
can be shown quite easily that (remember that CI and CI′ are assumed to be
non-empty)

(6) ⇐⇒ (7) ⇐⇒ ((r1 ≤L s1) ∧ (r2 ≤L s2)) .

Hence, we find that � is an order, which we will denote by ≥[2]. If I, I ′ ∈ L[2]

and we write I = [r1, r2] and I ′ = [s1, s2], then we have

[r1, r2] ≤[2] [s1, s2] ⇐⇒ ((r1 ≤L s1) ∧ (r2 ≤L s2)) .

So, based on a semantical discourse, we arrived at the order ≤[2], which is already
extensively studied and whose properties are well known [5], for example, it turns
(L[2], ≤[2]) into a complete lattice3.

Some Afterthoughts. It is clear that now all four conditions are met. It should
be noted that the order ≤[2] was derived from the premise that we only have
access to intervals of values to reach a decision. If other information would be
available, other orderings might prevail. For example, distributional information
might lead to a stochastic ordering (see Section 8), or if risk aversion underlies
the decision, then we could consider the leximin order ≤1. Consider for example
L = {1, 2, 3, 4}, then we have

1 ≤1 [1, 2] ≤1 [1, 3] ≤1 [1, 4] ≤1 2 ≤1 [2, 3] ≤1 [2, 4] ≤1 3 ≤1 [3, 4] ≤1 4.

3 Potharst [15] also introduced this order in the setting of rankings, however, without
being aware of its semantics in the context of ranking.
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If risk would be favoured, the following order ≤2 might be suitable:

1 ≤2 [1, 2] ≤2 2 ≤2 [1, 3] ≤2 [2, 3] ≤2 3 ≤2 [1, 4] ≤2 [2, 4] ≤2 [3, 4] ≤2 4.

Note that both situations are in line with the order ≤[2] just defined (≤[2]⊆≤i).
Even more, the order ≤[2] is nothing else but the intersection of ≤1 and ≤2. This
also pleads for the non-invasive character of the order ≤[2] (no presuppositions
about the preferences are imposed).

6 The Monotonicity Constraint

Introduction. Up to now, we have given a definition of a (complete) ranking
(λ, ≥L) and have shown how it can be represented by the (not necessarily com-
plete) ranking (λ̂, ≥[2]). Note that we did not need any form of monotonicity
for the definition or the representation. Monotonicity will arise in a natural way
when taking into account the attributes used to describe the properties of ob-
jects.

Preliminaries. Let us first turn back to classifications. Even if we assume a
classification λ to be deterministic in the sense that any object a ∈ Ω is assigned
to exactly one class with label in L, we still cannot guarantee that we have
|λ̂∗(a)| = 1 for all a ∈ Ω. This is a consequence of the possible occurrence of
doubt (called “inconsistency” in rough set theory [11, 18]).

Definition 2.

(i) There is doubt between the classification λ and the set of attributes Q if

(∃(a, b) ∈ Ω2)(a = b ∧ λ(a) �= λ(b)).

(ii) There is doubt inside the representation λ̂ if

(∃x ∈ Ω̂)(|λ̂(x)| > 1).

It is clear that these two notions of doubt coincide. In the case of doubt, the
function λ̂∗ can assign a set of labels to an object, indicating that it is not
possible to label the object with one specific class label based on the associated
vector. Remark that the first definition emphasises the conflict between the
vector representations of the objects and the classification λ (as discussed in
Section 2), the second definition stresses the ensuing idea of uncertainty. Also
note that if λ̂ is interpreted as a classification, we have that there is never doubt
between the classification λ̂ and the (corresponding) set of attributes Q.

Multicriteria Decision Aid (MCDA). In the context of ranking, the attributes
have a specific interpretation, and are usually referred to as criteria. A crite-
rion [16] is defined as a mapping c : Ω → (Xc, ≥c), where (Xc, ≥c) is a chain,
such that it appears meaningful to compare two objects a and b, according to
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a particular point of view, on the sole basis of their evaluations c(a) and c(b).
In this paper, we will only consider true criteria [4], where the induced weak
preference relation is a complete preorder defined by aScb ⇔ c(a) ≥c c(b). We
assume to have a finite set C = {c1, . . . , cn} at our disposal.

The dominance relation4 �C on Ω w.r.t. C is defined by

a �C b ⇐⇒
{

(∀c ∈ C)(aScb)
(∃c ∈ C)(aPcb)

for any a, b ∈ Ω. It is said that a dominates b. We may also write b�C a, saying
that b is dominated by a. We say that a weakly dominates b, a � b, if only
(∀c ∈ C)(aScb). Since we are working with true criteria we have that a �C b is
equivalent with a ≥X b.

Monotonicity. A basic principle stemming from MCDA [16] is that a �C b ⇒
aSb. On the other hand we have that aSb ⇐⇒ λ(a) ≥L λ(b). Merging all these
expressions we find in a natural way the monotonicity constraint

a ≥X b ⇒ λ(a) ≥L λ(b) .

Remark that this constraint does not tolerate the presence of doubt since it
advocates a = b ⇒ λ(a) = λ(b). Thus, it is too restrictive for applications in
supervised learning. The reason for this lies in the fact that we have adopted
a principle from MCDA without considering its context: build a ranking based
on the set C of criteria. This is a different setting than for supervised learning
where we try to reconstruct a ranking based on the set C. In the former, the
set C is a framework, in the latter, this same set C is a restriction. We can solve
this problem by applying the same principle but with the additional demand
that we restrict our knowledge to the information we can retrieve from C. In
that case, we define the dominance relation on Ω̂ ⊆ X , resulting in x � y if and
only if x ≥X y, and the principle becomes x � y ⇒ xŜy. Together with (1),
this finally leads to the monotonicity constraint

x ≥X y ⇒ λrepr(x) � λrepr(y) .

In this case, doubt is tolerated since x = y ⇒ λrepr(x) = λrepr(y) is a trivial
demand. This also means that the monotonicity constraint reduces to

x >X y ⇒ λrepr(x) � λrepr(y) . (8)

We can now adapt the two equivalent definitions of Definition 2, which leads us
to two different notions:

4 In the literature, the dominance relation is usually denoted by ∆C . Because of the
symmetrical nature of the symbol ∆C , we feel it does not clearly denote its meaning
and prefer to use the notation �C .
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Definition 3.

(i) There is reversed preference between the ranking (λ, ≥L) and the set of
criteria C if

(∃(a, b) ∈ Ω2)(a >X b ∧ λ(a) �L λ(b)).

(ii) There is reversed preference inside the representation (λrepr, �) if

(∃(x,y) ∈ Ω̂2)(x >X y ∧ λrepr(x) �� λrepr(y)).

A representation of a ranking is said to be consistent if there is no reversed
preference inside it.

These two notions do not coincide, we must make a clear distinction between
the first definition that considers inconsistencies in a ranking, and the second
definition that considers inconsistencies in a representation of a ranking.

About Doubt and Reversed Preference. There is a major difference between the
existence of reversed preference in a ranking, and the existence of doubt. People
can accept doubt in a classification, but they will not accept reversed preference
in a ranking. For example, you might accept that it is difficult to choose between
two candidates, either because you feel you don’t have enough information about
them, or you feel they are too similar to differentiate, e.g. athlete A wins the
first 5 challenges in a decathlon, and ends second in the other 5, while athlete
B ends second in the first 5, but wins the remaining 5. On the other hand, it
is never tolerated that the candidate with the lower marks ends up in a higher
rank than the candidate with the better marks, e.g. athlete A always ends in
the fourth or fifth place, while athlete B is always among the first three, then
it is unacceptable that A would end up in a higher position on the league table
than B.

This is nicely reflected in the definitions: there is never doubt between the
classification λ̂ and the corresponding set of attributes Q, but there can exist
reversed preference between the ranking (λ̂, ≤[2]) and the corresponding set of
criteria C. It is also the reason why we introduced the term consistency instead
of monotonicity. While these two notions are clearly equivalent, “consistency”
conveys the semantical idea behind the property of monotonicity of the repre-
sentation.

7 Transforming Reversed Preference into Doubt:
The Consistent Representation

Introduction. As just mentioned, the occurrence of reversed preference in λ̂ is not
satisfactory (even unacceptable). This can be solved by redefining λ (or in terms
of supervised learning, altering the training data) in such a way that the reversed
preferences disappear. A very drastic solution could be to demand that a <X
b ⇒ λ(a) ≤L λ(b) for the training data. A less drastic one, is to find a maximally
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consistent subset by eliminating some of the data. Another possibility (see below)
is to redefine C until the resulting λ̂ behaves monotonically according to (8).
All these proposals have an invasive character, and might even be unfeasible
in certain circumstances. We therefore propose another, non-invasive method,
that uses all available information, and results in the closest possible consistent
representation by defining a mapping λ̃ such that (λ̃, ≤[2]) does no longer contain
reversed preferences.

Sources of Reversed Preference. We begin this section by an enumeration of
how reversed preferences can arise in the ranking problem. In this case, the
classification λ on Ω (or rather on a finite sample S ⊆ Ω) and the order ≤L
on L are furnished by a Decision Maker (DM). The DM also gives the set of
criteria C to be considered. We first focus on reversed preference between the
ranking (λ, ≤L) in Ω and the set of criteria C, i.e. there exist objects a, b ∈ S
such that

a <X b ∧ λ(a) �L λ(b).

Now assuming that reversed preference occurs, there are several scenarios pos-
sible:

1. The DM has based his decisions on the set C:
(a) The DM has used some additional information not present in C. A so-

lution could be to find the criteria c1, . . . , cr �∈ C the DM uses and add
them to C.

(b) The DM has made an inconsistent decision. In this case, the mapping λ
might be redefined in a consistent way by the DM. If this is not a pos-
sibility (e.g. the DM has no time, the samples are taken from past de-
cisions, . . . ), both C and λ must remain unchanged. We will show next
how we can deal with this case.

(c) It is agreed that C is the final set of criteria to be considered. Again we
have to keep C and (λ, ≤L), including the conflict between them.

2. The DM has made his decisions before the set C was defined:
(a) Some meaningful criteria c1, . . . , cr �∈ C were missed in the first attempt

to construct the set C, such that (∃c ∈ {c1, . . . , cr})(a¬Scb). This means
that a does no longer dominate b w.r.t. C ∪ {c1, . . . , cr}.

(b) It is agreed that C is the final set of criteria to be considered. We are in
the same situation as case (1c).

Since for practical purposes we use the representation of the ranking, it is not
really necessary to solve the problems just stated. Indeed, we must only take care
of reversed preference inside the representation (λ̂, ≤[2]) because of the following
proposition:

Proposition 1. Substituting the ranking (λ, ≤L) by its representation (λ̂, ≤[2])

(i) might eliminate existing reversed preference (i.e. if a <X b and λ(a) �L
λ(b), then it can happen that λ̂(a) � λ̂(b).)

(ii) will never introduce new reversed preferences.
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Proof.
We will illustrate the first assertion with a little example. Consider a ranking
(λ, ≤L) with L = {1, 2, 3}, 1 <L 2 <L 3, {a, b, c, d} ⊆ Ω and a = b = x <X c =
d = y. Furthermore, assume that λ(a) = 1, λ(b) = 3, λ(c) = 2, λ(d) = 3. This
means b and c give rise to reversed preference. However, we have λ̂(x) = [1, 3] ≤[2]

λ̂(y) = [2, 3] and thus x and y do not give rise to any reversed preferences.
To prove the second assertion, consider a ranking (λ, ≤L). For a1, a2, b1, b2 ∈

Ω, we assume there is doubt: â1 = â2 = x and b̂1 = b̂2 = y. We put λ(a1) =
r1, λ(a2) = r2, λ(b1) = s1, λ(b2) = s2. Without restrictions we may assume that
r1 ≤L r2, s1 ≤L s2, x ≤X y, λ̂(x) = [r1, r2] and λ̂(y) = [s1, s2]. Now suppose
there is no reversed preference between x and y w.r.t. (λ, ≤L) and C, i.e. (∀a ∈
Ω)(â = x) and (∀b ∈ Ω)(b̂ = y) we have λ(a) ≤L λ(b). This means we must have
that r2 ≤L s1, which automatically leads to λ̂(x) = [r1, r2] ≤[2] λ̂(y) = [s1, s2].

�

Dealing with Reversed Preference. The above proposition implies that if there is
reversed preference inside the representation (λ̂, ≤[2]), it must have its origins in
one of the situations described above. If both λ and C should remain unchanged,
as in cases (1b), (1c) and (2b), we may transform λ̂ into a mapping λ̃ such
that (λ̃, ≤[2]) does no longer contain reversed preference. This transformation
should stay as close as possible to the original λ̂, and if there is no reversed
preference in (λ̂, ≤[2]), then λ̃ should be equal to λ̂.

We will now show how this transformation can be done. Assume there is re-
versed preference inside the representation (λ̂, ≤I), meaning we can find x,y ∈ Ω̂
such that

x ≤X y and λ̂(x) = [r1, r2] �≤[2] λ̂(y) = [s1, s2].

Because of expression (3), we can never make the interval [r1, r2] or [s1, s2]
smaller without removing an object from the sample space. This would result in
neglecting the information that does not fit our formalisation. Thus, removing
objects cannot be defended. As a consequence, we may only enlarge the intervals
in order to remove the inconsistency. To stay as close as possible to the original
(inconsistent) information, we will enlarge the intervals in a minimal way to
eliminate the reversed preference. We have

[r1, r2] �≤[2] [s1, s2] ⇐⇒ (r1 >L s1) ∨ (r2 >L s2) ,

and we must try to find intervals [r̃1, r̃2] ⊇ [r1, r2] and [s̃1, s̃2] ⊇ [s1, s2] such
that [r̃1, r̃2] ≤[2] [s̃1, s̃2] or still (r̃1 ≤L s̃1) ∧ (r̃2 ≤L s̃2).

(i) s1 <L r1. We may only resolve this by reducing s1 to some s̃1 and r1 to
some r̃1. It is obvious that we can turn the inequality into an equality if
we put r̃1 := s1 and keep s̃1 := s1. Moreover, this is the smallest5 change
possible in order to obtain r̃1 ≤L s̃1 with r̃1 ≤L r1 and s̃1 ≤L s1.

5 There is only one acceptable distance measure on an ordinal scale, namely the dis-
tance in the underlying graph.
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(ii) s2 <L r2. The smallest possible change to obtain r̃2 ≤L s̃2 with r̃2 ≥L r2
and s̃2 ≥L s2, is putting r̃2 := r2 and s̃2 := r2.

So, we may eliminate this reversed preference by subjecting λ̂ to the transfor-
mation t:

t(λ̂(x)) = t([λ̂�(x), λ̂r(x)]) := [min(λ̂�(x), λ̂�(y)), λ̂r(x)] ,

t(λ̂(y)) = t([λ̂�(y), λ̂r(y)]) := [λ̂�(y), max(λ̂r(x), λ̂r(y))] .

Moreover, if there was no reversed preference, this transformation would just
yield

t(λ̂(x)) = λ̂(x) and t(λ̂(y)) = λ̂(y) .

It should be noted that this transformation may create new reversed preferences.
The previous procedure must therefore be repeated until no more reversed pref-
erences exist. It is clear that in the present finite setting, there is convergence,
in the worst case we would end up with the constant mapping to [inf L, supL].

Proposition 2. Let (λ, ≤L) be a ranking in Ω, and let C be a set of criteria.
Now define

λ̃ : Ω̂ → L[2],

x 
→ [miny∈[x) λ̂�(y), maxy∈(x] λ̂r(y)] ,

where [x) = {x′ ∈ Ω̂ | x ≤X x′} and (x] = {x′ ∈ Ω̂ | x′ ≤X x}. We have that

(i) The representation (λ̃, ≤[2]) is consistent with C.
(ii) For all x ∈ X , it holds that λ̂(x) ⊆ λ̃(x), and if (λ̂, ≤[2]) is consistent,

then λ̃ = λ̂.
(iii) There exists no other representation (λ, ≤[2]) consistent with C such that

for all x ∈ X , it holds that λ̂(x) ⊆ λ(x) ⊆ λ̃(x).

Proof.
(i) Consider x,y ∈ Ω̂ such that x ≤X y. This implies that x ∈ (y] and y ∈ [x),
and so (x] ⊆ (y] and [y) ⊆ [x). From this it immediately follows that

λ̃(x) = [min
z∈[x)

l̂(z), max
z∈(x]

r̂(z)] ≤[2] λ̃(y) = [min
z∈[y)

l̂(z), max
z∈(y]

r̂(z)].

(ii) Self-evident.
(iii) Let λ(�= λ̃) be such that for all x ∈ X , it holds that λ̂(x) ⊆ λ(x) ⊆ λ̃(x).
Remark that, because of (ii), this is only possible if (λ̂, ≤[2]) is not consistent. We
have that there exists at least one x ∈ X such that λ(x) = [l, r] ⊂ λ̃(x). Assume
that l > miny∈[x) λ̂�(y). Evidently, this implies there exist a non-empty set Y

of y >X x such that λ̂�(y) = i <L λ̂�(x) = j. Let y∗ ∈ arg miny∈Y λ̂�(y), and
i∗ = λ̂�(y∗). Since (∀z ∈ X )(λ̂(z) ⊆ λ(z)), we have that j ∈ λ(x) and i∗ ∈ λ(y∗).
If (λ̂, ≤[2]) is to be consistent, it must hold that i∗ ∈ λ(x). By construction, we
have that i∗ = miny∈[x) λ̂�(y) < l, a contradiction. �
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Essentially, we have enlarged the intervals in a minimal way such that there
are no more violations against the monotonicity requirement (8). In other words,
we transform the unacceptable reversed preferences into acceptable doubt.

Example 1. Let us demonstrate this on a small example taken from [8]. Assume
we have Ω = {a1, . . . , a6}, a single criterion c : Ω → ({1, . . . , 6), ≤) and a ranking
(λ, ≤) with f : Ω → {1, . . . 6}, as shown in Table 1. There is no doubt, so Ω ∼= Ω̂.
Table 2 lists the consistent representation of this ranking.

Table 1. A simple ranking (λ, ≤).

a1 a2 a3 a4 a5 a6

c 2 1 4 3 6 5
λ 1 2 3 4 5 6

Table 2. The consistent representation (λ̃, ≤[2]) of (λ, ≤).

a2 ≤X a1 ≤X a4 ≤X a3 ≤X a6 ≤X a5

λ̂ 2 1 4 3 6 5
λ̃ [1, 2] ≤[2] [1, 2] ≤[2] [3, 4] ≤[2] [3, 4] ≤[2] [5, 6] ≤[2] [5, 6]

8 Representing a Ranking: Distributions

Introduction. Up to now, we have focussed on classifiers (functions with do-
main Ω̂) that return the possible values that can be assigned to each object.
In this section, we go one step further and consider probabilistic classifiers λ̂prob

assigning to each object a probability distribution over the labels. (In the case Ω
is finite, this is easily achieved by normalising the frequency distributions asso-
ciated with the elements of Ω̂.)

Stochastic Dominance. As before, we need to establish an order on the set F(L)
of all possible distributions6 over L. In the present context, the ordering that
comes immediately to mind is the stochastic dominance ordering. Let f1, f2 ∈
F(L), and denote their cumulative distribution functions as F1 and F2. Weak
(first order) stochastic dominance �(1) is defined by

f1 �(1) f2 ⇐⇒ (∀i ∈ L)(F1(i) ≤ F2(i)) .

Remark that if we consider the support Supp(f) = {� ∈ L | f(�) > 0}, then

f1 �(1) f2

⇓
[min Supp(f1), max Supp(f1)] ≥[2] [min Supp(f2), max Supp(f2)] .

6 If L = {1, . . . , k}, then we denote a distribution fX ∈ F(L) as a vector of dimen-
sion k: fX = (P(X = 1), . . . , P(X = k)).
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Of course, the converse does not hold, e.g. for L = {1, 2, 3}, f1 = (0.4, 0.4, 0.2)
and f2 = (0.2, 0.8, 0).

Along the same line, we have the following lemma:

Lemma 1. If we interpret the intervals of L[2] in the previous sections as uni-
form distributions, the order ≤[2] just coincides with �(1).

Meaningful Representations. For a representation to be meaningful, it should at
least make the second assertion of Proposition 1 true. Because of its importance,
we will look for a class of representations that can guarantee this assertion. This
can easily be done by imposing a kind of minimal consistency on the represen-
tation (λrepr, �).

Definition 4. We say that the representation (λrepr, �) of (λ, ≤L) is minimally
consistent in U ⊆ X , if for all x,y ∈ U with x ≤X y, it holds that

λ̂r(x) ≤L λ̂�(y) =⇒ λrepr(x) � λrepr(y) .

Proposition 3. Substituting the ranking (λ, ≤L) by a representation (λrepr, �)
that is minimally consistent in Ω̂ will never introduce new reversed preferences.

Proof.
Similar to Proposition 1. �

It is clear that (λ̂prob, �(1)) satisfies Definition 4. Moreover, also the first part
of Proposition 1 can be kept using the same proof, but this cannot be generalised
for all (λrepr, �).

A Consistent Representation. In this new setting, we aim once more at finding a
representation (λ̃prob, �(1)) without reversed preferences, and without reducing
the support of the distributions (which is equivalent to not removing any objects
as advocated in Section 7). Consider an x ∈ Ω̂, with λ̂prob(x) = fx. We know
that for all y ≤X x (and of course y ∈ Ω̂), it should hold that fy �(1) fx or
Fy(i) ≥ Fx(i), and therefore

Fx(i) ≤ min
y∈(x]

Fy(i) .

At the same time, for all y ≥X x, it should hold that fx �(1) fy, or

Fx(i) ≥ max
y∈[x)

Fy(i) .

However, it may very well happen (if (λ̂prob, �(1)) contains reversed preferences)
that miny∈(x] Fy(i) < maxy∈[x) Fy(i), for example: with Ω̂ = {x,y}, x ≤X y,
L = {1, 2}, fx = (0, 1) and fy = (1, 0), we find the constraints Fx(1) ≤ 0 and
Fx(1) ≥ 1.
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Proposition 4. For all y ∈ Ω̂, we denote λ̂prob(y) = fy. Let s ∈ [0, 1]. For all
x ∈ Ω̂, for all i ∈ L, we define:

F̃x(i) := (1 − s) min
y∈(x]

Fy(i) + s max
y∈[x)

Fy(i) .

If we set λ̃prob(x) = f̃x, then (λ̃prob, �(1)) is consistent.

Proof.
Consider x,y ∈ Ω̂, with x ≤X y. We need to prove that f̃x �(1) f̃y.

We know that (x] ⊆ (y] and [x) ⊇ [y). Let i ∈ L. We have

min
z∈(x]

Fz(i) ≥ min
z∈(y]

Fz(i) ,

max
z∈[x)

Fz(i) ≥ max
z∈[y)

Fz(i) .

Hence F̃x(i) ≥ F̃y(i). �

The proposed family of solutions to the problem is certainly not the sole one.
This in severe contrast with the unique solution put forward in Proposition 2.

Example 2. A small example demonstrating the above proposition is given in
Table 3.

Table 3. The consistent representation (λ̃prob, �(1)) of (λ, ≤) using s = 1
2 .

x1 ≤X x2 ≤X x3

λ̂prob(x) = fx (0.4, 0.4, 0.2) (0.2, 0.8, 0.0) (0.2, 0.3, 0.5)
Fx (0.4, 0.8, 1.0) (0.2, 1.0, 1.0) (0.2, 0.5, 1.0)
F̃x (0.4, 0.9, 1.0) (0.2, 0.9, 1.0) (0.2, 0.5, 1.0)

λ̃prob(x) (0.4, 0.5, 0.1) �(1) (0.2, 0.7, 0.1) �(1) (0.2, 0.3, 0.5)

9 Conclusion and Future Research

We have paved the path to deal in a mathematically and semantically sound way
with rankings in the context of supervised learning. We have given a definition, a
representation when dealing with attributes (in which case we are on the territory
of ordinal regression), and a consistent interval and stochastic representation
when dealing with criteria.

Although our main interest was in trying to find acceptable representations
that could be presented to a DM, it appears that Proposition 4 is also a good
basis for a lazy learning method, providing an alternative to OLM, the Ordinal
Learning Method [2]. We are currently experimenting with several variations
of such a lazy learner, undertaking extensive comparisons with other learning
methods.
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Abstract. In this paper, a survey of bargaining theory is presented.
First, an axiomatic approach to bargaining problems is considered. I de-
scribe the Nash solution to bargaining problems, and present an exam-
ple of an application of this solution. Some other solutions to bargaining
problems, such as the egalitarian solution, the utilitarian solution, and
the solution proposed by Kalai and Smorodinsky, are also mentioned.
Next, I describe the strategic approach to the bargaining problem. Rubin-
stein’s bargaining game of alternating offers, the form of Nash equilibria,
and the subgame perfect equilibrium of this game are presented. I also
describe two special bargaining models with stationary preferences of the
players. Moreover, several generalizations of Rubinstein’s model, includ-
ing models with non-stationary preferences of the players, are presented.
Finally, I mention some applications of dynamic bargaining models.

1 Introduction

Bargaining problems concern situations in which some parties, referred to as
players, bargain over the division of certain goods. A solution to a bargain-
ing problem means the determination of such a division. In simple examples
of bargaining problems, one often refers to an amount of money, a piece of
cake, or a portion of ice-cream. In more complex applications, one may ana-
lyze, for instance, a division of the profits of a company, negotiated between
the management and the trade unions, a division of the budget, or negotiations
between two countries on fishing quotas. One may apply an axiomatic approach
derived from John Nash ([9]) to bargaining problems, i.e., one can postulate
some axioms concerning a potential solution, and then investigate its existence
and properties resulting from the adopted axioms. Besides the Nash solution to
a bargaining problem, some other solutions may be found in the literature: the
egalitarian solution, the utilitarian solution, and the solution proposed by Kalai
and Smorodinsky ([5]).

A different approach to bargaining problems, however, called the dynamic
(or strategic) approach, may also be applied. It involves the representation of a
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bargain as a non-cooperative game and the investigation of solutions from among
the equilibria of the game. As one of the first to do this, Ariel Rubinstein con-
sidered the strategic model ([3], [10], [11]), in which two players bargain over the
division of a certain good. In the bargaining literature, many generalizations of
Rubinstein’s original model have been analyzed. Several were presented in [10],
for instance, a three-player model, models in which a player may withdraw from
a bargain, a model with a risk of breaking the bargain, models with incomplete
information. A bargaining model concerning the division of two goods simul-
taneously was presented in [2]. Ariel Rubinstein analyzed a bargaining game,
in which the preferences of the players were stationary and constant in time.
In particular, he considered a model with constant discount rates, and a model
with constant bargaining costs. One of the generalizations of Rubinstein’s model
concerns bargaining models with non-stationary preferences of the players [14]),
in particular, with preferences varying in time ([12], [14]). One may analyze,
for instance, the bargaining model in which the preferences of each player are
expressed not by a constant discount rate, but by a sequence of discount rates
varying in time ([14], [15]). A model in which the preferences of each player are
expressed not by a constant bargaining cost, but by a sequence of bargaining
costs varying in time, has also been analyzed ([14], [16]). Finally, a ‘mixed’ model
may be considered, in which the preferences of each player are expressed simul-
taneously by a sequence of discount rates and a sequence of bargaining costs
varying in time ([17]).

In this paper, I present a survey of bargaining theory. In Sect. 2, an axiomatic
approach to bargaining problems is described in detail. The notions of bargaining
problem and of bargaining solution are first defined in Sect. 2.1. Next, I recapit-
ulate Nash’s axioms and Nash’s theorem. In Sect. 2.2, an application of Nash’s
solution is presented. In Sect. 2.3, some other bargaining solutions, different from
the Nash solution, are mentioned. In Sect. 3, Rubinstein’s bargaining model is
presented. In Sect. 3.1, his bargaining game of alternating offers is described.
I describe the bargaining procedure, define the strategies of the players, and
introduce Rubinstein’s axioms, including the stationarity axiom. Sect. 3.2 and
Sect. 3.3 are concerned with the Nash equilibria and the subgame perfect equilib-
rium of this game, respectively. In Sect. 3.4 and Sect. 3.5, I present Rubinstein’s
models with stationary preferences, described by constant discount rates, and
constant bargaining costs, respectively. Several generalizations of Rubinstein’s
bargaining model are presented in this paper. One is described in Sect. 4, and
concerns bargaining models with non-stationary preferences of the players. In
Sect. 4.1, Nash equilibria and subgame perfect equilibria for the non-stationary
case are presented. A model in which the players’ preferences are expressed by
sequences of discount rates varying in time is presented in Sect. 4.2. In Sect. 4.3,
a model with preferences defined by sequences of bargaining costs is analyzed.
In Sect. 4.4, I mention ‘mixed’ models in which the players’ preferences are de-
scribed simultaneously by discount rates and bargaining costs. In Sect. 4.5, a
delay in reaching an agreement is considered. I present a subgame perfect equi-
librium, in which an agreement is reached with a delay of one period. Some other
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generalizations of Rubinstein’s model, different from those described in Sect. 4,
are presented in Sect. 5. In Sect. 5.1, two models in which player 2 has an op-
tion of leaving player 1 and terminating the game are presented. In Sect. 5.2, I
mention the three-player bargaining model. In Sect. 5.3, a bargaining game with
short periods is introduced. In Sect. 5.4, a bargaining model with a risk of break-
down is presented. Finally, in Sect. 6, some applications of dynamic bargaining
models to economic and social situations are mentioned.

2 Axiomatic Approach

One of the approaches that can be applied to bargaining problems is the ax-
iomatic (also called static) approach. In this approach, instead of taking into
account the strategic aspects of bargaining (such as rules, and course of negoti-
ating), one concentrates on the properties of a potential solution to the problem.
In this section, we recapitulate some bargaining solutions of the axiomatic ap-
proach. We start with the solution derived from John Nash ([9]).

2.1 The Nash Solution

Let N be the set of all bargainers, also called players. The players either manage
to reach an agreement or they fail to reach one. This means that a bargain may
result either in an agreement in a certain set X or in disagreement D. Each
player i ∈ N has a preference ordering �i (that is, a complete, transitive, and
reflexive binary relation) over the set X ∪ {D}, where for any x, y ∈ X, x �i y
if and only if player i either prefers x to y or is indifferent to them. The objects
N , X, D, and �i for each i ∈ N , define a bargaining situation. For each player
i ∈ N , there is a function ui : X ∪ {D} → R, called a utility function.

Let us assume that N = {1, 2}. Let S be the set of all utility pairs (u1(x),
u2(x)) for x ∈ X. The point d = (d1, d2) = (u1(D), u2(D)) determines the
payoffs the players get when they fail to reach an agreement. It is assumed that
d ∈ S, which means that the players can agree to disagree, and that there is an
agreement preferred by both players to the disagreement outcome. The latter
means that the players are interested in reaching an agreement. Formally, one
can write the following definition:

Definition 1 Let X be the set of possible agreements, D be the disagreement
event, and ui : X ∪ {D} → R be the utility function of player i = 1, 2. A
bargaining problem is a pair (S, d), where

S = {(u1(x), u2(x)) | x ∈ X} ⊆ R
2, d = (d1, d2) = (u1(D), u2(D)), (1)

such that

– S is compact (i.e., closed and bounded), and convex
– d ∈ S
– there exists (s1, s2) ∈ S such that s1 > d1 and s2 > d2.
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Definition 2 A bargaining solution is a function φ : BP → R
2, where BP is

the set of all bargaining problems, which assigns a unique element (s∗
1, s

∗
2) ∈ S

to each bargaining problem (S, d) ∈ BP , i.e.,

φ(S, d) = (φ1(S, d), φ2(S, d)) = (s∗
1, s

∗
2) ∈ S. (2)

The pair (s∗
1, s

∗
2) satisfies individual rationality, that is,

s∗
1 ≥ d1 and s∗

2 ≥ d2. (3)

Individual rationality means that, for each player, reaching an agreement is at
least as attractive as disagreement.
Nash imposed four axioms on a bargaining solution φ : BP → R

2. Let us first
introduce some definitions.

Definition 3 The bargaining problem (S, d) is symmetric if

d1 = d2 and (s1, s2) ∈ S if and only if (s2, s1) ∈ S. (4)

Definition 4 We say that (S′, d′) is obtained from the bargaining problem (S, d)
by the transformation si �→ αisi + βi for i = 1, 2 if

d′
i = αidi + βi for i = 1, 2, and (5)

S′ = {(α1s1 + β1, α2s2 + β2) ∈ R
2 | (s1, s2) ∈ S}. (6)

It may be shown that, if αi > 0 for i = 1, 2, then (S′, d′) is itself a bargaining
problem.

Nash’s Axioms

(N-1) Pareto Efficiency:
Suppose (S, d) is a bargaining problem, s = (s1, s2) ∈ S, s′ = (s′

1, s
′
2) ∈ S,

and s′
i > si for i = 1, 2. Then, φ(S, d) �= s.

(N-2) Symmetry:
If the bargaining problem (S, d) is symmetric, then φ1(S, d) = φ2(S, d).

(N-3) Invariance to Equivalent Utility Representations:
Suppose that the bargaining problem (S′, d′) is obtained from (S, d) by
the transformation si �→ αisi + βi for i = 1, 2, where αi > 0 for i = 1, 2.
Then, φi(S′, d′) = αiφi(S, d) + βi for i = 1, 2.

(N-4) Independence of Irrelevant Alternatives:
If (S, d) and (W, d) are bargaining problems with W ⊂ S and φ(S, d) ∈ W ,
then φ(W, d) = φ(S, d).

Note that axioms (N-1) and (N-2) concern the solution of single bargaining
problems, while axioms (N-3) and (N-4) require the solution to satisfy some
consistency among bargaining problems. According to (N-1), the players never
agree on an outcome s if another outcome s′ is available, in which they are both
better off. If the players agreed on the non-efficient outcome s, then there would
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be good reason to re-negotiate. Axiom (N-1) also implies that the players never
disagree (see Definition 1). By virtue of axiom (N-2), both players are treated
equally. If the players are interchangeable, then the bargaining solution must
assign the same utility to each player. Axiom (N-3) formalizes the assumption
that the players’ preferences, not the specific utility functions representing the
preferences, are basic. The bargaining solution does not depend on equivalent
utility representations. Axiom (N-4) means that the solution should not depend
on ‘irrelevant’ alternatives. If we remove some alternatives from the set S, but
the solution φ(S, d) is still available, then φ(S, d) should remain the solution
also in the smaller set. Axiom (N-4) may be illustrated by the following story.
Two friends make an order in a restaurant. There are three menu options: A,
B, and C. After choosing dinner B, they are informed that, in fact, dinner A
is not available. If, after receiving this information, the friends decline dinner B
and choose dinner C, they violate the independence of irrelevant alternatives.
The choice between dinners B and C should be independent of the ‘irrelevant’
option A.

Nash proved in [9] that there exists precisely one bargaining solution sat-
isfying the four axioms. This solution assigns to each bargaining problem the
utility pair that maximizes the product of the players’ gains in utility over the
disagreement outcome.

Theorem 1 There is a unique bargaining solution φN : BP → R
2 satisfying

axioms (N-1), (N-2), (N-3), and (N-4), and it is given by

φN (S, d) = arg max
(d1,d2)≤(s1,s2)∈S

(s1 − d1)(s2 − d2). (7)

The bargaining solution φN is called the Nash solution to bargaining problems.
If we consider n-person bargaining problem (S, d), where

S = {(u1(x), ..., un(x)) | x ∈ X} ⊆ R
n, d = (d1, ..., dn) = (u1(D), ..., un(D)),

(8)
then the Nash solution is given by

φN (S, d) = arg max
d≤s∈S

∏

i∈N

(si − di). (9)

2.2 Applying the Nash Solution

In this section, an application of the Nash solution is presented. Let us consider
an example in which a firm and a labor union negotiate a wage-employment
package ([8], [10], [13]). Suppose that the union represents L workers. Each
worker can obtain a wage w0 outside the firm. If the firm hires l workers, then
it produces k(l) units of output. We assume that the price of the output is 1,
k is strictly concave, k(0) = 0, and k(l) > lw0 for some l. An agreement is a
wage-employment pair (w, l). The utility to the firm of the agreement (w, l) is its
profit k(l) − lw. The utility to the union of (w, l) is the total amount of money
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received by its members, i.e., lw + (L − l)w0. We restrict agreements to pairs
(w, l) for which the profit of the firm is non-negative (i.e., k(l) ≥ lw) and the
wage is at least w0. The set of utility pairs that can result from agreement is

S = {(k(l) − lw, lw + (L − l)w0) | k(l) ≥ lw, 0 ≤ l ≤ L, w ≥ w0}. (10)

If the two parties fail to reach an agreement, then the firm receives a profit of
0, and the union obtains Lw0. Hence, the disagreement utility pair is equal to
d = (0, Lw0). Let l∗ be the unique maximizer of the sum of the utilities of the
firm and the union, k(l) + (L − l)w0. Then, we have

S = {(s1, s2) ∈ R
2 | s1 + s2 ≤ k(l∗) + (L − l∗)w0, s1 ≥ 0, s2 ≥ Lw0}. (11)

This is a compact and convex set, and d = (0, Lw0) ∈ S. Therefore, (S, d) is a
bargaining problem. The Nash solution, being Pareto efficient, gives the labor
l∗ which maximizes the profit k(l) − lw. Note that the difference between the
union’s payoff at the agreement (w, l) and its disagreement payoff is equal to
lw + (L − l)w0 − Lw0 = l(w − w0). Hence, the predicted wage w∗ is equal to

w∗ = arg max
w≥w0

(k(l∗) − l∗w)l∗(w − w0), (12)

and by virtue of the necessary condition for the existence of a maximum of a
continuous function, we receive

w∗ =
w0 + k(l∗)

l∗

2
. (13)

The wage w∗ is the average wage outside the firm and the average product of
labor.

2.3 Other Solutions to the Bargaining Problems

Apart from the Nash solution to bargaining problems, some other solutions have
been proposed. Among them, the egalitarian solution, the utilitarian solution,
and the Kalai-Smorodinsky solution are worth mentioning. For an extensive
analysis of the bargaining solutions, see, for instance, [6].

In the egalitarian solution φE(S, d) of the bargaining problem (S, d), the
gains arising from an agreement are shared equally between the players, that is,
φE

1 (S, d) = φE
2 (S, d).

For each bargaining problem (S, d), the utilitarian solution φU (S, d) maxi-
mizes the sum of the players’ utilities, that is,

∑2
i=1(si − di), in the set S ∩ R

2
+,

where R
2
+ = {(x1, x2) ∈ R

2 | xi > 0 for i = 1, 2}.
Another bargaining solution has been proposed by Kalai and Smorodinsky

([5]). For each bargaining problem (S, d), let ui(S) ∈ R (for i = 1, 2) be the maxi-
mal utility which player i can reach in S∩R

2
+. In the Kalai-Smorodinsky solution

φKS(S, d) = (φKS
1 (S, d), φKS

2 (S, d)), φKS
1 (S, d) and φKS

2 (S, d) are proportional
to u1(S) and u2(S), respectively.
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All these bargaining solutions satisfy individual rationality (i.e., equation
(3)), axioms (N-1), and (N-2). Moreover, both the egalitarian and the utilitarian
solutions satisfy (N-4), but none satisfies axiom (N-3). The Kalai-Smorodinsky
solution satisfies (N-3), but it does not satisfy axiom (N-4). As stated in Theorem
1, the Nash solution is the only one which satisfies all axioms (N-1), (N-2), (N-3),
and (N-4).

3 Strategic Approach – Rubinstein’s Model

Another approach to bargaining problems, the strategic (also called the dynamic)
approach, was introduced by Ariel Rubinstein ([3], [10], [11]). In this section, we
recapitulate this approach and Rubinstein’s model of alternating offers presented
in [3], [10], and [11].

3.1 The Bargaining Game – Stationary Preferences

The bargaining problem can be presented as a kind of game in extensive form,
which is referred to as a bargaining game. We model the following situation.
Two parties bargain over the division of a certain good. We assume the good to
be infinitely divisible and that there is one unit to be divided. An agreement is
a pair x = (x1, x2), in which x1 is the part of the good received by player 1, and
x2 is the part received by player 2. The set of all possible agreements is

X = {(x1, x2) ∈ R
2 | x1 + x2 = 1 and xi ≥ 0 for i = 1, 2}. (14)

First, in period 0, player 1 proposes his way of dividing. Player 2 either accepts
this proposal, which means that the game is over, or he rejects the offer, and
after a certain unit of time, i.e., in period 1, he proposes his division. Then player
1 either accepts or rejects the proposal. In general, the acceptance of an offer
terminates the bargaining, and its rejection leads the rejecting party to submit
his proposal in the following period.

The result of the game is described by a pair (x, t), where x = (x1, x2) is the
agreement, and t ∈ N is the number of proposals rejected in the bargaining. The
players can bargain infinitely, but in this case the value of the good gradually
decreases. Disagreement, that is, the situation in which players do not reach
agreement, is denoted by the symbol D.

A (pure) strategy of a player specifies an action (submitting a proposal or
accepting/rejecting an offer) at every node of the extensive form in which it is
the turn of the given player to move. We formalize these ideas in the following
definition:

Definition 5 Let Xt denote the set of all t-length sequences of elements from X.
A strategy of player 1 is a sequence f = (f t)∞

t=0 of functions such that f0 ∈ X,
f t : Xt → X if t is even, and f t : Xt+1 → {yes, no} if t is odd.
By analogy, a strategy of player 2 is a sequence g = (gt)∞

t=0 of functions such
that gt : Xt+1 → {yes, no} if t is even, and gt : Xt → X if t is odd.
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Each player i (i = 1, 2) is assumed to have a complete, transitive, and re-
flexive preference relation �i over the set (X × N) ∪ {D}. The strict preference
relation �i, which is irreflexive and transitive, and the indifference preference
relation ∼i, which is an equivalence relation, are defined in the standard way:

∀x, y ∈ X ∀t1, t2 ∈ N [(x, t1) �i (y, t2) ⇔ ¬ (y, t2) �i (x, t1)] (15)

∀x, y ∈ X ∀t1, t2 ∈ N [(x, t1) ∼i (y, t2) ⇔ ((x, t1) �i (y, t2) ∧ (y, t2) �i (x, t1))]
(16)

Rubinstein imposed the following conditions on the preference relations,
for i = 1, 2:

(A-1) Disagreement is the worst outcome

∀x ∈ X ∀t ∈ N [(x, t) �i D]. (17)

(A-2) The good is attractive

∀x, y ∈ X ∀t ∈ N [xi > yi ⇔ (x, t) �i (y, t)]. (18)

(A-3) Time is valuable

∀x ∈ [0, 1] ∀t1, t2 ∈ N [(xi > 0 ∧ t2 > t1) ⇒ (x, t1) �i (x, t2)]. (19)

(A-4) Continuity

∀((xn, t1))∞
n=1 ∀((yn, t2))∞

n=1 [(xn −→n→∞ x ∧ yn −→n→∞ y ∧
for each n (xn, t1) �i (yn, t2)) ⇒ (x, t1) �i (y, t2)]. (20)

(A-5) Stationarity

∀x, y ∈ [0, 1] ∀t ∈ N [(x, 0) �i (y, 1) ⇔ (x, t) �i (y, t + 1)]. (21)

(A-6) Increasing loss to delay
The difference xi − ϑi(xi, 1) is an increasing function of xi,
where ϑi : [0, 1] × N → [0, 1] for i = 1, 2, is defined as follows:

ϑi(xi, t) =
{

yi if (y, 0) ∼i (x, t)
0 if (y, 0) �i (x, t) for all y ∈ X

. (22)

We refer to ϑi(xi, t) as the present value of (x, t) for player i.

3.2 The Nash Equilibrium

One of the standard solutions used in game theory is the notion of Nash equi-
librium. A pair of strategies (f, g) is a Nash equilibrium in a two-person game
if, given g, no strategy of player 1 results in an outcome that player 1 prefers to
the outcome generated by (f, g), and, given f , no strategy of player 2 results in
an outcome that player 2 prefers to the outcome generated by (f, g).
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Rubinstein showed ([10], ([11]) that each bargaining game of alternating of-
fers, in which the preferences of the players satisfy axioms (A-1) through (A-6),
has an infinite number of Nash equilibria. In particular, for every agreement
x ∈ X, the outcome (x, 0) is generated by a Nash equilibrium of such a game.
This Nash equilibrium appears as follows. Player 1 uses a strategy in which he
always proposes x, and accepts an offer y if and only if y1 ≥ x1. The strategy of
player 2 is defined analogously.

3.3 Subgame Perfect Equilibrium

Reinhard Selten ([18]) introduced a refinement of the notion of Nash equilib-
rium, called subgame perfect equilibrium. For each node of the bargaining game
described above, there is a subgame, that is, an extensive game starting at this
node. The concept of subgame perfect equilibrium requires that a player’s strat-
egy is optimal in every subgame, whether or not the first (beginning) node of
this subgame is reached if the players adhere to their strategies. This is expressed
precisely in the following definition:

Definition 6 A strategy pair is a subgame perfect equilibrium of a bargaining
game of alternating offers if the strategy pair it induces in every subgame is a
Nash equilibrium of that game.

Rubinstein proved ([11]) the following theorem:

Theorem 2 Every bargaining game of alternating offers in which the players’
preferences satisfy axioms (A-1) through (A-6) has a unique subgame perfect
equilibrium (f∗, g∗). In this equilibrium, player 1 always proposes the agreement
x∗ and player 2 always proposes the agreement y∗ such that

y∗
1 = ϑ1(x∗

1, 1) and x∗
2 = ϑ2(y∗

2 , 1), (23)

whenever it is their turn to make an offer; player 1 accepts an offer y submitted
by player 2 if and only if y1 ≥ y∗

1 , and player 2 accepts an offer x submitted
by player 1 if and only if x2 ≥ x∗

2. The outcome of the game is that player 1
proposes x∗ in period 0, and player 2 immediately accepts this offer.

3.4 Preferences with Constant Discount Rate

Rubinstein considered two kinds of models with preferences constant in time. The
preferences analyzed by Rubinstein were stationary. In particular, he analyzed a
model in which the time preferences of each player i (i = 1, 2) were expressed by
a constant discount rate 0 < δi < 1. We refer to δi as the discount rate (factor)
of player i, i = 1, 2. In this case, the utility functions are defined for each i = 1, 2
in the following way:

ui(x, t) = xiδ
t
i for every (x, t) ∈ X × N, and ui(D) = 0. (24)

Preferences based on these utility functions satisfy all axioms (A-1) through
(A-6).
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Rubintein showed ([11]) that, if the players have time preferences with constant
discount rates, the game has the unique subgame perfect equilibrium (f∗, g∗)
described in Theorem 2, such that

x∗
1 =

1 − δ2

1 − δ1δ2
, x∗

2 =
δ2(1 − δ1)
1 − δ1δ2

, (25)

y∗
1 =

δ1(1 − δ2)
1 − δ1δ2

, y∗
2 =

1 − δ1

1 − δ1δ2
. (26)

3.5 Preferences with Constant Bargaining Cost

Another model with stationary preferences considered by Rubinstein was the
model with constant bargaining costs. In this model, the time preferences of
each player i (i = 1, 2) were described by a constant bargaining cost ci > 0. We
refer to ci as the bargaining cost or cost of delay of player i. The utility functions
are defined as follows:

ui(x, t) = xi − cit for every (x, t) ∈ X × N, and ui(D) = −∞. (27)

Preferences based on these utility functions satisfy axioms (A-1) through (A-5),
but not axiom (A-6). Nevertheless, there is always at least one subgame perfect
equilibrium (f∗, g∗) (of the form described in Theorem 2), and moreover, as
long as c1 �= c2, there is only one. The proposals x∗ and y∗ of players 1 and 2,
respectively, are the following ([10], [11]):

if c1 > c2, then x∗
1 = c2 and y∗

1 = 0, (28)

if c1 = c2, then c1 ≤ x∗
1 ≤ 1 and y∗

1 = x∗
1 − c1, (29)

if c1 < c2, then x∗
1 = 1 and y∗

1 = 1 − c1. (30)

4 Bargaining Models with Non-stationary Preferences

One of the natural generalizations of Rubinstein’s bargaining game is based on
removing some of his axioms (A-1)-(A-6). In this section, I present some results
of my research into a generalization of Rubinstein’s model, in which the players’
preferences are non-stationary. I assume the preferences to satisfy only axioms
(A-1) through (A-4).

4.1 Subgame Perfect Equilibria for the ‘Non-stationary Case’

Let us consider the consequences of removing axioms (A-5) and (A-6) with re-
spect to Nash equilibria and subgame perfect equilibria. This does not change
Rubinstein’s result with respect to Nash equilibria. The following may be proved
([14]):
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Theorem 3 Suppose that in the bargaining game the players’ preferences satisfy
axioms (A-1) through (A-3), and x ∈ X is arbitrary. Then, the pair of strategies
(f1, f2) defined by

fi – player i (i = 1, 2) always proposes x and accepts an offer y submitted by
his opponent if and only if yi ≥ xi,

is a Nash equilibrium of this game.

Removing axioms (A-5) and (A-6) has much more serious consequences with
respect to subgame perfect equilibria. First of all, an example may easily be
constructed ([14]) showing that Rubinstein’s theorem concerning subgame per-
fect equilibrium (Theorem 2) does NOT hold for the ‘non-stationary’ case. Let
us adopt some assumptions:

(A) In the bargaining game, the strategies of the players do not depend on the
former history of the game, but they depend on the period, and the responses
additionally depend on the offers submitted.

(B) The pair of strategies (F ∗, G∗) is defined in the following way:
– F ∗ - in each period 2t (t ∈ N), player 1 submits an offer x2t, and in each

period 2t + 1, accepts an offer s by player 2 if and only if s1 ≥ y2t+1
1 ,

– G∗ - in each period 2t + 1, player 2 submits an offer y2t+1, and in each
period 2t, accepts an offer r by player 1 if and only if r2 ≥ x2t

2 .

In accordance with the convention adopted, the offer x2t means x2t = (x2t
1 , x2t

2 ).
By analogy, the offer y2t+1 = (y2t+1

1 , y2t+1
2 ).

It may be shown ([14]) that, in the class of strategies satisfying (A), the form
(F ∗, G∗) defined in (B) is a necessary condition for the existence of a subgame
perfect equilibrium. This means that, in this class of strategies, there are no
subgame perfect equilibria of a form different from (F ∗, G∗). In particular, an
agreement of any subgame perfect equilibrium independent of the former history
of the game can be reached only without delay, i.e., in period t = 0.

The following theorem concerning sufficient and necessary conditions for the
existence of a subgame perfect equilibrium and its form may be proved (for the
proof, see [14], [17]):

Theorem 4 If, in the bargaining game, the players’ preferences satisfy axioms
(A-1) through (A-4), and the strategies satisfy assumption (A), then the pair
(F ∗, G∗) defined in (B) is a subgame perfect equilibrium of this game if and
only if, for each t ∈ N, the offers submitted by the players satisfy the following
conditions:

(x2t, 2t) �2 (y2t+1, 2t+1) and if x2t
2 > 0, then (x2t, 2t) ∼2 (y2t+1, 2t+1) (31)

(y2t+1, 2t + 1) �1 (x2t+2, 2t + 2) and if y2t+1
1 > 0, then

(y2t+1, 2t + 1) ∼1 (x2t+2, 2t + 2). (32)
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4.2 Discount Rates Varying in Time

One of the models with non-stationary preferences of the players is the model
with discount rates varying in time ([14], [15]). This is a generalization of Ru-
binstein’s model with constant discount rates (see Sect. 3.4). Let us consider a
model in which the preferences of player i (i = 1, 2) are expressed not by a con-
stant discount rate, but by a sequence of discount rates varying in time (δi,t)t∈N,
where δi,t denotes the discount rate of player i in period t, δi,0 = 1, 0 < δi,t < 1
for t ≥ 1. In this case, we have the following utility function:

Ui(x, t) = xi

t∏

k=0

δi,k for each (x, t) ∈ X × N, and Ui(D) = 0. (33)

We then have

∀x, y ∈ X ∀t1, t2 ∈ N [(x, t1) �i (y, t2) ⇔ xi

t1∏

k=0

δi,k ≥ yi

t2∏

k=0

δi,k]. (34)

The preferences described above satisfy all axioms (A-1) through (A-4), but they
do not satisfy (A-5). Hence, we cannot apply Rubinstein’s theorem (Theorem 2)
to this model, but we can obviously apply Theorem 4. We then get the following
result (for the proof, see [14], [15]):

Theorem 5 If, in the bargaining game, the players’ preferences are expressed
by sequences of discount rates (δi,t)t∈N, where δi,0 = 1, 0 < δi,t < 1 for t ≥ 1,
i = 1, 2, the strategies satisfy (A), and

t+1∏

j=1

δ1,2jδ2,2j−1 −→t→+∞ 0, (35)

then there is only one subgame perfect equilibrium of the form (F ∗, G∗) defined
in (B), where the offers submitted by the players are as follows:

x0
1 = 1 − δ2,1 +

+∞∑

n=1

(
n∏

k=1

δ1,2kδ2,2k−1)(1 − δ2,2n+1), (36)

x2t+2
1 =

x2t
1 + δ2,2t+1 − 1
δ1,2t+2δ2,2t+1

and y2t+1
1 = x2t+2

1 δ1,2t+2 for each t ∈ N. (37)

Example 1 Let us apply Theorem 5 to the model ([14], [15]) in which both
players have the same decreasing sequence of discount rates δ1,t = δ2,t = 1

t+1 for
t ∈ N.

t+1∏

j=1

δ1,2j · δ2,2j−1 =
1

(2t + 3)!
−→t→+∞ 0, (38)

+∞∑

n=1

(
n∏

k=1

δ1,2k ·δ2,2k−1)·(1−δ2,2n+1) =
+∞∑

n=1

2n + 1
(2n + 2)!

=
1
3!

− 1
4!

+
1
5!

− 1
6!

+... (39)
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Since 1 − 1
1! + 1

2! − 1
3! + ... + (−1)n

n! ± ... = 1
e , we receive

a0
1 = 1 − 1

e
. (40)

The following may also be proved ([14], [15]):

Theorem 6 If, in the bargaining game, the players’ preferences are expressed
by sequences of discount rates (δi,t)t∈N, where δi,0 = 1, 0 < δi,t < 1 for t ≥ 1,
i = 1, 2, and the strategies satisfy (A), then each pair of strategies (F ∗, G∗)
defined in (B), such that

x0
1 ≥ 1 − δ2,1 +

+∞∑

n=1

(
n∏

k=1

δ1,2kδ2,2k−1)(1 − δ2,2n+1) and (41)

x0
1 ≤ 1 − δ2,1 +

+∞∑

n=1

(
n∏

k=1

δ1,2kδ2,2k−1)(1 − δ2,2n+1) +
+∞∏

j=1

δ1,2jδ2,2j−1, (42)

x2t+2
1 =

x2t
1 + δ2,2t+1 − 1
δ1,2t+2δ2,2t+1

and y2t+1
1 = x2t+2

1 δ1,2t+2 for each t ∈ N, (43)

is a subgame perfect equilibrium of this game.

Example 2 Let δi,0 = 1, δi,t = 1 − 1
(t+1)2 for t ≥ 1, i=1,2. When applying

Theorem 6, we have

t+1∏

j=1

δ1,2j · δ2,2j−1 = (1 − 1
22 ) · (1 − 1

32 ) · ... · (1 − 1
(2t + 2)2

) · (1 − 1
(2t + 3)2

) =

2t + 4
2 · (2t + 3)

−→t→+∞
1
2

> 0, (44)

+∞∑

n=1

(
n∏

k=1

δ1,2k · δ2,2k−1) · (1− δ2,2n+1) =
+∞∑

n=1

1
2 · (2n + 1) · (2n + 2)

=
1
2

· (ln 2− 1
2
),

(45)
and, therefore,

ln 2
2

≤ a0
1 ≤ 1 + ln 2

2
. (46)

4.3 Bargaining Costs Varying in Time

Another example of a model with non-stationary preferences of the players is the
model with bargaining costs varying in time ([14], [16]). This is a generalization
of Rubinstein’s model with constant bargaining costs (see Sect. 3.5). We analyze
the model in which the preferences of player i (i = 1, 2) are described not by
a constant bargaining cost, but by a sequence of bargaining costs varying in
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time (ci,t)t∈N, where ci,t is the bargaining cost of player i in period t, ci,0 = 0,
0 < ci,t < 1 for t ≥ 1. In this case, we have the following utility function:

ui(x, t) = xi −
t∑

k=0

ci,k for each (x, t) ∈ X × N, and ui(D) = −∞. (47)

∀x, y ∈ X ∀t1, t2 ∈ N [(x, t1) �i (y, t2) ⇔ xi −
t1∑

k=0

ci,k ≥ yi −
t2∑

k=0

ci,k]. (48)

These preferences satisfy axioms (A-1) through (A-4), but not axiom (A-5).
Below, I recapitulate some of the results presented (and proved) in [14], [16]. We
consider strategies satisfying (A) and (B).

Theorem 7 If, in the bargaining game, the preferences of player i (i = 1, 2)
are described by a sequence of bargaining costs varying in time (ci,t)t∈N, where
ci,0 = 0, 0 < ci,t < 1 for t ≥ 1,

c2,2t+1 ≥ c1,2t+2 ≥ c2,2t+3 for each t ∈ N, (49)

and the players use (F ∗, G∗) described in (B), then the pair (F ∗, G∗), where

c2,1 ≤ x0
1 ≤ 1, (50)

x2t+2
1 = x2t

1 + c1,2t+2 − c2,2t+1 and y2t+1
1 = x2t+2

1 − c1,2t+2 for each t ∈ N,
(51)

is a subgame perfect equilibrium of this game.

Theorem 8 If, in the bargaining game, the preferences of player i (i = 1, 2)
are described by a sequence of bargaining costs varying in time (ci,t)t∈N, where
ci,0 = 0, 0 < ci,t < 1 for t ≥ 1,

c2,2t+1 ≤ c1,2t+2 ≤ c2,2t+3 for each t ∈ N, (52)

and the players use (F ∗, G∗) described in (B), then the pair (F ∗, G∗), where

+∞∑

i=0

(c2,2i+1 − c1,2i) ≤ x0
1 ≤

+∞∑

i=0

(c2,2i+1 − c1,2i) + 1 − lim
t→+∞ c1,2t+2, (53)

x2t+2
1 = x2t

1 + c1,2t+2 − c2,2t+1 and y2t+1
1 = x2t+2

1 − c1,2t+2 for each t ∈ N,
(54)

is a subgame perfect equilibrium of this game.

Example 3 Let us construct an example ([14], [16]) illustrating one of the the-
orems presented in this section. Let c2,2t+1 = 1

3 − 1
2t+4 and c1,2t+2 = 1

3 − 1
2t+5

for each t ∈ N. We can apply Theorem 8 here, where

lim
t→+∞ c1,2t+2 =

1
3
,

+∞∑

i=0

(c2,2i+1 − c1,2i) = ln 2 − 1
2
. (55)
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Hence, we get

ln 2 − 1
2

≤ x0
1 ≤ ln 2 +

1
6
, (56)

and for each t ∈ N

x2t+2
1 = x2t

1 +
1

2t + 4
− 1

2t + 5
, y2t+1

1 = x2t+2
1 − 1

3
+

1
2t + 5

. (57)

4.4 ‘Mixed’ Models

Consider ‘mixed’ models, in which the players’ preferences are described simulta-
neously by discount rates and bargaining costs. It appears that, if we mix the two
models presented in Sect. 3.4 and Sect. 3.5, we get a model with non-stationary
preferences. More precisely, we get a model in which the preferences of each
player i (i = 1, 2) are expressed simultaneously by a constant discount rate δi,
and a constant bargaining cost ci, where 0 < δi < 1 and 0 < ci < 1. In this case,
the utility function is defined as follows:

ui(x, t) = xiδ
t
i − cit for every (x, t) ∈ X × N, and ui(D) = −∞. (58)

Moreover, we have

∀x, y ∈ X ∀t1, t2 ∈ N [(x, t1) �i (y, t2) ⇔ xiδ
t1
i − cit1 ≥ yiδ

t2
i − cit2]. (59)

Such preferences satisfy axioms (A-1) through (A-4), but not axiom (A-5). In
order to find subgame perfect equilibria in this case, Theorem 4 may be applied
to this model. A more detailed analysis of this model, in particular, the forms
of its subgame perfect equilibria, are given in [14].

Consider also a broader generalization of the models mentioned, that is, a
bargaining model in which the preferences of each player i (i = 1, 2) are expressed
simultaneously by a sequence of discount rates varying in time (δi,t)t∈N, and by
a sequence of bargaining costs varying in time (ci,t)t∈N. In this case, 0 < δi,t < 1
and 0 < ci,t < 1 refer, respectively, to the discount rate and bargaining cost of
player i in period t ≥ 1, δi,0 = 1, ci,0 = 0. Such preferences are represented by
the following utility function:

ui(x, t) = xi

t∏

k=0

δi,k−
t∑

k=0

ci,k for each (x, t) ∈ X×N and ui(D) = −∞. (60)

Such preferences are not stationary, but they satisfy axioms (A-1) through (A-4).
An extensive analysis of this model may be found in [17].

4.5 Delay in Reaching an Agreement

If we relinquish assumption (A) and consider strategies dependent on the former
history of the game, a delay in reaching an agreement of subgame perfect equi-
librium may appear. Considering, for instance, the model presented in Sect. 4.3,
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if the bargaining costs are sufficiently small, then a subgame perfect equilibrium
in which agreement is reached in period t ≥ 1 may exist. Let us consider the
bargaining game in which the preferences of player i (i = 1, 2) are expressed
by a sequence of bargaining costs varying in time (ci,t)t∈N, where c1,1 ≥ c2,1,
c1,1 + c2,1 ≤ 1

2 and c2,2t+1 ≥ c1,2t+2 ≥ c2,2t+3 for each t ∈ N.
This example was presented in [16]. We know from Theorem 7 that the pair

of strategies (F ∗, G∗), in which the offers of the players satisfy (50) and (51),
is a subgame perfect equilibrium of this game. This means that, for this game,
there is an infinite number of subgame perfect equilibria in which agreement is
reached in period t = 0. On the other hand, for this model, there is an additional
subgame perfect equilibrium with a delayed agreement. The following theorem
may be proved ([16]):

Theorem 9 In the bargaining game, in which the preferences of player i (i =
1, 2) are expressed by a sequence of bargaining costs varying in time (ci,t)t∈N,
where ci,0 = 0, 0 < ci,t < 1 for t ≥ 1,

c1,1 ≥ c2,1, c1,1 + c2,1 ≤ 1
2
, c2,2t+1 ≥ c1,2t+2 ≥ c2,2t+3 for each t ∈ N, (61)

the following pair of strategies (F ′, G′) is a subgame perfect equilibrium:

F ′ – strategy of player 1:

– in period 0, he submits an offer x0 such that x0
1 = 1,

– in period 2t (t ≥ 1), he submits an offer x2t,
– in period 2t + 1 (t ∈ N), he accepts an offer s if and only if s1 ≥ y2t+1

1 .

G′ – strategy of player 2:

– if an offer in period 0 equals 1, then in period 1 he submits an offer
y1 such that y1

1 = c1,1 + 2c2,1,
– if an offer in period 0 does not equal 1, then in period 1 he submits

y1 such that y1
1 = c2,1,

– in period 2t + 1 (t ≥ 1), he submits an offer y2t+1,
– in period 0, he accepts an offer r by player 1 if and only if r1 ≤ 2c2,1,
– in period 2t (t ≥ 1), he accepts an offer r by player 1 if and only if r1 ≤ x2t

1 ,

where
y2t+1
1 = x2t+2

1 − c1,2t+2 for each t ∈ N, and (62)

x2t+2
1 = x2t

1 + c1,2t+2 − c2,2t+1 for each t ≥ 1. (63)

The agreement is reached in period 1, and it assigns c1,1 + 2c2,1 to player 1.

5 Other Generalizations of Rubinstein’s Model

In the literature, many other generalizations of Rubinstein’s bargaining model
have been analyzed. In this section, I consider a few of them. Some of the gen-
eralizations presented in [10] are recapitulated.
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5.1 Models with Outside Options

I present two modifications of the structure of the bargaining game in which
player 2 has the option of leaving player 1 and terminating the game. The value
of such an outside option is equal to some b, b < 1, for player 2, and 0 for
player 1. We assume that the players have time preferences with the same con-
stant discount rate δ, 0 < δ < 1. The two options differ in the times at which
player 2 may quit. If player 2 may quit only after he has rejected an offer, then
the game has a unique subgame perfect equilibrium. If player 2 may quit only
after player 1 rejects his offer, then, for some values of the outside option b, the
game has multiple subgame perfect equilibria.

Opting Out Only When Responding to an Offer

In this game, player 2 can opt out only when he responds to an offer. The
bargaining structure of this game is as follows. First, player 1 proposes a certain
division x = (x1, x2), meaning x1 for player 1, and x2 for player 2. Next, player
2 responds, and he has three possibilities:

– to accept the offer and, by this, terminate the game (in this case, player 1
receives x1, and player 2 gets x2)

– to reject the offer, and opt out, which also means the end of the game (the
players’ payoffs are then 0 for player 1, and b for player 2)

– to reject the offer and continue bargaining - this means that the play passes
into the following period, in which player 2 submits his proposal. Next, player
1 either accepts or rejects this offer. In the case of rejection, another period
passes, in which player 1 makes an offer, etc.

In general, if player 2 opts out in period t, then players 1 and 2 get 0 and
bδt, respectively, where b < 1. Hence, if b > 0, then player 2 seems to have an
advantage over player 1. In [10], the following theorem was proved:

Theorem 10 Consider the bargaining game described above, in which player 2
may opt out only when responding to an offer. Assume that the players have
time preferences with the same constant discount rate 0 < δ < 1, and that their
payoffs in the event that player 2 opts out in period t are 0 for player 1 and bδt

for player 2, where b < 1.

1. If b < δ
1+δ , then the game has a unique subgame perfect equilibrium, which

coincides with the subgame perfect equilibrium of the game in which player
2 has no outside option. In this equilibrium,
– player 1 always proposes 1

1+δ for himself, and δ
1+δ for player 2, and he

accepts a proposal y if and only if y1 ≥ δ
1+δ ,

– player 2 always proposes δ
1+δ for player 1, and 1

1+δ for himself, and he
accepts a proposal x if and only if x2 ≥ δ

1+δ , and never opts out.

The outcome is then (( 1
1+δ , δ

1+δ ), 0).
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2. If b > δ
1+δ , then the game has a unique subgame perfect equilibrium, in which

– player 1 always proposes 1 − b for himself, and b for player 2, and he
accepts a proposal y if and only if y1 ≥ (1 − b)δ,

– player 2 always proposes (1−b)δ for player 1, and 1−(1−b)δ for himself,
and he accepts a proposal x if and only if x2 ≥ b, and opts out if x2 < b.

The outcome is then ((1 − b, b), 0).
3. If b = δ

1+δ , then in every subgame perfect equilibrium, the outcome is
((1 − b, b), 0).

Opting Out Only after an Offer Is Rejected by Player 1

In this game, we assume that player 2 may opt out only after player 1 has
rejected an offer. The bargaining procedure is as follows. First, in period 0, player
1 submits his proposal, and player 2 responds. If player 2 accepts the offer, then
the game is over. If he rejects it, then the game passes into the following period,
in which player 2 makes his offer, and player 1 responds. Acceptance of the offer
terminates the game. However, if player 1 rejects the offer, then player 2 can
either opt out or continue bargaining. In [10], the following theorem was proved:

Theorem 11 Consider the bargaining game described above, in which player 2
can opt out only after player 1 has rejected an offer. Assume that the players
have time preferences with the same constant discount rate δ, 0 < δ < 1, and
that their payoffs in the event that player 2 opts out in period t are 0 for player
1 and bδt for player 2, where b < 1.

1. If b < δ2

1+δ , then the game has a unique subgame perfect equilibrium, which
coincides with the subgame perfect equilibrium of the game in which player
2 has no outside option. In this equilibrium,

– player 1 always proposes 1
1+δ for himself, and δ

1+δ for player 2, and he
accepts a proposal y if and only if y1 ≥ δ

1+δ ,

– player 2 always proposes δ
1+δ for player 1, and 1

1+δ for himself, and he
accepts a proposal x if and only if x2 ≥ δ

1+δ , and never opts out.

The outcome is then (( 1
1+δ , δ

1+δ ), 0).

2. If δ2

1+δ ≤ b ≤ δ2, then there are many subgame perfect equilibria. In particu-
lar, for every a ∈ [1 − δ, 1 − b

δ ], there is a subgame perfect equilibrium with
the outcome ((a, 1 − a), 0). In every subgame perfect equilibrium, player 2’s
payoff is at least δ

1+δ .
3. If δ2 < b < 1, then there is a unique subgame perfect equilibrium, in which

– player 1 always proposes 1−δ for himself, and δ for player 2, and accepts
any proposal,

– player 2 always proposes 0 for player 1, and 1 for himself, and he accepts
any proposal x in which x2 ≥ δ, and always opts out.
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5.2 Bargaining Game with Three Players

One of the natural generalizations of Rubinstein’s model is to increase the num-
ber of bargainers. Let us consider a game of alternating offers, in which not
two, but three players bargain over the division of one unit of a certain good
([10]). In the first period, player 1 proposes a partition x = (x1, x2, x3), where xi

(i = 1, 2, 3) means the part of the good falling to player i, and x1 + x2 + x3 = 1.
Players 2 and 3 either accept or reject this proposal. If either of them rejects the
offer, then the play passes to the following period, in which player 2 proposes
his partition, and players 3 and 1 respond. If at least one of them rejects the
proposal, then again the play passes to the following period, in which player 3
submits an offer, and players 1 and 2 respond. In general, agreement requires
the approval of all three players, that is, a bargain terminates after two players
accept the offer of the third one.

Theorem 12 Suppose that the preferences of the players satisfy all six axioms
(A-1)-(A-6), and ϑi(1, 1) ≥ 1

2 for i = 1, 2, 3, where ϑi(xi, t) is the present value
to player i of the agreement x in period t, as defined by equation (22). Then,
for any partition x∗, there is a subgame perfect equilibrium of the three-player
bargaining game defined above, in which the outcome is immediate agreement on
the partition x∗.

5.3 Bargaining Game with Short Periods

Consider a bargaining game of alternating offers, in which the delay between
offers is ∆, where ∆ → 0 (see [10]). This means that an offer can be made
only at a time belonging to {0, ∆, 2∆, ...}. Let us denote this game by Γ (∆).
We require that each player i = 1, 2 has a complete, transitive, and reflexive
preference ordering �i over (X × T∞) ∪ {D}, where T∞ = [0, ∞), X is the set
of all agreements, and D is disagreement. For each ∆ > 0, such an ordering
induces an ordering over the set (X × {0, ∆, 2∆, ...}) ∪ {D}. We may impose on
this preference ordering conditions similar to the axioms (A-1) through (A-6)
adopted in Sect. 3.1, but with the difference that now t ∈ T∞. Let us denote
these new conditions (similar to (A-1) through (A-6), but with t ∈ T∞) by (C-1)
through (C-6).

Since axiom (C-3) is stronger than (A-3), we deduce that, for each (x, t) ∈
X × T∞, there exists an agreement y ∈ X such that (y, 0) ∼i (x, t). If the
preference ordering �i of player i over (X × T∞) ∪ {D} satisfies (C-1) through
(C-6), then for any value ∆, the ordering induced over (X ×{0, ∆, 2∆, ...})∪{D}
satisfies (A-1) through (A-6), and hence, we can apply Theorem 2 to the game
Γ (∆). For any value of ∆ > 0, let (x∗(∆), y∗(∆)) ∈ X × X be the unique pair
of agreements satisfying

(y∗(∆), 0) ∼1 (x∗(∆), ∆) and (x∗(∆), 0) ∼2 (y∗(∆), ∆). (64)

We then have
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Theorem 13 Suppose that each player’s preference ordering satisfies axioms
(C-1) through (C-6). Then, for each ∆ > 0, the game Γ (∆) has a unique sub-
game perfect equilibrium. In this equilibrium, in period 0, player 1 proposes the
agreement x∗(∆) defined in (64), which player 2 accepts.

There is also a relation between the agreement x∗(∆) and the Nash solution:

Theorem 14 If the preference ordering of each player satisfies (C-1) through
(C-6), then the limit, as ∆ → 0, of the agreement x∗(∆) reached in the unique
subgame perfect equilibrium of Γ (∆) is the agreement given by the Nash solution
to the bargaining problem (S, d), where d = (0, 0), and

S = {(s1, s2) ∈ R
2 | (s1, s2) = (u1(x1), u2(x2)) for some (x1, x2) ∈ X}. (65)

5.4 Bargaining Model with a Risk of Breakdown

In the literature, many other generalizations of Rubinstein’s bargaining model
may be found. Consider, for instance, a model of alternating offers with a risk of
breakdown. Such a game differs in two respects from the original game presented
in Sect. 3. First, at the end of each period, after an offer has been rejected, there is
a chance that the negotiation will end with a breakdown event B. More precisely,
this event occurs independently with (exogenous) probability 0 < p < 1 at the
end of each period. The breakdown may be interpreted as the result of the
intervention of a third party, who exploits the mutual gains. Second, each player
is indifferent to the period in which an agreement is reached. Let us denote the
resulting extensive game by Γ (p). In this game, the risk of breakdown, rather
than the players’ impatience (as assumed in Sect. 3), motivates the players to
reach an agreement as soon as possible. A strategy for each player in the game
Γ (p) is defined in exactly the same way as in the ‘traditional’ game of alternating
offers (see Sect. 3.1). The result of the game Γ (p) is a lottery denoted by [[x, t]], in
which the agreement x ∈ X occurs with probability (1−p)t, and the breakdown
event B occurs with probability 1− (1−p)t. We assume that each player i = 1, 2
has a complete, transitive, and reflexive preference ordering �i over lotteries on
X ∪{B}, which can be represented by the expected value of a continuous utility
function ui : X ∪ {B} → R. We assume the following conditions:

(B-1) The good is desirable:
For any x, y ∈ X, we have x �i y iff xi > yi for i = 1, 2.

(B-2) Breakdown is the worst outcome:
(0, 1) ∼1 B and (1, 0) ∼2 B.

(B-3) Risk aversion:
For any x, y ∈ X, and α ∈ [0, 1], each player i = 1, 2 either prefers the
outcome αx+(1−α)y ∈ X to the lottery in which the outcome is x with
probability α, and y with probability 1 − α, or is indifferent to the two.

It appears that assumptions (B-1), (B-2), and (B-3) are sufficient to allow ap-
plication of both the Nash solution and Theorem 2 to the game Γ (p). The
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preferences over lotteries of the form [[x, t]] induced by the orderings �i over
lotteries on X ∪ {B} satisfy (A-1) through (A-6), when we replace the symbol
(x, t) by [[x, t]], and the symbol D by B. Each preference ordering over outcomes
[[x, t]] is complete and transitive, and for each i = 1, 2

[[x, t1]] �i [[y, t2]] iff (1 − p)t1ui(x) > (1 − p)t2ui(y). (66)

For every lottery [[x, t]] there is an agreement y ∈ X such that [[y, 0]] ∼i [[x, t]].
Let (x∗(p), y∗(p)) be the unique pair of agreements satisfying

[[y∗(p), 0]] ∼1 [[x∗(p), 1]] and [[x∗(p), 0]] ∼2 [[y∗(p), 1]]. (67)

We have the following theorems:

Theorem 15 For each p ∈ [0, 1], the game Γ (p) has a unique subgame perfect
equilibrium. In this equilibrium, in period 0, player 1 proposes the agreement
x∗(p) defined by (67), which player 2 accepts.

Theorem 16 The limit, as p → 0, of the agreement x∗(p) reached in the unique
subgame perfect equilibrium of Γ (p) is the agreement given by the Nash solution
to the bargaining problem (S, d), where d = (0, 0), and

S = {(s1, s2) ∈ R
2 | (s1, s2) = (u1(x1), u2(x2)) for some (x1, x2) ∈ X}. (68)

6 Applications of the Bargaining Models

There are many applications of the dynamic bargaining problem to the modelling
of economic and social situations (see, for instance, [12], [13], [14], [15]).

Bargaining models can be applied to the problem of the utilization of common
resources. Common exploitation is frequently the cause of arguments between
countries, which, in order to solve the problem, negotiate the quantities of their
shares. A good example concerning negotiations between two countries on the
assignment of fishing quotas is presented in [4].

There are also many applications of a multi-party bargaining game. An ex-
ample of such an application is described in [7], where a multi-party bargain
is applied to a three-member legislative body with two rounds of offers. The
members representing different districts bargain over the division of a certain
‘legislative good’, and the purpose of the bill is to propose the division of the
‘good’ among three players. Two cases are considered concerning the structure of
the legislative game: one with the possibility of introducing an amendment and
the other without such a possibility. Baron and Ferejohn ([1]) presented some
applications of the n-party bargain to the legislative procedure, where n > 3.

In this paper, in particular, the bargaining models with preferences vary-
ing in time were presented. Making a decision using a bargaining game with
preferences varying in time is important in situations with changing institu-
tional conditions. The bargaining model with preferences varying in time can be
applied, in particular, to modelling the negotiations on commission between a
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broker and a customer ([12], [14], [15]). The commission for the broker’s services
can be agreed on in negotiations with the institutional customer. Most broker
agencies allow the possibility of negotiating the commission if the value of the
transaction exceeds a certain amount of money. Similarly, the model analyzed
may be applied to the negotiations between a bank and a customer with respect
to the amount of credit interest and commission ([12], [14], [15]).

As another application of the bargaining model with preferences varying in
time, we consider the example of a strike in a factory ([17]). The management
and trade unions negotiate the division of the profits of a company. Both parties
would like to reach an agreement, because they bear the costs of such a bargain.
Because of the strike, the company does not fulfil contracts, the employer has to
pay some fines, and workers may get no wages. The discount rates of both players
are also perceptible in this example. A protracted strike is disadvantageous for
the management and for the trade unions. On the one hand, the company’s
goodwill decreases in the eyes of potential clients, and, on the other hand, a lack
of expected effects of negotiations decreases the credibility of the trade unions.
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Abstract. There are many ways to aggregate individual preferences
to a collective preference or outcome. The outcome is strongly depen-
dent on the aggregation procedure (election mechanism), rather than
on the individual preferences. The Dutch election procedure is based on
proportional representation, one nation-wide district, categoric voting
and the Plurality ranking rule, while the British procedure is based on
non-proportional representation, many districts, categoric voting and the
Plurality choice rule to elect one candidate for every district. For both
election mechanisms we indicate a number of paradoxes. The German
hybrid system is a combination of the Dutch and British system and
hence inherits the paradoxes of both systems. The STV system, used in
Ireland and Malta, is based on proportional representation (per district)
and on ordinal voting. Although designed with the best intentions - no
vote should be wasted - , it is prone to all kinds of paradoxes. May be the
worst one is that more votes for a candidate may cause him to lose his
seat. The AV system, used in Australia, is based on non-proportional rep-
resentation (per district) and on ordinal voting. It has all the unpleasant
properties of the STV system. The same holds for the French majority-
plurality rule. Arrow’s impossibility theorem is presented, roughly saying
that no ‘perfect’ election procedure exists. More precisely, it gives a char-
acterization of the dictatorial rule: it is the only preference rule that is
IIA and satisfies the Pareto condition. Finally we mention characteri-
zations of the Borda rule, the Plurality ranking rule, the British FPTP
system and of k-vote rules.

1 Introduction

In this overview, we give an analysis of election procedures and their properties.
An election mechanism can serve, given individual preference orderings of the
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alternatives, to select one alternative, for instance, a travel goal or a chairman.
In these cases, we speak of a (collective) choice rule. An election procedure can
also be used to select a set of alternatives, for instance, a parliament or a set
of potential bus stops. In this case, we speak of a (collective) choice correspon-
dence. Finally, an election mechanism can be used to determine an order of
collective preference regarding the alternatives, for instance, of candidates for
the Eurovision Song Contest. In this case, we speak of a (collective) preference
rule.

In section 2, it becomes clear that the outcome of elections is strongly de-
pendent on the election procedure used. We consecutively consider: Most votes
count (Plurality Rule), Pairwise comparison (Majority Rule), the Borda rule,
and Approval voting. There are numerous other election procedures, too many
to name here.

In sections 3 and 4, we distinguish four different kinds of election proce-
dures that are used in most Western European countries to elect parliament and
government. Subsequently, we show that each of the four globally distinguished
election procedures is subject to paradoxes. By ‘paradox’ we mean an outcome
that is contrary to what one would prima facie expect or contrary to our sense
of justice and honesty. For instance, it is a paradox that more votes for a candi-
date or party under a specific election procedure can mean that the candidate or
party is worse off. (This is the Negative Responsiveness paradox for the election
procedure designated by STV.)

In Section 3, we compare the Dutch election procedure to the British one. In
section 3.2, paradoxes are discussed that occur, or can occur, within the Dutch
system. Section 3.3 considers the paradoxical properties of the British system.
The hybrid election procedure that is used in Germany is treated in section 3.4.
This system, which is a combination of the Dutch and the English systems, also
has its own paradoxes.

The Single Transferable Vote (STV) and the Alternative Vote (AV) systems
are discussed in Section 4. Section 4.2 elaborates on the properties of the STV
election procedure that is used in Ireland and Malta. Section 4.4 considers some
paradoxes that may occur in the election procedure that is used in Australia.
Finally, in section 4.5, we deal with the French election system, which is very
similar to the AV system that is used in Australia and is similarly the cause of
several paradoxes.

Naturally, the question then arises if there are any ‘good’ election procedures,
that is, election procedures that, at any rate, do not have the unwanted properties
that we noted in the chapters mentioned above. Kenneth Arrow addressed this
question over fifty years ago. In Section 5, we examine Arrow’s result, which
is essentially a characterization of the dictatorial rule. Although no ‘perfect’
election procedure exists, some procedures are ‘better’ than others. One way to
decide on this, is by studying the characteristic properties of these procedures.
We mention characterizations of the Plurality ranking rule, of the Borda rule
and of k-vote rules.
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2 Other Procedure, Other Outcome

In this section, we consider a number of election procedures. These are proce-
dures by which the outcome of an election is determined. At first glance, you
might think that this is simple: most votes count. Doesn’t that seem fairest?
However, we will see that there are objections to the ‘Most votes count’ (Plu-
rality Rule) election procedure. Hence, we also look at other procedures: the
Majority Rule, the Borda rule, and Approval Voting.

For all our examples, we assume that we know the individual preferences
of the voters. A survey (the whole) of all individual preferences is called a
(voter)profile, denoted by the symbol p or q. An election procedure is a pro-
cedure that assigns to each (voter)profile an outcome (of the election).

In Example 1 (see below), we will show that different election procedures may
produce different outcomes. This means that one can doubt whether the outcome
generated by any single procedure is the ‘best’ or ‘correct’ outcome. In other
words, one can doubt the appropriateness and quality of the used procedure.

Example 1: A group of secondary school students is given the choice between
Venice, Florence, and Siena as the destination of their school trip. Each student
is allowed to give his or her order of preference, for instance,

Venice Siena Florence.

This means that Venice is the first preference of this student, Siena the second,
and Florence the third. Now suppose that there are 31 students with the following
individual preferences.

Florence Venice Siena : 5 students
Florence Siena Venice : 7 students
Venice Florence Siena : 3 students
Venice Siena Florence : 7 students
Siena Florence Venice : 3 students
Siena Venice Florence : 6 students

Such a survey of individual preferences is called a profile, usually denoted by the
letter p. Election procedures aggregate profiles of individual preferences to an
outcome.

In this example, if each student is allowed to give his or her first preference
and the procedure ‘Most votes count’ is applied, then Florence, with 5 + 7 = 12
votes, will be selected. Later, we will see that other election procedures might
assign different outcomes to this same (voter)profile.

We also discuss a number of important properties of election procedures in
this chapter, such as the Pareto condition, the condition of Independence of
Irrelevant Alternatives (IIA), and the monotonicity-condition. We will explain
these conditions using examples.

2.1 Plurality Rule

The election procedure ‘Most votes count’ only considers the first preferences of
the voters; second, third, etc., preferences are not considered. For ‘Most votes
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count’ (Plurality Rule), alternative x is collectively (by the community) preferred
to alternative y if the number of persons that prefer x is greater than the number
of persons that prefer y. In particular, if one choice is needed, the alternative
that is put first by most people will be elected. We call x and y (collectively)
indifferent if the number of individuals that prefer x is equal to the number of
individuals that prefer y.

If there are just two alternatives, or candidates x and y, ‘x is collectively
preferred over y’ means that x gets more than half of the (first) votes.

In the (voter)profile of Example 1, Florence is mentioned 12 times as first prefer-
ence, Venice 10 times, and Siena 9 times. Therefore, on application of the ‘Most
votes count’ election procedure, Florence will become - as we already saw - the
destination of our class. In other words, Florence is the (collective) choice of our
class under application of the ‘Most votes count’ election procedure.

Not only can ‘Most votes count’ be used to determine a collective choice, but
also to determine a collective order of preferences. In that case one speaks of
the Plurality ranking rule. Given the profile of Example 1, the collective order
of preference on application of ‘Most votes count’ will be

Florence Venice Siena.

This corresponds to the fact that Florence gets more first votes than Venice,
which in turn gets more first votes than Siena.

Suppose that later on it turns out that Venice is so expensive that it was not
a realistic alternative. One could then argue that a new vote is not needed, as
Venice was not the chosen destination anyway. However, if Venice is no longer
an alternative and the preferences of the students remain unchanged as far as
the other alternatives are concerned, the preferences of the 31 students will be
as follows:

Florence Siena : 5 students
Florence Siena : 7 students
Florence Siena : 3 students
Siena Florence : 7 students
Siena Florence : 3 students
Siena Florence : 6 students

Now there are 15 students with Florence as first preference and 16 with Siena as
first preference. So, on application of ‘Most votes count’, Siena would be elected
as the destination instead of Florence.

We say that ‘Most votes count’ is not Independent of Irrelevant Alternatives
(not IIA): although Venice is an irrelevant alternative, because of the cost, the
outcome is not independent of this alternative. The property ‘Independent of
Irrelevant Alternatives (IIA)’ can also be described as follows: adding irrelevant
(non eligible) alternatives does not influence the outcome.

‘Most votes count’ is frequently used in real life: it is the foundation of many
election systems that are in current use, such as the Dutch and British systems
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(see section 3.1). Nonetheless, this system has some serious drawbacks, as we will
explain below and in subsections 3.2 and 3.3. (Here, we will follow the exposition
of Van Deemen, 1997).

In the first place, a choice made using the procedure ‘Most votes count’ is
not necessarily a majority choice. This remarkable fact was discovered as early
as 1781 by the Frenchman J.-C. de Borda (1781), one of the founders of Social
Choice Theory. To clarify this, we consider the voter profile of Example 1.

– Check that there are 0 + 0 + 3 + 7 + 0 + 6 = 16 students that prefer
Venice to Florence, and 15 that prefer Florence to Venice. In other words, if
the students have to choose between Florence and Venice, they will choose
Venice.

– Check that there are 0 + 0 + 0 + 7 + 3 + 6 = 16 students that prefer Siena
to Florence, and 15 that prefer Florence to Siena.

– Also check that there are 0 + 7 + 0 + 0 + 3 + 6 = 16 students that prefer
Siena to Venice, and 15 that prefer Venice to Siena.

Hence, we can conclude that
1) On pairwise comparison, Florence has a minority of the votes with respect
to both Venice and Siena: for this reason, Florence is called a Condorcet loser,
after the French Marquis de Condorcet (1743 - 1794).
2) On pairwise comparison, Siena has a majority of the votes with respect to
both Florence and Venice, and, hence, Siena is the majority choice of our class;
for that reason, Siena is called the Condorcet winner.

From the above, it follows that the winner on application of ‘Most votes
count’ (Florence) need not be the majority choice (Siena). In other words, the
majority principle is violated by ‘Most votes count’.

To clarify the second drawback of ‘Most votes count’, we consider the follow-
ing voter profile.

Florence Paris London Venice Siena : 10 voters
Siena Paris Venice Florence London : 8 voters
Venice Siena Paris London Florence : 7 voters

As neither Paris nor London is the first preference of any voter, they are collec-
tively indifferent on application of ‘Most votes count’: for each city, the number
of individuals for whom it is first choice is 0. However, everyone prefers Paris to
London. How odd! Everyone prefers Paris to London, but this is not shown in
the outcome: Paris and London are equally preferred in the outcome.

The aforementioned comes down to the fact that the election procedure ’Most
votes count’ violates the so-called Pareto condition. This Pareto condition goes
as follows: if every individual prefers alternative x to alternative y, then, in the
outcome, x must also be (collectively) preferred to y.

The third drawback of ‘Most votes count’ is that it does not have the monotony
property. This monotony property (positive responsiveness) says that if an alter-
native x is raised vis-a-vis an alternative y in someone’s preference ordering, and
x goes down in no one’s preference ordering vis-a-vis y, then x must also be raised
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vis-a-vis y in the collective preference ordering. To see that ’Most votes count’
does not have this monotony property, we consider the following (voter)profile
p. With (xy) we mean that x and y are indifferent in the preference ordering.

Profile p: Florence (Paris London) Venice Siena : 10 students
Siena (Paris London) Venice Florence : 8 students
Venice (Paris London) Siena Florence : 7 students

Because neither Paris nor London occurs as first preference in the preference
ordering of the students, on application of ‘Most votes count’ both are indifferent.

But now consider the following profile q, identical to profile p except for
the fact that everybody now prefers Paris to London in his or her preference
ordering.

Profile q: Florence Paris London Venice Siena : 10 students
Siena Paris London Venice Florence : 8 students
Venice Paris London Siena Florence : 7 students

Comparing the profiles p and q, in profile q everybody has ranked Paris higher
in his or her preference ordering than London. So, according to the monotony
property, Paris should now be (collectively) preferred by the community to Lon-
don. However, on application of ‘Most votes count’, this is not the case, since
neither Paris nor London is the first preference of an individual and, hence, they
are indifferent in the collective preference (if this is determined by ’Most votes
count’). Consequently, the election procedure ‘Most votes count’ may not react
to changes in the individual preferences, which seems at odds with the idea of
democracy.

Given these results, it is no wonder that Borda and Condorcet had little faith
in ‘Most votes count’ !

2.2 Profiles, Choice, and Preference Rules

In this subsection, we will formulate in a mathematically precise way a number
of properties that were introduced informally in the previous subsection, as well
as add some new mathematical notions. Amongst others, the following concepts
will be defined: relation, weak and linear ordering, profile, choice rule, choice
correspondence, preference rule, and Independence of Irrelevant Alternatives.

The individual order of preference ‘Florence Venice Siena’ can be rendered by
the following (preference-)relation R:

R = {<Florence, Venice>, <Venice, Siena>, <Florence, Siena>}.

Here < x, y > is an ordered pair , and < x, y > ∈ R is read as ‘x is at least as
good as y’. Instead of < x, y > ∈ R, we usually write xRy.
‘x is (strictly) preferred to y’ now corresponds with ‘xRy and not yRx’, while
‘xRy en yRx’ states that ‘x and y are indifferent’, which is often denoted by
(xy).
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Suppose that A is a set of alternatives, for instance, A = {Florence, Venice,
Siena} and that N is a set of individuals, for instance, N = {student 1, ...,
student 31}. Then we can identify for every individual i in N his or her individual
preference ordering with respect to the alternatives in A by means of a relation
Ri on A, also called a preference-relation on A.

Definition 1 R is a (preference-)relation on A if R is a set of ordered pairs
< x, y > with x, y ∈ A. Instead of writing < x, y > ∈ R, one can also write xRy.

Definition 2 Let R be a (preference-)relation on A.
R is complete if, for all x, y ∈ A, xRy or yRx. That is, a relation on A

is complete if every alternative in A is comparable to every alternative in A,
including itself. Recall that xRy is read as ‘x is at least as good as y’.

R is transitive if, for every x, y, z ∈ A, if xRy and yRz, then xRz. That is, if
x is at least as good as y by R and y is at least as good as z by R, then x is at
least as good as z by R. Thus, in transitive preference relations, the preferences
are consequent.

R is antisymmetric if, for every x, y ∈ A with x �= y, if xRy, then not yRx.
That is, a relation is antisymmetric if indifference between two distinct alterna-
tives does not occur. ‘xRy and not yRx’ is read as: x is (strictly) preferred to y
by R.

Definition 3 A preference relation R is a weak ordering on A if R is complete
and transitive. R is a linear ordering on A if R is complete, transitive, and
antisymmetric. Hence, there can be indifference in weak orderings, but not in
linear orderings.

Definition 4 C(A) is, by definition, the set of all complete relations on A. W (A)
is, by definition, the set of all weak orderings on A. L(A) is, by definition, the
set of all linear orderings on A. Because every linear ordering is, by definition,
also a weak ordering, it follows that L(A) is a subset of W (A), while W (A), in
its turn, is a subset of C(A): L(A) ⊆ W (A) and W (A) ⊆ C(A).

For the sake of simplicity, we will limit ourselves to individual preferences Ri

that are linear orderings. With a profile p, we mean a combination of individual
linear orderings.

Definition 5 A profile p associates with every individual i in N a linear ordering
Ri on A, in other words,

a profile is a function p : N → L(A).

p(i) or Ri is the individual linear ordering of individual i in profile p. L(A)N is
the set of all profiles.

So, in Example 1, a profile is given for which
N = {student 1,..., student 31} and A = {Florence, Venice, Siena}.

A group of individuals can make three kinds of collective decision on the basis
of a given voter profile (a combination of individual preferences).
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1. It can choose one alternative, for instance, a travel destination, a chairman,
a president, or a location for a sporting facility.

2. It can choose a collection of alternatives, for instance, a parliament, a food
package, or a set of potential locations for a waste dump.

3. It can determine an order of preference of the alternatives, for instance, of
applicants or of candidates for the Eurovision Song Festival.

In Case (1), we call the election procedure a (collective) choice rule, in Case
(2), we call it a (collective) choice correspondence, and, in Case (3), we call it a
(collective) preference rule.

Definition 6 Let N be a set of individuals and A a set of (at least 3) alterna-
tives.

1. A (collective) choice rule is a function K : L(A)N → A. Thus, a choice rule
K assigns to each profile p ∈ L(A)N a collective choice K(p) in A.

2. A (collective) choice correspondence is a function C : L(A)N → P (A), where
P (A) is the powerset of A. This is the collection of all subsets of A. Therefore,
a choice correspondence C assigns to each profile p ∈ L(A)N a set C(p) of
collective choices in A.

3. A (collective) preference rule is a function F : L(A)N → C(A). Thus, a
preference rule F assigns to each profile p ∈ L(A)N a complete preference
relation F (p) on A.

The election procedure ‘Most votes count’ can be seen as a (collective) choice
rule or choice correspondence and as a (collective) preference rule.

Definition 7 Suppose N is a set of individuals and A is a set of alternatives.
Given a profile p and an alternative x in A, we define t(x, p) as the number of
individuals i in N that have x as the first preference in p(i) (i.e., for which there
is no alternative y in A that is more preferred by i than x in p(i)).

‘Most votes count’ as a preference rule is now rendered by the function Pl
(Plurality) from L(A)N to W (A), defined as

xP l(p)y if and only if t(x, p) ≥ t(y, p).

In other words, xP l(p)y if and only if the number of individuals that prefer x
most in p is greater than or equal to the number of individuals that prefer y
most in p. Note that Pl(p) is a weak ordering on A and, in general, not a linear
ordering, because there can be two or more alternatives that occur equally often
as first preference in p.

Definition 8 The collective preference rule Pl gives rise to the collective choice
correspondence P (Plurality), P : L(A)N → P (A), with P (p), by definition, the
set of all x in A such that, for all y in A, xP l(p)y. Therefore, P (p) is the set of
all alternatives x in A for which there is no alternative y in profile p which is
more frequently preferred most in p.
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Definition 9 Let F : L(A)N → C(A) be a (collective) preference rule. F is
Independent of Irrelevant Alternatives (IIA) if, for all x, y ∈ A and for all profiles
p, q ∈ L(A)N , if p limited to x and y is equal to q limited to x and y, then F (p)
limited to x and y is equal to F (q) limited to x and y.

So, if p is the profile from Example 1 and q is the same profile but without Venice
or with Venice as last choice, then p limited to Florence and Siena is equal to q
limited to Florence and Siena. Now, let Pl (Plurality) be the (collective) prefer-
ence rule that corresponds to ‘Most votes count’. Pl(p) = {<Florence, Venice>,
<Venice, Siena>, <Florence, Siena>} and Pl(q) = {<Siena, Florence>, <Siena,
Venice>, <Florence, Venice>}. Then, Pl(p) limited to Florence and Siena would
be {<Florence, Siena>}, but Pl(q) limited to Florence and Siena would be
{<Siena, Florence>}. So, Pl, which is ‘Most votes count’, is not Independent of
Irrelevant Alternatives (not IIA).

2.3 Majority Rule (Pairwise Comparison)

The majority principle states that if the number of voters that prefer alternative
x to alternative y is larger than the number of voters that prefer y to x (in other
words, if x defeats y), then x must also be preferred to y in the outcome. It follows
from this that, if there is an alternative x that defeats every other alternative in
pairwise comparison, this alternative x must win. Such an alternative is called
a Condorcet winner .

In the previous section, we saw how, given a voter profile, the Condorcet
winner is determined and that this Condorcet winner need not be the winner
under application of ‘Most votes count’. In fact, with the voter profile of Example
1, the winner under application of ‘Most votes count’ (Florence) is the Condorcet
loser: on pairwise comparison, Florence loses from both Venice and Siena.

It is difficult to justify the fact that a candidate or party preferred by a
minority, may get elected or receive more seats than a candidate or party that
is preferred by a majority. Therefore, Borda (1781) and Condorcet (1788) con-
cluded that the procedure ‘Most votes count’ is seriously defective, because it
does not satisfy the majority principle.

As the majority principle seems so plausible, one could wonder why we still
use other procedures. The answer is simple: there are profiles that have no Con-
dorcet winner. The most famous example is the following so called Condorcet
profile p (in which k is a random natural number, k ≥ 1):

Florence Venice Siena : k students
Venice Siena Florence : k students
Siena Florence Venice : k students

The Majority Rule (pairwise comparison) applied to the above Condorcet profile
leads to a collective order of preference that is not transitive, meaning that
alternatives x, y, and z exist, in our example, respectively, Florence, Venice, and
Siena, such that x defeats y and y defeats z, but x does not defeat z. Hence, for
the above Condorcet profile, no Condorcet winner can be found.
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The absence of a Condorcet winner for a profile is also called the Condorcet
paradox or voting paradox.

One might wonder if the probability of an occurrence of the Condorcet para-
dox in actual elections is significantly large. Bill Gehrlein (1981) showed that,
under certain assumptions, the probability, in the case of three alternatives, is
1
16 if the number of individuals is large. For more than three alternatives, the
probability of the Condorcet paradox occurring increases; see [16].

Despite the Condorcet paradox, the Majority Rule (pairwise comparison) has
a number of properties that come close to the ideal of a democracy. In [10],
3.2.1, Van Deemen notes that the Majority Rule (pairwise comparison) has the
following properties.

– Anonymity: Individuals are treated equally. It does not matter from whom
the preferences originated, the only thing that counts are the preferences
themselves. Personal qualifications of the individuals are irrelevant to the
determination of the collective choice. Anonymity prevents unequal treat-
ment of individuals: it erects a barrier to any form of discrimination. Note
that ‘Most votes count’ is also an anonymous election procedure.

– Neutrality: The alternatives are treated equally. Every opinion counts, inde-
pendent of its content. Note that ’Most votes count’ also has this property.

– Independence of Irrelevant Alternatives (IIA): The determination of the col-
lective preference with respect to two alternatives x and y is not influenced
by a third (irrelevant) alternative. In Section 2.1, we have seen that ‘Most
votes count’ is not IIA.

– Pareto condition: If everybody prefers alternative x to alternative y, then
x will also be collectively preferred to y. In Section 2.1, we have seen that
‘Most votes count’ does not satisfy the Pareto condition.

– Monotony: If an alternative x is raised vis-a-vis an alternative y in someone’s
preference ordering and x goes down in no one’s preference vis-a-vis y, then,
on pairwise comparison, x will also be raised vis-a-vis y in the collective
order of preference. A voting procedure that does not have this property
can be regarded as having a certain inertia: it cannot register changes in the
profiles and adapt its outcome in accordance with these changes. In Section
2.1, we showed that ‘Most votes count’ is not monotonic.

We can speak of an election procedure even in the case of dictatorship. An
individual is called a dictator if, for every voter profile p, the collective preference
is exactly the preference of that individual. The dictatorial preference rule with
dictator i assigns to each voter profile p the preference of i. See [34], pp. 70-72.

For instance, consider a class with individual preferences as in Example 1 and
a teacher with preference ordering Venice Florence Siena. If the teacher plays
the role of dictator, the class will go to Venice.

Check that a dictatorial preference rule is not anonymous, but neutral, IIA,
and satisfies the Pareto Condition. (In Section 5, we will see that the dictatorial
preference rule is the only preference rule that is IIA and satisfies the Pareto
condition.)
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In the next section, we will formulate the above mentioned properties in a
mathematically precise way.

2.4 Properties of the Majority Rule

Definition 10 Given a profile p, an alternative x defeats an alternative y on
pairwise comparison if the number of individuals that prefer x to y in profile p
is greater than the number of individuals that prefer y to x in p. Given a profile
p, we write ‘x defeats y on pairwise comparison’ as xM(p)y (the M stands for
Majority Rule). This defines the collective preference rule M : L(A)N → C(A).

A Condorcet winner is an alternative that defeats any other alternative on
pairwise comparison.

Note that the relation M(p) need not be transitive, for instance, if p is a Con-
dorcet profile. Also note that there can be several Condorcet winners. For in-
stance, in the following profile p, where (xz) means that x and z are indifferent.

z x y : 3
y x z : 3

(xz)y : 1

Definition 11 A permutation σ of N is a bijective function from N to N . We
can see a permutation σ of N as a name change for all individuals in N . After
application of σ, individual i is named σ(i).

Let p be a profile in L(A)N . Then p ◦ σ is, by definition, the profile in which
each individual i plays the role of σ(i) in p. So, for all i in N , (p◦σ)(i) = p(σ(i)).

Example: Suppose that N = {a(d), b(ob), c(ees)} and that σ(a) = b, σ(b) = c
and σ(c) = a. Suppose also that A = {Florence, Venetië, Siena} and that profile
p is given by

p(a) : Florence Venice Siena
p(b) : Florence Siena Venice
p(c) : Venice Florence Siena

Then, p ◦ σ is the following profile:

p ◦ σ(a) = p(b) : Florence Siena Venice
p ◦ σ(b) = p(c) : Venice Florence Siena
p ◦ σ(c) = p(a) : Florence Venice Siena

It can be easily seen that M(p ◦ σ) = M(p) = {<Florence, Venice>, <Venice,
Siena>, <Florence, Siena>}.

Definition 12 A collective preference rule F : L(A)N → C(A) is anonymous if,
for all profiles p in L(A)N and for every permutation σ of N , F (p ◦ σ) = F (p).
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Definition 13 Suppose τ is a permutation of A and R is a complete relation
on A. Then τR is, by definition, the set of all pairs < τ(x), τ(y) > with < x, y >
in R. So, in τR, τ(z) plays the role of z in R.

Let p be a profile in L(A)N . Then, τp is, by definition, the profile with
(τp)(i) = τ(p(i)) for all i in N . τp originates from p by applying the permutation
τ on the alternatives.

Example: Suppose that N = {a, b, c} and A = {Florence, Venice, Siena}.
Suppose τ is the permutation of A given by τ(Florence) = Venice, τ(Venice) =
Florence en τ(Siena) = Siena. And suppose that p is the following profile:

p(a) : Florence Venice Siena
p(b) : Siena Venice Florence
p(c) : Venice Siena Florence

Then, M(p) = {<Venice, Siena>, <Siena, Florence>, <Venice, Florence>}.
The profile τp now originates from profile p by interchanging the alternatives

Florence and Venice:

τp(a) = τ(p(a)) : Venice Florence Siena
τp(b) = τ(p(b)) : Siena Florence Venice
τp(c) = τ(p(c)) : Florence Siena Venice

It can now be easily seen that M(τp) = τ(M(p)) = {<Florence, Siena>, <Siena,
Venice>, <Florence, Venice>}.

Definition 14 A collective preference rule F : L(A)N → C(A) is neutral if, for
every permutation τ of A and for every profile p, F (τp) = τ(F (p)).

Definition 15 A collective preference rule F : L(A)N → C(A) satisfies the
Pareto condition if, for every profile p in L(A)N and for all alternatives x, y in
A, if for every i ∈ N xp(i)y (and hence not yp(i)x), then xF (p)y and not yF (p)x.

Definition 16 A collective preference rule F : L(A)N → C(A) is monotonic if,
for all profiles p, q in L(A)N and for all alternatives x, y in A, if
1. for all i ∈ N , if xp(i)y (and hence not yp(i)x), then xq(i)y (and hence not
yq(i)x), and
2. there is an individual k ∈ N such that yp(k)x and xq(k)y, then xF (p)y implies
that xF (q)y and not yF (q)x.

As was mentioned earlier, the following theorem is easy to see.

Theorem 1 The collective preference rule M (Majority Rule) is anonymous,
neutral, IIA, monotonic, and satisfies the Pareto condition, but it is not transi-
tive.

In order to avoid the voting paradox or non-transitivity, Copeland modified the
Majority Rule in the following way. The Copeland score of an alternative x
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given profile p is by definition the number of alternatives y such that x defeats
y on pairwise comparison given p. The Copeland preference rule FCopeland is
now defined by xFCopelandy if and only if the Copeland score of x given p is
greater than or equal to the Copeland score of y given p. So, x is more preferred
than y by FCopeland(p) if and only if x defeats more alternatives than y given p.
Evidently, the Copeland preference rule is transitive, as well as anonymous and
neutral, it satisfies the Pareto Condition, but it is not IIA.

2.5 Borda (Preference) Rule

In 1781, the Frenchman J.C. de Borda noted that, with ‘Most votes count’, the
second, third, etc., preferences of the individuals have no weight in determining
the outcome. Borda proposed giving weight to all the positions of the alterna-
tives in the individual preferences. Hence, not only the first preference of the
individuals is taken into account, but also their second, third, etc. If an indi-
vidual i has ‘Florence Venice Siena’ as individual preference ordering, Florence
gets 3 points, Venice 2, and Siena 1. Subsequently, a decision is made based on
the total score of every alternative in a given profile p. For n alternatives, every
individual gives n points to his or her most preferred alternative, n−1 points to
his or her second choice, etc., and 1 point to his or her least preferred alternative.

If we apply the Borda preference rule to Example 1 (see page 149), Florence,
Venice, and Siena will get the following numbers of points:

Florence: 5 × 3 + 7 × 3 + 3 × 2 + 7 × 1 + 3 × 2 + 6 × 1 = 61
Venice: 5 × 2 + 7 × 1 + 3 × 3 + 7 × 3 + 3 × 1 + 6 × 2 = 62
Siena: 5 × 1 + 7 × 2 + 3 × 1 + 7 × 2 + 3 × 3 + 6 × 3 = 63

The Borda score of an alternative x for a given profile p is now, by definition,
the total number of points that the individuals have given to x. In Example 1,
the Borda score of Florence is 61, the Borda score of Venice is 62, and the Borda
score of Siena is 63.

According to the Borda (preference) rule, the collective ordering of the alter-
natives will then be

Siena Venice Florence.

Note that, for ‘Most votes count’, the outcome for the profile of Example 1 is
exactly the opposite,

Florence Venice Siena,

because, in Example 1, Florence is preferred 12 times, Venice 10 times, and Siena
9 times. Also note that Siena, with the highest Borda score, happens to be the
Condorcet winner in Example 1.

The obvious question now is if the Condorcet winner, if one exists, will always
have the highest Borda score. Unfortunately, this is not the case, as is shown by
the following example.
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A group of seven people go out for dinner. The restaurant offers three menus:
a, b, and c. As there is a reduction if they all take the same menu, they decide to
choose collectively. But which menu should be chosen? The individual preferences
are given in the profile below.

c a b : 3 persons
a b c : 2 persons
a c b : 1 person
b c a : 1 person

1) Check that c is the Condorcet winner for this profile!
2) Now check that c, when the Borda procedure is applied to this profile, only
receives 15 points, while a gets 16 points under these circumstances. Thus, an
alternative with the highest Borda score need not be the Condorcet winner.

The profile just mentioned also illustrates that, like ‘Most votes count’, the
Borda procedure is not Independent of Irrelevant Alternatives (not IIA).

1) On application of the Borda procedure on the profile just given, the collective
order of preference is a c b.
2) When they want to order menu a, the waiter tells them this is very conve-
nient, as menu b cannot be served today. You might think this information is
unimportant. However, if the Borda procedure is applied in this new situation
(only a and c), the collective order of preference will become c a.

So, for the Borda procedure, the presence of the (irrelevant) alternative b
influences the preference between a and c. Hence, the collective choice between
a and c, on application of the Borda procedure, is dependent on all alternatives,
in particular on the irrelevant alternative b.

Note that, when there are two alternatives, the Borda procedure corresponds to
‘Most votes count’ as well as to the Majority Rule. Suppose that there are two
alternatives, x and y, and m+n individuals, and that the individual preferences
are given in the following profile:

x y : m voters
y x : n voters

Then, the Borda score of x equals 2m+n and the Borda score of y equals 2n+m.
Now 2m + n > 2n + m if, and only if, m > n. Thus, the Borda score of x is
greater than that of y precisely when the number of voters (m) that prefer x to
y is greater than the number of voters (n) that prefer y to x.

The reader may easily verify the following theorem.

Theorem 2 The Borda (preference) rule is anonymous, neutral, not IIA, mono-
tonic, transitive and satisfies the Pareto condition.

It is worth mentioning that the Majority Rule and the scoring procedure (gen-
erally ascribed to Borda) were in fact first proposed respectively by Ramon Lull
(± 1235 - 1315) and Nicolas Cusanus (1401 - 1464), as reported in [26] and [28].



Categoric and Ordinal Voting 161

2.6 Strategic Behavior

We have already seen that the Borda preference rule does not necessarily pick
out the Condorcet winner, if there is one. Another drawback of the Borda rule is
that it is sensitive to strategic behavior. This means that individuals can profit
from giving an insincere preference instead of their true preference. To illustrate
this, we consider the following profile (17 voters):

Florence Venice Siena : 7 students
Venice Florence Siena : 6 students
Siena Venice Florence : 4 students

The Borda score for Siena is 7×1+6×1+4×3 = 25. The Borda score for Florence
is 7 × 3 + 6 × 2 + 4 × 1 = 37. The Borda score for Venice is 7 × 2 + 6 × 3 + 4 × 2
= 40. So the outcome is

Venice Florence Siena.

Venice ends above Florence. The first group of 7 students, preferring Florence to
Venice, can now act strategically: instead of giving their true preferences, they
can vote as follows:

Florence Siena Venice

Venice now gets 7 points less: 40 − 7 = 33, while Siena gets an extra 7 points:
25 + 7 = 32. As the score of Florence remains unaltered, 37 points, the resulting
collective ordering is now

Florence Venice Siena.

This is exactly the outcome desired by the first group of seven students.
In this example, a coalition of seven voters acts strategically and benefits from

this. One could remark that the strategic behavior of a coalition presupposes
internal attunement and, hence, would be difficult to realize in practice. The
next example shows that one person can also benefit from strategic behavior,
assuming that the other voters give their true preferences.

Suppose that there are five alternatives, x, y, z, u, and v, and seven voters.
Also suppose that the (sincere) individual preferences are given in the following
profile:

x y z u v : 3 persons
z x y u v : 2 persons
y z x u v : 2 persons

Now, the Borda score of x is 29, that of y 28, of z 27, of u 14, and of v 7. So, on
application of the Borda preference rule, the outcome for the above profile will
be

x y z u v.
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Now, suppose that one of the last two voters foresees this outcome. Now this
voter can accomplish a new outcome, which is more attractive to this voter than
the original outcome, by means of strategic behavior, by giving the insincere
preference y z u v x, where the Borda winner x is put at the lowest position.

Thus, the Borda procedure gives a voter the possibility to get his or her pre-
ferred outcome by giving an insincere order of preference. Hence, on application
of the Borda procedure, cheating can be advantageous. The Borda procedure is
not immune to strategic behavior, or the Borda procedure is manipulable.

When Borda was informed of the fact that his procedure was sensitive to
strategic behavior, he apparently answered that his procedure was only intended
for honest men (Black, 1958, p. 238).

Despite the fact that there are obvious objections to the Borda procedure, it
scores relatively well in a comparison of many election procedures (Brams and
Fishburn). We would like to quote the following passage from the conclusions of
[6]:
‘Among ranked positional scoring procedures to elect one candidate, Borda’s
method is superior in many respects, including susceptibility to strategic ma-
nipulation, propensity to elect Condorcet candidates, and ability to minimize
paradoxical possibilities. ... Despite Borda’s superiority in many respects, it is
easier to manipulate than many other procedures. For example, the strategy of
ranking the most serious rival of one’s favorite candidate last is a transparent
way of diminishing the rival’s chances.’

‘Most votes count’ is also sensitive to strategic behavior. This can be seen as fol-
lows. For the profile p in Example 1 (page 149), Florence is chosen on application
of ‘Most votes count’. However, the seven students with individual preference
orderings ‘Venice Siena Florence’ would rather go to Siena than to Florence.
This coalition of seven students can accomplish that, on application of ‘Most
votes count’, Siena becomes the collective destination, by giving the insincere
individual preference ordering ‘Siena Venice Florence’.

The obvious question now is whether the Majority Rule is sensitive to strategic
behavior. It can be shown that the possible strategic behavior of a coalition S, a
group of voters, in determining a Condorcet winner would be disadvantageous for
at least one of the members of that coalition. So, on application of the Majority
Rule (pairwise comparison) for any coalition, there will be at least one member
that is disadvantaged due to the strategic behavior of his or her coalition.

Theorem 3 Suppose S is a coalition. Suppose that profile p renders the true
preferences of the voters and that q is the profile in which the individuals in
S give insincere preference orderings instead of true preference orderings. Let
alternative x be the Condorcet winner for the true profile p and alternative y
the Condorcet winner for the insincere profile q. Also suppose that x �= y. Then
there is an individual i in coalition S that prefers alternative x to y. Hence, for
that individual, the strategic behavior of the coalition S is disadvantageous, as
y will be the Condorcet winner for q, while individual i prefers x.
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Proof: Suppose S is a coalition, that is, a (sub)set of individuals. Also suppose
that x is the Condorcet winner for the true profile p and that y is the Condorcet
winner for the insincere profile q, in which only the individuals in S do not give
their true preference orderings. Furthermore, suppose that x �= y. Because x
is the Condorcet winner for profile p, for profile p it holds that x defeats y on
pairwise comparison. And because y is the Condorcet winner for q, it holds for
profile q that y defeats x on pairwise comparison. Hence, there is an individual
i such that
1. i prefers x to y for p, and
2. i prefers y to x for q. (Somebody must have switched preferences.)
As only voters from coalition S give different preference orderings, individual
i must be in coalition S. Since i prefers x to y, i is punished for the strategic
behavior of the coalition S to which he or she belongs. �

2.7 Approval Voting

Approval Voting assumes that the voter can divide the alternatives into two
classes: the candidates that he or she approves of and the ones that he or she
disapproves of. The number of candidates that is found to be acceptable can vary,
depending on the voter. In the ultimate case, someone can find all alternatives
acceptable. The candidate who gets the most votes this way, is the winner.
Because the voter mentions all candidates that he approves of, he enlarges the
chance that a candidate he finds acceptable will win.

We will divide the acceptable and not acceptable alternatives by means of
�. With, for example,

Florence Siena � Venice

we indicate that an individual orders the alternatives from left to right in de-
scending order of acceptability, and that the individual in question only finds
Florence and Siena to be acceptable alternatives.

Approval voting is elaborately discussed and propagated by Brams and Fish-
burn [4].

Now consider the following profile p̂, which differs from profile p in Example
1 only in the appearance of the division mark �.

Florence Venice � Siena : 5 students
Florence Siena � Venice : 7 students
Venice � Florence Siena : 3 students
Venice � Siena Florence : 7 students
Siena Florence � Venice : 3 students
Siena Venice � Florence : 6 students

Florence then gathers 5 + 7 + 0 + 0 + 3 + 0 = 15 votes. Siena is good for
0+7+0+0+3+6 = 16 votes. And Venice now gets 5+0+3+7+0+6 = 21
votes. So, for this profile p̂, Venice is the collective choice under Approval Voting.
The collective preference ordering is

Venice Siena Florence.
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In order to see that the winner under Approval Voting need not necessarily be
the Condorcet winner, consider the following profile with three alternatives a
(Ann), b (Bob), and c (Coby) and nine voters.

a b c : 5 voters
b a c : 2 voters
c b a : 2 voters

Then a is the Condorcet winner. Now suppose that, under Approval Voting, all
voters give their approval only to the first two alternatives in their respective
preference orderings. Then, under Approval Voting, b is the winner, while a is
the Condorcet winner.

Approval Voting is also sensitive to strategic behavior. In the example at the
beginning of this section, the last group of six students prefers Siena to Venice.
Now, by not giving their true preference

Siena Venice � Florence

but their insincere preference

Siena � Venice Florence,

they ensure that Venice gets 6 votes less, 21 − 6 = 15, and, hence, Siena, with
16 votes, is the collective choice, which is the preferred alternative for these six
students.

However, the strategic behavior of one individual or a group of individuals
may have the consequence that alternatives which are acceptable to this indi-
vidual or group get less votes or that unacceptable alternatives get more votes.

We quote from the conclusions of [6]:
‘Among non-ranked voting procedures to elect one candidate, approval voting
distinguishes itself as more sincere, strategy proof, and likely to elect Condorcet
candidates than other procedures ... . Its use in earlier centuries in Europe [...],
and its recent adoption by a number of professional societies - including the
Institute of Management Sciences [...], the Mathematical Association of America
[...], the American Statistical Association [...], the Institute of Electrical and
Electronics Engineers [...], and the American Mathematical Society - augurs well
for its more widespread use, including possible adoption in public elections [...].
Bills have been introduced in several U.S. state legislatures for its enactment
for state primaries, and its consideration has been urged in such countries as
Finland [...] and New Zealand [...].’

The reader may easily verify the following theorem.

Theorem 4 Approval Voting is anonymous, neutral, IIA, transitive, not mono-
tonic and does not satisfy the Pareto condition.

2.8 Summary

There are many ways to aggregate individual preferences to a collective prefer-
ence or outcome. Some of the more frequently occurring ones have been discussed
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here. For the same individual preferences of the voters, in general, the outcome
strongly depends on the election mechanism used.

‘Most votes count’ (Plurality Rule) is very frequently used and is the founda-
tion of the Dutch and British election systems. We have shown that this election
mechanism has many disadvantages: it does not satisfy the majority principle (if
the number of voters that prefer x to y is greater than the number of voters that
prefer y to x, then alternative x must also end above y in the outcome), it does
not satisfy the Pareto condition (if everybody prefers x to y, then x must also be
collectively preferred to y), and it does not have the monotonicity property (if
alternative x is raised vis-a-vis an alternative y in someone’s preference ordering
and x goes down in no one’s preference vis-a-vis y, then x must also be raised
vis-a-vis y in the outcome). ‘Most votes count’ can even give an alternative as
winner that is defeated by all other alternatives.

The Majority Rule (or pairwise comparison) is based on the majority prin-
ciple. In comparison to ‘Most votes count’, the Majority Rule has many advan-
tages: not only is it anonymous and neutral, but it is also monotonic and IIA,
and it satisfies the Pareto condition. The Majority Rule has just one serious
disadvantage: in some situations, it may happen that no winner can be selected,
for instance, in the case of three alternatives x, y, and z, where x defeats y,
y defeats z, but also z defeats x. In other words, the Majority Rule (pairwise
comparison) is not transitive.

The Borda preference rule also takes into account the second, third, etc.,
preferences of individuals in the determination of the collective preference. Fre-
quently, but not always, the Borda preference rule generates the Condorcet win-
ner (if there is one), which is the alternative that defeats all other alternatives on
pairwise comparison. The Borda preference rule is not independent of irrelevant
alternatives, but perhaps the greatest objection that can be raised against the
Borda procedure is its sensitivity to strategic behavior. Nonetheless, the Borda
preference rule is, with respect to choosing one single candidate, in many ways
superior to other procedures that also weigh second, third, etc., preferences.

Approval Voting gives the voter the opportunity to distinguish between the
candidates he or she approves of and the ones he or she does not approve of. It is
sensitive to strategic behavior of the voter(s). However, among non-ranked voting
procedures to elect one candidate, Approval Voting distinguishes itself as more
sincere, more strategy proof, and more likely to elect Condorcet candidates than
other procedures. However, it is known (see [16]) that the chance of selecting a
Condorcet winner, if there is one, under Approval Voting is significantly smaller
than under the Borda procedure.

3 Categoric Voting

Generally, in Western Europe four different election procedures can be distin-
guished. This is the result of a division in the way of representation (proportional
or non-proportional) and in the way of voting (categoric or ordinal). As to the
way of representation, we distinguish (see [13], p. 4):
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– Proportional Representation (PR): the distribution of seats is proportional
to the number of votes.

– Non-Proportional Representation: the distribution of seats is not propor-
tional to the number of votes.

Concerning the way of voting we distinguish (see [32], pp. 17, 126):

– categoric voting: the voters cast one vote, meaning that they select one can-
didate or party.

– ordinal voting: the voters give a preferential order of candidates or parties.
For instance, in Australia, Ireland and Malta the voters are allowed, instead
of casting just one vote, to give their first, second, third, etc. preference.

On the basis of the aforementioned distinctions in the way of representation and
the way of voting, we can, in general, distinguish four different categories of
election procedures, as given in the scheme below.

Way of voting
Representation Categoric Ordinal
Proportional NL and most Euro-

pean countries
Ireland (STV), Malta
(STV)

Non- Proportional UK, US, Canada,
New Zealand

Australia (AV),
France (two voting
rounds)

Here STV stands for Single Transferable Vote, to be considered in section 4.1
and AV for Alternative Vote, to be considered in section 4.3. Besides the above-
mentioned election procedures, there are also the so-called hybrid systems, such
as the ‘two-vote’ system in Germany, which we will discuss in section 3.4.

For each category we will discuss a particular election procedure, and we will
show the paradoxes this procedure can give rise to. With a paradox, we mean
an outcome that is completely contrary to what we would expect or contrary to
our sense of righteousness.

In section 3.1 we discuss the main ideas of the Dutch and British election
procedures. In section 3.2 a number of paradoxes that may occur in the Dutch
system are considered, while in section 3.3 the paradoxes in the British system
are discussed.

In sections 4.1 and 4.2 the Single Transferable Vote system is considered.
Finally, in sections 4.3 and 4.4 the Alternative Vote system, as applied in, for
instance, Australia and to a certain degree also in France, is discussed.

3.1 The Netherlands vs. the United Kingdom

The Dutch election procedure is characterized, among others, by:

– proportional representation, where the parties receive a number of seats
more or less proportional to the number of votes (according to the d’Hondt
method; see the end of this section).

– One district, containing the entire nation.
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Because of this, there exist more parties and the government usually consists of
a coalition of a number of parties.

The British election procedure, on the contrary, is characterized by:

– a division in (approximately) 659 districts for (approximately) 659 seats.
– in each district precisely one representative is elected, by means of ‘Most

votes count’ (Plurality Rule): in each district the party with the most votes
wins the seat.

Because of this, the United Kingdom (England, Wales, Scotland and Northern-
Ireland) has a two (recently three) party system and the government is usually
formed by the party with a majority of the seats.

In general, the Dutch and British election procedures produce different outcomes
given the same individual preferences of the voters. To illustrate the difference
in outcome between the Dutch and British election procedures, we consider the
following example in [29], table 12.1:

Party vote percentage
A 30
B 25
C 20
D 15
E 10

In the Dutch system, every party will get a number of seats more or less pro-
portional to the number of votes. Party A will then get approximately 30% of
the seats, part B 25%, etc. Hence, it is to be expected that a multiparty system
evolves (five in this example). Because, in general, none of the parties will get a
majority of the seats in parliament, government will usually consist of a coalition
of several parties.

Now suppose that the same distribution as given in the above-mentioned
table occurs in every district in the United Kingdom. Then, in the British system,
the seat for each district is given to party A, because this party has most votes
in every district. So, in the British system, the other parties would get no seat
at all! Because of the nature of the British election procedure, where only large
parties have a realistic chance of a seat, and because of the strategic behavior
of voters who do not want to waste their vote on a party that has no chance
at all, it is to be expected that the British system will give rise to a two- (or
three-) party system. This phenomenon is called Duverger’s law. Since one party
usually gets a majority of the seats in parliament, British government usually
consists of one party.

Notice that in the Netherlands ‘Most votes count’ (Plurality Rule) is used to
generate a collective (order of) preference: A is collectively preferred to B, B to
C, etc. Contrary to this, in the United Kingdom ‘Most votes count’ is used to
establish for each district a collective choice: the candidate for party A.

As far as appreciation of the Dutch and British election procedures is con-
cerned, Lijphart remarks in [24], page 144:
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1. If much weight is given to the representation of minorities, then proportional
representation and more than two parties seem to be the best choice.

2. If, on the contrary, much weight is given to government responsibility, then
‘Most votes count’ (Plurality Rule) and a two-party system seem to be the
best choice. The voter then knows that the ruling party is responsible for
the achievements of the past and can hold this party responsible for them.

According to [27], pp. 173-175, different considerations concerning representation
(democracy) are at the basis of the Dutch and British systems:

1. The Dutch system corresponds to the reflection model of representation.
The underlying consideration is that the composition of parliament must
be a reflection of the composition of the constituency. Various groups and
interests are to be proportionally represented, as in a representative test
sample. Ideally, proportionally, there will be as many liberals, socialists, etc.
in parliament as there are in society.

2. The British system corresponds to the principal agent model of represen-
tation. According to this model, representatives are agents that act in the
interest of others. Parliament does not have to be a reflection of society, but
has to honestly defend the interests of the constituency. Not the composition
of parliament but its decisions are important.

The Ostrogorski paradox shows that the formation of parties and voting for them
may give results that deviate from voting for issues, as is done in referenda.
Suppose that there are two parties: X and Y. Also, suppose that these two
parties have different points of view concerning three issues, numbered 1, 2 and
3. Finally, suppose that there are four groups of voters, named A (20%), B
(20%), C (20%) and D (40%), whose positions concerning the three issues are
given in the table below, taken from [8], p. 205. For instance, the voters in group
A share the position of party X concerning issues 1 and 2, and the position of
Y on issue 3.

We now distinguish between two forms of voting:

1. issue-by-issue voting: a voting round is held for each separate issue.
2. voting by platform: a party or candidate is chosen on the grounds of its policy.

Voters Issues Elected party
1 2 3

A (20%) X X Y X
B (20%) X Y X X
C (20%) Y X X X
D (40%) Y Y Y Y

Y: 60% Y: 60% Y: 60 %

For the situation given in the table, these two forms of voting result in completely
different outcomes. If we take issue-by-issue voting, party Y will get 60% of the
votes for all issues and will, hence, be able to impose its position on society.
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With voting by platform, the voter chooses the party that approximates his
or her own position best. The voters in group A will then vote for party X
because this party holds their position on two of the three issues. Given this
form of voting, party X will get 60% of the votes and party Y only 40%. So now
party X has a majority and is able to impose its position concerning the issues
on society.

The conclusion is that the outcome of issue-by-issue voting can be completely
different from the outcome of voting by platform.

Notice that for three issues that have to be decided on by yes or no, there
are 23 = 8 different possibilities to answer these questions. So there would have
to be at least 8 different parties to give the voter the possibility to vote for a
party that holds his position on all issues. Because in the Netherlands there are
more parties than in Britain, the probability of the occurrence of the Ostrogorski
paradox will be slightly smaller in the Netherlands.

As has been noticed before, the Netherlands has a system of proportional repre-
sentation. However, it seldom occurs that the seats can be distributed precisely
proportionally to the number of votes. To appoint seats to parties in a more or
less proportional manner, the d’Hondt formula is used in the Netherlands.

This formula uses the numbers 1, 2, 3, 4, ... to divide the total number of
votes a party has received, every time the party gets a seat. The first seat goes to
the largest party, whose number of votes is then divided by two. The second seat
is allocated to the party that now has the most votes, given that the number of
votes the largest party had has now been divided by two. When the largest party
receives a second seat, its total number of votes is then divided by three, and
so on. The effect of the d’Hondt formula is illustrated by means of the following
example from [24], p. 154, in the case of six seats.

Party v (= votes) v/2 v/3 number of seats
A 41,000 (1) 20,500 (3) 13,667 (6) 3
B 29,000 (2) 14,500 (5) 9,667 2
C 17,000 (4) 08,500 1
D 13,000 0

3.2 Paradoxes in the Dutch System

This section is based on [9] and on [11]. In the first article, Van Deemen shows
that a number of paradoxes may occur in the Dutch system. Next, the authors
of the second article show, by means of empirical research, that most of these
paradoxes do, in fact, occur more than once.

To start with, let us look at the distribution of votes and seats in the elections
of September 6, 1989 for the House of Commons, given in the following table.
Here SR stands for Small Right, a coalition of some smaller parties.
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Party Percentage of votes Number of seats
CDA 35.3 54
PvdA 31.9 49
VVD 14.6 22
D66 7.9 12
GL 4.1 6
SR 5.0 7

Now consider the following profile, where the distribution of first votes for the
parties corresponds precisely to the election results of September 6, 1989. Notice
that the profile, though fictitious, is not unrealistic.

CDA D66 VVD SR PvdA GL : 35.3%
PvdA GL D66 CDA VVD SR : 31.9%
VVD PvdA D66 SR CDA GL : 14.6%
D66 PvdA CDA VVD GL SR : 07.9%
GL PvdA D66 CDA VVD SR : 04.1%
SR VVD CDA D66 PvdA GL : 05.0%

Paradox 1: The reader can check for himself that application of pairwise com-
parison to the above-mentioned profile, yields the following result. Here #(X)
stands for the number of seats given to party X.
– PvdA defeats CDA with 58.5% (31.9 + 14.6 + 7.9 + 4.1) to 40.3% (35.3 +

5.0), while #(CDA) = 54 > #(PvdA) = 49.
– VVD defeats PvdA with 54.9 % (35.3 + 14.6 + 5.0) to 43.9% (31.9 + 7.9 +

4.1), while #(PvdA) = 49 > #(VVD) = 22.
– D66 defeats VVD with 79.2% to 19.6%, while #(VVD) = 22 > #(D66) =

12.
– D66 defeats CDA with 59.5% to 40.3%, while #(CDA) = 54 > #(D66) =

12.

Van Deemen calls this the More-Preferred, Less-Seats paradox: a party that (in
a pairwise comparison) is more preferred than another party may still get fewer
seats!

The Dutch election procedure is also sensitive to strategic behavior. If for the
above profile it is expected, on the grounds of predictions of voting outcomes,
that CDA and PvdA will form a coalition, then voters with SR as first preference
(the last group of 5%) could choose strategically and mention VVD (their actual
second choice) as their (insincere) first choice, hoping to make a coalition of
CDA and VVD possible. Such a coalition would then represent 35.3 + 14.6 + 5
= 54.4% of all voters.

Also, if predictions concerning the voting outcome show that one’s most
preferred party will not make the election threshold (the minimal percentage of
votes needed to get a seat, 0.67% in the Netherlands), this voter could decide
not to vote for his or her true first preference in order to avoid wasting the vote.

Paradox 2: In the elections of September 6, 1989 there was a party, called the
Groenen (Greens), that did not get sufficient votes to win a seat. We denote this
party with the letter G. Now consider the following profile:
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CDA G D66 VVD SR PvdA GL : 35.3%
PvdA G GL D66 CDA VVD SR : 31.9%
VVD G PvdA D66 SR CDA GL : 14.6%
D66 G PvdA CDA VVD GL SR : 07.9%
GL G PvdA D66 CDA VVD SR : 04.1%
SR G VVD CDA D66 PvdA GL : 05.0%

This profile originates from the previous profile by placing party G second in
every row. So, it is supposed that every Dutchman has party G as his second
preference. The reader can easily check that, given this profile, party G will
defeat every other party in a pairwise comparison and, hence, is a Condorcet
winner. However, under the Dutch election procedure, party G will get no seat
at all!

Van Deemen calls this the Condorcet-Party-Turns-Loser paradox: A Con-
dorcet winner does not necessarily get the largest number of seats; it may even
happen that the Condorcet winner gets no seat at all.

Paradox 3: The following result is even more amazing. Consider the following
profile:

CDA GL SR D66 VVD PvdA : 35.3%
PvdA GL SR D66 VVD CDA : 31.9%
VVD GL SR D66 PvdA CDA : 14.6%
D66 GL SR VVD CDA PvdA : 07.9%
GL SR D66 VVD PvdA CDA : 04.1%
SR GL D66 VVD PvdA CDA : 05.0%

For this profile it holds that in a pairwise comparison

GL defeats SR, SR defeats D66, D66 defeats VVD,
VVD defeats PvdA, and PvdA defeats CDA

in other words, GL has a majority over SR, which has in its turn a majority
over D66, etcetera. But this is precisely the inverse of the collective preference
as given by the distribution of seats:

#(CDA) > #(PvdA) > #(VVD) > #(D66) > #(SR) > #(GL)

in other words, on the above-mentioned fictitious profile CDA gets more seats
than PvdA on application of the Dutch system, PvdA will get more seats than
VVD, et cetera.

Van Deemen calls this the Reversal-of-Majority paradox: the order given by
application of the Majority Rule (pairwise comparison) is exactly the inverse of
the order given by the actual distribution of seats in the Dutch system.

Notice that the last of the three paradoxes given is the strongest: an occurrence of
the Reversal-of-Majority paradox entails the occurrence of the Condorcet-Party-
Turns-Loser paradox; and the latter entails the occurrence of the More-Preferred,
Less-Seats paradox.
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We cite here A. van Deemen, [9], page 240:
‘It is hard to find reasons that justify the possibility that a candidate or party
which is preferred by a minority is elected or has more seats than a candidate
or party which is preferred by a majority. Borda (1781) and Condorcet (1788)
rightly concluded that for this reason the plurality systems are ‘seriously de-
fective’ ([2], p. 44). The paradoxes presented in this paper lead to the same
conclusion for list systems of proportional representation.’

Above, we have constructed, behind our desks, three situations or profiles in
which the Dutch system, based on ‘Most votes count’, leads to paradoxical re-
sults. The obvious question now is if such situations also occur in real life. Well
then, in [11] the authors describe the results of their empirical research con-
cerning the occurrence of situations (profiles) in Dutch elections that could lead
to one of the above-mentioned paradoxes. In short, their findings are that they
could not find an occurrence of the strongest paradox, the Reversal-of-Majority
paradox, but that the other paradoxes occur frequently.

The reader may wonder how such empirical research is possible, since the
voters are only asked to give their first preference. How can we know what their
second, third, etcetera preferences are? During the run-up to every election so-
called voter research is done, in which a number of voters is asked to give their
individual preference ordering with respect to all parties. By making the number
of participants sufficiently large, reliable information concerning the individual
preferences of the voters over all parties can be gathered.

– [11], page 484: For the elections of 1982, 1986 and 1994, the More-Preferred,
Less-Seats paradox frequently occurred: a party that has a majority over an
other party can still get fewer seats. This paradox also occurred in 1989, be
it to a lesser extent.

– [11], page 485: The Condorcet-Party-Turns-Loser paradox occurred in the
elections of 1982 and 1994: it can happen that a Condorcet winner does not
get the largest number of seats, or perhaps even no seats at all. In 1994, D66
was Condorcet winner, but PvdA got most of the seats. Also, CDA and VVD
got more seats than D66. A second case occurred in 1982 when CDA got
more seats than the Condorcet winner PvdA. The possibility of a Condorcet
winner getting no seats at all did not occur.

– [11], page 485: the Reversal-of-Majority paradox did not occur in the elec-
tions of 1982, 1986, 1989 or 1994.

3.3 Paradoxes in the British System

In what follows we will analyze three paradoxes of the British system and pay
some attention to the May 1948 election in South-Africa.

Condorcet-Loser-Wins paradox. In the separate districts, where ‘Most votes
count’ is used, the paradoxes we have seen in the Dutch system will, of course,
also occur. Suppose, for instance, that the preferences of the voters in a district
with respect to three candidates Ad (a), Bob (b) and Carol (c) are as follows:
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a b c : 30%
b a c : 30%
c b a : 40%

For this profile, on application of ‘Most votes count’ (Plurality Rule), c is elected,
while b is the Condorcet winner. Worse, c is the Condorcet loser, meaning that all
other candidates have a majority over c. There is a majority (60%) that prefers
a to c and a majority (60%) that prefers b to c.

A second paradox in the British system is caused by the division in districts and
is, therefore, called the districts paradox. Suppose that there are three districts,
two parties A and B, twenty voters in each district and that the votes are divided
over the candidates for the two parties as follows.

candidate for A candidate for B elected
district 1 11 votes 9 votes A
district 2 11 votes 9 votes A
district 3 5 votes 15 votes B

When ‘Most votes count’ (Plurality Rule) is applied, the candidate for party A
will win in districts 1 and 2, and in district 3 the candidate for party B will win.
According to the British system, party A will then have a majority in the House
of Commons and, hence, form a government. But B has 33 votes, which is more
than the 27 votes for A. So, on direct elections, B would have won and formed
the government.

The majority that party A acquires is called, in [32], pp. 74-75, a manu-
factured majority: a majority in the legislative power, won by a party that has
got fewer votes than the other party. According to empirical research of [24],
page 74, British parliamentary elections over the period 1945-1990 produced
manufactured majorities in 92.3 percent of all cases.

A similar situation occurred in the elections in South-Africa in May 1948. There
were two parties, the United Party, against Apartheid, and the National Party,
in favor of Apartheid. The United Party got 50.9%, so more than half of all votes,
but due to the district system only 71 seats. The National Party only got 41.2%
of all votes, but 79 seats in parliament. This party won the elections due to the
single-member district plurality system: a district system where in each district
one candidate is chosen by means of ‘Most votes count’. This shows again that
the choice of the election procedure can have far-reaching consequences.

The districts paradox that may occur in the British system is illustrated again
by means of the following example from [29], pp. 221-222. Suppose there are five
parties A, B, C, D and E, ten districts and in each district 10% of the voters,
and the following distribution of votes (in percentages).
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DISTRICT
PARTY 1 2 3 4 5 6 7 8 9 10

A 3 3 3 3 3 3 3 3 3 3
B 3 3 2 2 3 0 3 3 3 3
C 0 0 0 0 0 4 4 4 4 4
D 0 0 4 4 4 3 0 0 0 0
E 4 4 1 1 0 0 0 0 0 0

Total 10 10 10 10 10 10 10 10 10 10

Because party C gets most votes in districts 6 to 10, this party will get 50% of
the seats in the British system, even though the party only gets 20% of the votes
nationally. Party D wins in the three districts 3, 4 and 5 and so gets 30% of the
seats, even though the party only gets 15% of the votes nationally. Party E wins
in the districts 1 and 2 and gets 20% of the seats in the British system, while
the party only gets 10% of the votes nationally. Party A, on the contrary, that
by far gets most votes nationally, 30%, gets no seat at all in the British system.

In the above-mentioned example, parties C, D and E together get all seats in
parliament, while only getting 20 + 15 + 10 = 45% of the votes. Parties A and
B get no seat in parliament at all, while getting 30 + 25 = 55% of all votes. It
is now obvious that parties A and B will dissolve themselves, leaving only three
parties. In reality we also see that only 2 to 3 parties are active in Great Britain.
Hence, the above paradox illustrates why one can expect that ‘Most votes count’
(Plurality Rule) combined with a district system will generate a system with few
parties (Duverger’s law). However, as this example shows, it will not necessarily
be the small parties that disappear.

In the separate districts ‘Most votes count’ is used, which - as we already saw
- is sensitive to strategic behavior. Therefore also the British election system is
sensitive to strategic behavior, as is illustrated in the following example. Suppose
that in a certain district there are three candidates A (Ann), B (Bob) and C
(Cod) and the preferences of the eighteen voters are as follows.

A B C : 6 voters
C A B : 5 voters
B C A : 4 voters
B A C : 3 voters

For ‘Most votes count’ this means that candidate B will be elected in this district.
An opinion poll preceding the elections could cause the five voters with candidate
C as most preferred and candidate B as least preferred candidate to change their
vote and put candidate A first. The result would then be that A defeats B with
11 to 7 votes and this outcome is preferred to the original outcome by these five
voters.

Note that in the British system a party that wins the district’s seat after joining
two districts, does not necessarily win in both original districts. In order to see
this, consider the following two profiles for district 1 and district 2.
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District 1: a b c : 9 voters District 2: a b c : 6 voters
b c a : 5 voters b c a : 9 voters
c b a : 3 voters c b a : 2 voters

The Dutch and British system are not Independent of Irrelevant Alternatives. In
order to see this, consider the following profile.

a b c : 4 voters
c b a : 3 voters
b c a : 2 voters

1) Check that in the Dutch system the number of seats for c will be greater than
the number of seats for b, but that on absence of a the inverse will be the case.
The collective preference concerning b and c, as expressed in the distribution of
seats, is, hence, influenced by the presence of the (irrelevant) alternative a.
2) Check that in the British system the district’s seat is given to neither b nor c
and that these two parties are hence collectively indifferent, but that on absence
of a the district’s seat is given to b and not to c. So also in the British system
the collective preference, as expressed in the distribution of seats, between b and
c is influenced by the presence of the (irrelevant) alternative a.

3.4 Hybrid Systems

A country like Germany has a hybrid election procedure, the so-called two-vote
system. It combines two ideals, namely district representation, as in England,
and proportional representation, as in The Netherlands. Every voter has two
votes: a first vote (Erststimme) for one candidate from his or her district and a
second vote (Zweitstimme) for one of the national parties. Half of the Bundestag
consists of district candidates and half of representatives of the national parties.
Furthermore, there is an election threshold of 5%. The voter may vote with
his first vote for a candidate that does not necessarily belong to the party he
or she gives the second vote to. (For reasons of simplicity we do not consider
Überhangmandate.)

Similar systems are used in Mexico, South-Korea, Taiwan and Venezuela.
Versions of this system have recently been applied in Hungary, Italy, Japan, New
Zealand and Russia (see [13], p. 87). In the Netherlands such a two-vote system
was proposed in 1995. The proposal was to give each voter two votes. Parliament
will then consist of 75 national seats and 75 district seats. The country would be
divided into five districts, each of which distributes 15 seats among the district
candidates. Every voter’s first vote would be for a candidate from his district,
the second vote would be for a national party (as in the current system).

A. van Deemen showed that the proposed election procedure could lead to what
has been named the two-vote paradox: a party B could get a majority over party
A in each district, while party A gets a greater number of seats in parliament than
party B. To see this, we suppose four parties A, B, C and D and a distribution
of the national seats as follows:
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Party Number of seats Percentage
A 30 40,0%
B 20 26,7%
C 15 20,0%
D 10 13,3%

We also suppose that the district elections lead to the following result.

Districts: D1 D2 D3 D4 D5 Total
Party A 5 5 5 4 4 23
Party B 6 8 6 6 5 31
Party C 2 1 2 2 2 09
Party D 2 1 2 3 4 12
Total: 15 15 15 15 15 75

For the above-mentioned outcome, party A will get 30 national and 23 district
seats, so the party will have 53 seats in parliament. Party B will get 20 national
and 31 district seats, so a total of 51. According to the second table, however,
party B has a majority over party A in each district.

Because the proposed election procedure is a combination of the British and the
current Dutch system, it is also prone to the paradoxes that may occur in either
of these systems (see section 3.2 and 3.3).

The proposed system is an amelioration of the existing one in the sense that
more information is asked of the voter and processed. The function of an election
mechanism is to aggregate information received from the voter to distribute
seats. Such an election procedure, however, cannot serve to, for instance, close
the gap between voters and politicians.

3.5 Summary

The Dutch election mechanism is based on proportional representation and cat-
egoric voting. In section 3.2 we have discussed a number of paradoxes that may
occur in this system: the More-Preferred, Less-Seats paradox, the Condorcet-
Party-Turns-Loser paradox and the Reversal-of-Majority paradox.

The British system is based on non-proportional representation, as well as on
categoric voting. In section 3.3 we have found some paradoxes that may occur
in this system: the Condorcet-Loser-Wins paradox and the districts paradox.

In the Netherlands ‘Most votes count’ (Plurality Rule) is used to generate a
collective (order of) preference. Contrary to this, in the United Kingdom ‘Most
votes count’ is used to establish for each district a collective choice: the candidate
for a certain party.

The German hybrid election procedure is a combination of the Dutch and
British system and, hence, inherits the paradoxes of both systems. The German
two-vote system also creates its own paradox, which we have called the two-vote
paradox.
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4 Ordinal Voting

In ordinal voting, voters are asked to list the candidates or parties in order of
preference. In section 4.1, the Single Transferable Vote (STV) system, used in
Ireland and Malta, is considered. That this system gives rise to a number of
very akward paradoxes is made clear in section 4.2. In section 4.3 we consider
the Alternative Vote (AV) system that is used in Australia. That this system
is also subject to paradoxes is the subject of section 4.4. The French election
system and the paradoxes inherent in it are considered in section 4.5.

4.1 The Single Transferable Vote (STV) System

In Ireland and Malta, the Single Transferable Vote (STV) system is used. This
system was first proposed by Thomas Hare (1861) in England and Carl George
Andrae in Denmark around 1850. Hare presented his system as a way to secure
the proportional representation of important minorities. His idea was that no
vote should be wasted: even if someone’s vote does not aid in electing his or her
first choice, the vote can still count for his or her lower choices. John Stuart Mill
(1862) classified STV ‘among the greatest improvements yet made in the theory
and practice of government’ ([6], 11.1).

The members of parliament are elected per district. In Ireland, there are
about 40 districts that have to elect approximately 150 members of parliament.
This means that each district must appoint several representatives. Even though
STV is a system of proportional representation, it differs from proportional sys-
tems with lists (parties) because the voters choose individual candidates instead
of parties. Furthermore, they are asked to give an order of preference regarding
the candidates, independent of the parties they belong to, instead of casting just
one vote for one candidate (or party), so that the voting is ordinal instead of
categoric. To gain a seat, the candidate must pass a certain election threshold.

Let us begin by considering an example that will make clear what moved Hare
to develop his STV system. The example is taken from [19], page 211. Consider
an imaginary district in which two of the four candidates must be elected. Two
candidates, Ann (a) and Bob (b), are conservative, the other two, Coby (c) and
Donald (d), are progressive. Suppose that the preferences of the 23 voters are as
follows:

a b c d : 7 voters
b a c d : 6 voters
c d b a : 6 voters
d c b a : 4 voters

In an election where each voter may vote for two candidates, a and b will win
with 13 votes each. Hence, the 10 progressive voters remain unrepresented, even
though they constitute 43% of the electorate. The 13 conservative voters get a
100% representation.
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Before giving a general description of Hare’s STV system, let us use the above
example to see how it works.
The election threshold in this example is 8, because

1. for 23 voters, there can be no more than 2 candidates that get eight votes of
first choice: three candidates with eight votes of first choice would require 3
× 8 = 24 voters;

2. with an election threshold of 7, three instead of two candidates could get
seven votes of first choice: 3 × 7 = 21.

Thus, the election threshold is the smallest number of votes of first choice so
that the maximum amount of candidates that can reach the election threshold
corresponds to the available number of seats.

Because the election threshold is 8, in the above example every candidate is
short of votes. The least popular candidate, Donald (d), is then (under STV)
eliminated and his four supporters then transfer their votes to Coby (c), their
second choice. In the second round, the list of preferences then looks as follows:

a b c : 7 voters
b a c : 6 voters
c b a : 10 voters

Now c exceeds the election threshold by two votes and is hence elected. Her re-
maining votes are transferred to b, the second choice of this group. The situation
in the third round then becomes:

a b : 7
b a : 6 + 2 = 8

Now b reaches the election threshold and is elected. Note that on application
of STV both the progressive candidate c and the conservative candidate b are
elected, while without STV the two conservative candidates a and b would have
been elected. So, on application of STV, both groups of voters are more or less
proportionally represented.

In the above example, in which 2 (of the 4) candidates had to be elected according
to the STV procedure by 23 voters, the election threshold was 8.

Now suppose there are n voters and k available seats. The election threshold
q is then, by definition, the smallest natural number such that kq ≤ n and
(k + 1)q > n. Thus, q = [ n

k+1 ] + 1, where [ n
k+1 ] is the integer obtained by

rounding down n
k+1 .

So, in the above example, where 23 voters have to elect 2 candidates, the
election threshold q = [ 23

2+1 ] + 1 = 7 + 1 = 8.

We now give a general description of STV, the system of Single Transferable
Vote, as found in [19], page 212. If we assume that at least one candidate reaches
the election threshold and at least one seat remains, the winning votes that
pass the election threshold are proportionally transferred to the second choice
of these voters. If as a result of this transfer another candidate reaches the
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election threshold, this candidate is elected; and if seats remain, the remaining
votes (the ones that passed the election threshold) are once again transferred
proportionally. This process continues until all seats are occupied. If at any
point there is a seat unoccupied without there being votes to be transferred, the
candidate with the least number of votes is eliminated and the supporters of this
candidate transfer their votes to their most preferred candidate amongst those
that are still in the running (that is, not eliminated and not yet occupying a
seat).

The idea is that no vote is wasted: each vote beyond the number a candidate
needs to be elected must be counted elsewhere; a vote that is wasted on the least
popular candidate must be counted elsewhere.

Let us illustrate how STV works by means of a more complex example, taken
from [24], page 158. Suppose that one district has to elect three representatives.
It has a hundred voters and seven candidates: P, Q, R, S, T, U, and V. Suppose
that the individual preference orderings are given in the following profile.

P Q R : 15 voters
P R Q : 15 voters
Q R P : 8 voters
R P Q : 3 voters
S T : 20 voters
T S : 9 voters
U : 17 voters
V : 13 voters

Hence, the election threshold is [ 100
3+1 ] + 1 = 26. On application of STV, the

following occurs. In the first round, P has 15 + 15 = 30 votes and is the only
candidate to reach the election threshold. In the second round the four (30−26)
surplus votes P had are proportionally transferred to the second choice of these
voters. In this case, two to Q and two to R, because half of the original thirty
preferences with P as first choice had Q as second choice and half had R as
second choice. In the second round, Q then has 8 + 2 = 10 (first) votes, R has 3
+ 2 = 5, S 20, T 9, U 17, and V 13 votes. So, none of these candidates reaches
the election threshold in the second round. Hence, in the third round the weakest
candidate, R, is eliminated and the five votes R had are transferred to the first
candidate that is still in the running, which is Q. In the third round, Q then has
10 + 5 = 15 votes, S 20, T 9, U 17, and V 13 votes. This means that also in the
third round, no candidate reaches the election threshold. In the fourth round,
according to the STV procedure, again the weakest candidate is eliminated, in
this case T, and T’s nine votes are transferred to S, the second choice of these
voters. In the fourth round, Q has 15 votes, S 20 + 9 = 29, U 17, and V 13
votes. S now passes the election threshold and is elected. At this stage, P and S
are elected while R and T have been eliminated. Because three candidates must
be elected, a fifth round is necessary: the three (29 − 26) surplus votes S had
must be transferred to the next preference of the voters, in this case T. Since
T has already been eliminated, the three votes are not transferable. So, nobody
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reaches the election threshold in the fifth round, and, in the sixth round, the
weakest candidate is removed. This is V, whose 13 votes are not transferable.
Only Q with 15 and U with 17 votes remain. This means that in the seventh
round, the weakest candidate, Q, is eliminated and that U becomes the third
candidate elected.

4.2 Paradoxes in the STV System

Even though Hare developed his Single Transferable Vote system with the best of
intentions, this system frequently leads to results that are contrary to what one
would expect. In this section we will expound on a number of these paradoxes.

STV is majority-inconsistent: A Condorcet winner may exist without being
elected by STV. We have already seen in sections 3.2 and 3.3 that the Dutch and
British systems, both based on ‘Most votes count’, are also majority-inconsistent:
the Condorcet-Party-Turns-Loser paradox in the Dutch system and the Condor-
cet-Loser-Wins paradox in the British system. Probably, the first to recognize
the majority-inconsistency of STV were Hoag and Hallett (see [18]).

Suppose that STV is to be used to elect one of three candidates, Ann (a),
Bob (b), and Coby (c), by eight voters. The election threshold is then [ 8

1+1 ] + 1
= 5. Suppose that the individual preferences are given in the following profile:

a b c : 3 voter
b a c : 2 voters
c b a : 3 voters

Because nobody reaches the election threshold in the first round, STV requires
that b, being the candidate with the fewest (first) votes, be eliminated and his
two votes transferred to the second choice of these voters, a. Consequently, a
reaches the election threshold with 3 + 2 = 5 votes and is elected.

However, on application of the Majority Rule (pairwise comparison), we see
that b defeats a with 2 + 3 = 5 to 3 votes and b defeats c with 3 + 2 = 5 to 3
votes. Thus, b is the Condorcet winner, while b is the first to be eliminated in
the STV procedure.

STV is sensitive to strategic behavior. One of the instructions for the elections of
the American Mathematical Society (AMS) was ‘there is no tactical advantage to
be gained by marking few candidates.’ However, in 1982, Steven Brams showed,
by means of an example, that, on application of STV, it may well be beneficial
to some voters to mention fewer candidates in their preference ordering. In [6],
Example 11.1, he gives the following example.

Suppose that two of the four candidates, x, a, b, and c, have to be elected
by 17 voters who have the following preferences (divided over three (preference)
classes I, II, and III).

I x a b c : 6 voters
II x b c a : 6 voters
III x c a b : 5 voters
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The election threshold for STV is now [ 17
2+1 ] + 1 = 6. On application of the STV

procedure, x and a are elected. This goes as follows. In the first round, x, with
all 17 votes, is the only one to reach the election threshold and is elected. The
17 − 6 = 11 surplus votes for x are then transferred in the ratio 6 : 6 : 5 to the
second preferences of the voters in group I, II, and III. Groups I and II each
receive 6

17 × 11 = 66
17 votes and III receives 5

17 × 11 = 55
17 votes.

I a b c : 66
17 votes

II b c a : 66
17 votes

III c a b : 55
17 votes

Since after the transfer of votes no candidate reaches the election threshold, in
the third round, the candidate with the fewest votes, c, is eliminated, resulting
in this preference profile:

I a b : 66
17

II b a : 66
17

III a b : 55
17

a now has 66
17 + 55

17 votes, reaches the election threshold, and is hence elected with
x.

The voters in class II see their least preferred candidate a elected alongside
their most preferred candidate x. Now suppose that two of the six class II voters
had only given their first choice x. The profile would then look like this.

I x a b c : 6
II.1 x : 2
II.2 x b c a : 4
III x c a b : 5

The reader can easily verify that on application of the STV procedure candidate
c is now elected alongside x (see also [19], pp. 214-215).

Note that the outcome in which c and x are elected is more attractive to
class II voters, as they prefer c to a. We have already seen that if all voters in
class II had given their complete preference ordering, a would have been elected.
So, the two class II voters who gave only their first choice have thereby gained
a tactical advantage.

Negative Responsiveness paradox: On application of STV, a candidate’s position
can deteriorate when he gets extra votes; more votes can even turn a winner into
a loser! In other words, STV is not monotonic. Doron and Kronick have clarified
this by means of the following example (see [12]). Suppose that 26 voters must
elect two of four candidates: Ann (a), Bob (b), Coby (c), and Donald (d). Further,
suppose that their individual preferences are given in the following profile.

I a b c d : 9 voters
II c d b a : 6 voters
III d c b a : 2 voters
IV d b c a : 4 voters
V b c d a : 5 voters
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As the election threshold is 9, a is elected. In the second round, b is dropped (he
has the least votes), after which c is elected with 6 + 5 = 11 votes.

Now suppose that the two voters in class III come to prefer c over d and
leave the rest of their preferences unchanged. Then c gains two votes. The new
situation is then:

I a b c d : 9
II c d b a : 6
III* c d b a : 2
IV d b c a : 4
V b c d a : 5

Once again, a is elected in the first round. Consequently, d is removed (having
the least votes), after which b is elected with 5 + 4 = 9 votes.

In the above example, we see that candidate c turns into a loser by getting
two more votes. If the two voters in class III* had ranked c second instead of
first, c would have been elected.

Two-districts paradox ([19], pp. 220-221): A candidate can win in each separate
district and still lose, on application of STV, an election in a combination of
those districts.

To see this, consider two districts with 21 voters and the same four candidates
Ann (a), Bob (b), Coby (c), and Donald (d). Suppose that one candidate must be
elected in each district, so that the election threshold in each district is 11. The
individual preferences for districts 1 and 2 are given by the following profiles.

I a b c d : 8 voters I a b c d : 8 voters
II b c d a : 4 voters II b c d a : 4 voters
III c a d b : 3 voters III c a d b : 6 voters
IV d c b a : 6 voters IV* d a b c : 3 voters

In both districts, STV will elect a: originally nobody reaches the threshold, but
in the second round c and d will be eliminated, after which a reaches the election
threshold in both districts with 8 + 3 = 11 votes.

If the two districts are combined into one district and we assume that the
individual preferences of the 42 voters remain the same and that once again
one candidate must be elected, the STV procedure has a surprise in store for
a: STV now elects c! The election threshold is now 22. Initially, nobody reaches
the election threshold and b is eliminated. Hence, c gets 3 + 6 + 4 + 4 = 17
votes. In the next round, d is eliminated. Six of his votes go to c, who gets 17 +
6 = 23 votes and reaches the election threshold.

In their article ‘Paradoxes of Preferential Voting; What can go wrong with so-
phisticated voting systems designed to remedy problems of simpler systems’
([14]), Fishburn and Brams give a beautiful example of what they call the no-
show paradox. Because a couple cannot participate in a mayoral election due to
the breakdown of their car, they unwittingly prevent their least preferred candi-
date from winning. Had they been able to vote, their least preferred candidate
would have won on application of STV.
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No-show paradox: By adding individual preferences with x as the least preferred
alternative, x can turn into a winner (while originally being a loser).

Fishburn and Brams describe a situation in which a village has to elect a mayor
according to the STV procedure, whereby a car breakdown prevents Mr. and
Mrs. Smith from participating in the election. Both have the preference ordering:
Ann Bob Cod, where they strongly dislike Cod. Owing to their absence, there are
only 1608 voters that have to elect one mayor according to the STV procedure.
The individual preferences are given in the following profile.

Amount Preference
417 Ann Bob Cod
82 Ann Cod Bob

143 Bob Ann Cod
357 Bob Cod Ann
285 Cod Ann Bob
324 Cod Bob Ann

1608

On application of STV, the election threshold is [16081+1 ] + 1 = 805. Ann has 417
+ 82 = 499 first votes, Bob 143 + 357 = 500, and Cod has 285 + 324 = 609
first votes. So, in the first round, none of the candidates reaches the election
threshold and the candidate with the fewest first votes, Ann, is eliminated. The
votes for Ann are then transferred to Bob and Cod. This means that, in the
second round, Bob gets 500 + 417 = 917 votes, reaches the election threshold,
and is elected mayor. Note that Bob is the second preference of the Smith couple,
who are very happy that Cod, whom they despise, did not win.

Now let us see what would have happened had the Smith’s car functioned
properly and they had been able to participate in the election. The election
result would then look like the one above, only with 419 voters with preference
‘Ann Bob Cod’ and a total of 1610 voters.

Because there are two more voters with the preference ‘Ann Bob Cod’, Ann
has two more first votes: 501 instead of 499. This means that, in the first round,
Bob, who received only 500 first votes, is eliminated instead of Ann and that
his votes are proportionally transferred to Ann and Cod. Hence, Cod gets 609 +
357 = 966 votes, reaches the election threshold [ 16101+1 ] + 1 = 806, and is elected
mayor. Mr. and Mrs. Smith are perturbed: by not showing up (no-show), they
unwittingly prevented their least preferred candidate from winning the election.

It is easy to verify that all other paradoxes given in this section can be illustrated
by means of the above example:

a) The winner in the above example according to STV is also the Condorcet
winner in the case of a car breakdown, but not in the case where the Smith
couple was able to participate in the election. (STV is majority-inconsistent).

b) Consider the case in which the Smith couple is able to vote. If two or more
of the 82 voters with preference ‘Ann Cod Bob’ put Cod in first place (Cod Ann
Bob), then Ann is eliminated first instead of Bob, and Bob wins instead of Cod.
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An increase in support for Cod turns him into a loser (Negative Responsiveness
paradox).

c) The Smith couple’s village has two districts: East and West. The votes
were distributed over the districts as follows.
Amount Preference East West

417 Ann Bob Cod 160 257
82 Ann Cod Bob 0 82

143 Bob Ann Cod 143 0
357 Bob Cod Ann 0 357
285 Cod Ann Bob 0 285
324 Cod Bob Ann 285 39

1608 588 1020

Ann would have won in both separate districts (on application of STV), while
she loses in a combined vote for the two districts (Two-districts paradox). Note
that both Bob and Cod have a majority over Ann on a merging of the districts.

4.3 The Alternative Vote (AV) System

In Australia, the members of parliament are chosen per district (as in England),
where each district elects one member. As the Australian parliament has 148
seats, the number of districts is 148 (see [24], page 17). The voters are asked
to give their preference ordering of the candidates. To aggregate the individual
preferences per district to an election of one candidate, the Alternative Vote
procedure is used.

With the Alternative Vote (AV) procedure, the candidate who gets more than
50% of the first votes is elected. If no such candidate exists, the candidate with
the fewest first votes is eliminated. The votes for that candidate are then trans-
ferred to the other candidates in accordance with the second preferences. This
procedure is repeated until one of the candidates gets more than half of all votes.
In other words, as long as no candidate gets more than 50% of the votes, the
candidate with the fewest first votes is eliminated and his votes are transferred
in accordance with the second, third, etc. preferences.

The following example illustrates this procedure. Suppose that there are 24
voters and five candidates: Ann (a), Bob (b), Coby (c), Donald (d), and Edward
(e). The individual preferences are given in the following profile.

a e c b d : 4 voters
b a d c e : 5 voters
c d b e a : 8 voters
d a e b c : 2 voters
d c b e a : 1 voters
e a b d c : 2 voters
e d b c a : 2 voters

In the first round, nobody has more than half (that is, 12) of the first votes,
and candidate d is eliminated with the fewest first votes. Two votes are then
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transferred to a and one to c, the second preferences of the voters with d as
first preference. In the second round, a has 4 + 2 = 6 votes and c has 8 + 1 =
9. Since still none of the candidates has more than half (12) of all votes (24),
candidate e is eliminated with the fewest first votes. Two votes for e are then
transferred to a, the second preference of these voters, and, because candidate
d has already been eliminated, two votes for e are transferred to candidate b. In
the third round, a then has 6 + 2 = 8 votes and b has 5 + 2 = 7 votes.

a b c d e
number of votes in first round 4 5 8 3 4

second round 6 5 9 - 4
third round 8 7 9 - -

fourth round 13 - 11 - -

In the third round, still none of the candidates has more that half of the votes
and candidate b is eliminated with the fewest (7) votes. Of the seven votes for b,
five are transferred to a, the second choice of the voters with b as first preference.
The other two votes for b are transferred to candidate c. These are the two votes
that candidate b acquired after candidate e was eliminated. So, even the fourth
preference of these voters is taken into account. With two remaining candidates
a and c, a is elected in the fourth round because, with 13 votes, he now has more
that half of the votes.

4.4 Paradoxes in the AV System

The Alternative Vote system also leads to unexpected outcomes in some situa-
tions, as is illustrated by the following paradoxes.

AV is majority-inconsistent: A Condorcet winner may exist without being elected
by the Alternative Vote (AV) procedure. This was already shown by Hoag and
Hallett in [18]. Van Deemen in [9], p. 237, gives the following example concerning
one district with nine voters and three candidates Ann (a), Bob (b), and Coby
(c).

a b c : 4 voters
c b a : 3 voters
b c a : 2 voters

It is easily seen that, in the above example, b is the Condorcet winner, while the
Alternative Vote procedure eliminates b first and then elects c.

AV is sensitive to strategic behavior: In the above profile, the four voters with
preference ordering a b c prefer b over c. If these four voters vote strategically
by giving the untrue preference ordering b a c instead of their true preference
ordering, on application of AV, b will have more than half of the votes and will
hence be elected. This outcome is preferred by our four voters over the outcome
c that results when they give their true preference.

The above example can also be used to show that AV is not Independent of Ir-
relevant Alternatives (not IIA). To see this, consider the profile that is generated
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from the above profile by dropping a. We then have two profiles that are equal
as far as b and c are concerned. But AV applied to the original profile gives c as
the outcome, while AV applied to the modified profile gives b as the outcome.
The presence of the (irrelevant) alternative a therefore influences the preference
between b and c on application of AV. Similarly, this example also shows that
STV is not IIA .

In the case that only one candidate has to be elected, the election threshold
on application of STV equals [n

2 ] + 1, where n is the number of voters. So,
when electing one candidate by means of STV, he or she will be elected when
he or she gets more than half of the votes. Hence, when only one candidate
has to be elected, the Alternative Vote (AV) procedure corresponds to the STV
procedure. Therefore, the examples in section 4.2 show that the no-show paradox
and the Negative Responsiveness paradox can also occur on application of the
AV procedure.

The reader can easily check that the two-districts paradox, considered in section
4.2, can also occur in the Alternative Vote (AV) system. To see this, consider
again the example used to illustrate the two-districts paradox for the STV sys-
tem.

The districts paradox that can occur in the British system can also occur
on application of STV or AV. Each can be illustrated by the same example;
see section 3.3. In this example, party A will gain a manufactured majority in
parliament also on application of STV and AV respectively: a majority of the
number of seats gained with a minority of (first) votes.

4.5 The French Election System

In Australia, seats are distributed on the basis of absolute majority. This means
that the seats in parliament are not distributed proportionally to the number
of votes a party managed to get. The structure of voting is ordinal: apart from
their first preference, voters can also give their second, third, etc. preferences.

In France, a similar election procedure is used, one that combines non-
proportional representation with a form of ordinal voting. In France, 555 mem-
bers of parliament are elected in 555 districts by means of the so-called majority-
plurality rule. According to [24], p. 18, an (absolute) majority (more than half
of all votes) is needed in the first round to gain the seat. When none of the can-
didates gets an absolute majority of votes in the first round, a second and final
election round is organized, where the criterion ‘Most votes count’ (plurality)
is used. In general, only two candidates compete in this second round, because
the weakest candidates (those with less than 17% of all votes) are forced to
withdraw and other candidates are allowed to withdraw in favor of another can-
didate from an allied party. The French presidential elections are decided by the
majority-runoff formula. This formula is comparable to the majority-plurality
formula, except that only two candidates may participate in the second round,
i.e., the ones that got the most votes in the first round. In addition to France,
this formula is also used for direct presidential elections in Portugal and Austria.
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The French election procedure with two rounds is also majority-inconsistent. We
illustrate this paradox by means of an example taken from [19], p. 222. Suppose
there are three candidates, Pro(gressive), Cen(ter), and Con(servative), and the
preference ordering of the voters is given by the following profile.

Pro Cen Con : 49%
Cen ? ? : 10%
Con Cen Pro : 41%

Cen defeats Con with 49 + 10 = 59% of the votes and Cen defeats Pro with
10 + 41 = 51% of the votes. So, Cen is the Condorcet winner. However, in the
first round, nobody gets more than half of the (first) votes, and Cen, with the
fewest votes, will have to withdraw. The second round will then be between Pro
and Con, despite the fact that Cen is the Condorcet winner.

Consider (again) the following example:

a b c : 4 voters
c b a : 3 voters
b c a : 2 voters

It is easy to see that the French election mechanism is not IIA and sensitive to
strategic behavior.

In their book Approval Voting [4], Brams and Fishburn show that the Negative
Responsiveness paradox may also occur in the French election procedure. Con-
sider three candidates, Ann (a), Bob (b), and Coby (c), and seventeen voters
that have the following preferences.

I a b c : 6 voters
II c a b : 5 voters
III b c a : 4 voters
IV b a c : 2 voters

Then a and b with six votes each will reach the second round, where a will win
from b with 6 + 5 = 11 against 4 + 2 = 6 votes. Now suppose that the voters
in class IV promote a from their second to their first preference. This gives rise
to the following profile.

I a b c : 6 voters
II c a b : 5 voters
III b c a : 4 voters
IV* a b c : 2 voters

Then a and c will reach the second round with 6 + 2 = 8 and 5 votes respectively,
where c will win from a with 5 + 4 = 9 against 6 + 2 = 8 votes. Greater support
for a costs her the victory!

The reader can easily check that the example Fishburn and Brams use to illus-
trate the no-show paradox on application of STV (see section 4.2) can also be
used to illustrate that the no-show paradox may occur for presidential elections
in France.
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4.6 Summary

The STV (Single Transferable Vote) system is used in Ireland and Malta. This
system is based on proportional representation (per district) and on ordinal vot-
ing (meaning that the voters give a preference ordering of candidates or parties).
It is a fairly complex procedure that, in spite of all the good intentions (pro-
portional representation), gives rise to a number of paradoxes, as seen in section
4.2: STV is majority-inconsistent, sensitive to strategic behavior, and subject
to the Negative Responsiveness paradox. Especially the latter seems damning:
more votes for a candidate can cause him to lose his seat. Besides, on application
of STV, the no-show paradox can occur: adding individual preferences with x as
the least preferred candidate can turn x from a loser into a winner. STV is also
prone to the districts paradox and the two-districts paradox.

The Alternative Vote (AV) system that is used in Australia (and implicitly in
France) is based on non-proportional representation (per district) and on ordinal
voting. This system is likewise not free of paradoxes: all the above mentioned
paradoxes occur in this system, as we have seen in section 4.4. Like STV, AV is
also not Independent of Irrelevant Alternatives.

In section 4.5, we have shown that the French election procedure is also
subject to the paradoxes discussed above.

5 Arrow’s Theorem

In the previous chapters, we have considered several election procedures: ‘Most
votes count’ (Plurality Rule), pairwise comparison (Majority Rule), Borda pro-
cedure, Approval Voting, the Dutch and British systems both based on ‘Most
votes count’, the Single Transferable Vote (STV) system, and the Alternative
Vote (AV) system. For each of these election procedures, we have ascertained
a number of properties that we consider to be unwanted or to have negative
consequences. Of course, the question arises as to whether any ‘good’ election
procedures exist. However, what are ‘good’ election procedures?

We have already seen a number of requirements which we could say an elec-
tion procedure needs to satisfy: anonymity, neutrality, IIA, Pareto condition,
monotonicity, not sensitive to strategic behaviour, non dictatorial (which means
that there is no individual - called the dictator - such that the election procedure
selects the preference of that individual in all cases). Furthermore, an election
procedure should be transitive, meaning that, if the procedure prefers x to y
and y to z, then the procedure will also prefer x to z. We have seen previously
that the Majority Rule does not have this property: for the Condorcet profile in
section 2.3, we have seen that, on pairwise comparison, Florence defeats Venice,
Venice defeats Siena, but Florence does not defeat Siena (on the contrary, Siena
defeats Florence). ‘Most votes count’ is a transitive election procedure: if x has
more votes than y and y has more votes than z, then x has more votes than z.

The question remains if all these properties are unquestionably positive. For
instance, anonimity (of the voters) can be considered a great good, but it is
sometimes irritating that the vote of a specialist is counted only as heavily (or
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lightly) as that of the ignorant. On the other hand, if an election procedure
is manipulable (meaning that it is sensitive to strategic behaviour), that can
be considered a negative property. However, if the possibility of manipulation
is small and the procedure has many other positive properties, we might still
consider it a ‘good’ election procedure.

In order to choose from the multitude of available election procedures, it
seems wise to determine the properties of the procedures. Based on these prop-
erties, positive and negative, it will then hopefully be possible - keeping in mind
the purpose of the procedure to be selected - to make a well-considered choice.
Even better, but also more difficult, would be to characterise several procedures
by means of a number of properties. This means that you show that a procedure
with such and such properties must of necessity be one particular procedure. In
[25], K. May gave the following characterisation of pairwise comparison (Major-
ity Rule): Majority Rule (pairwise comparison) is the only election procedure
that is anonymous, neutral, and monotonic.

There are deep mathematical-logical results at the base of the perpetual won-
derment when studying election procedures for more than three candidates ([6],
Introduction).

The first observation, by Kenneth Arrow around 1950, is that, for three or
more alternatives, there can not be an election procedure that satisfies a number
of conditions which could be considered desirable properties for such a proce-
dure. Arrow’s theorem states that, for at least three alternatives, there can not
be a transitive election procedure - more precisely, there is no transitive (col-
lective) preference rule - that at the same time satisfies the Pareto condition,
is Independent of Irrelevant Alternatives (IIA), and non-dictatorial. In other
words, K. J. Arrow proved that every transitive election procedure (more pre-
cisely, every transitive preference rule) that satisfies the Pareto condition and
is Independent of Irrelevant Alternatives (IIA) must necessarily be dictatorial.
With this, he gives a characterisation of dictatorial election procedures (pref-
erence rules). As a dictatorial election procedure is generally considered to be
unwanted, Arrow’s result is also called an impossibility theorem: a transitive elec-
tion procedure (preference rule) can never at the same time satisfy the Pareto
condition, be Independent of Irrelevant Alternatives, and be non-dictatorial. In
other words, the Pareto condition, IIA, and non-dictatoriality are incompatible;
it is impossible to construct a transitive election procedure (preference rule) that
has all three of these properties. This is quite surprising, as each of these three
properties appears to be reasonable at first sight. Arrow’s theorem shows us that
reaching a collective decision is much more complicated than it would seem.

The second observation, by Gibbard (1973) and Satterthwaite (1975), says
that all reasonable election procedures - more precisely, choice rules - for three or
more alternatives are sensitive to strategic behaviour. The Gibbard-Satterthwaite
theorem states that, for at least three alternatives, there can not be an election
procedure (choice rule) that is at the same time Pareto optimal, not sensitive to
strategic behaviour, and non-dictatorial. In other words, for at least three alter-
natives, every Pareto optimal and non-manipulable choice rule is dictatorial.
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Notice that Arrow’s impossibility theorem is about preference rules, whereas
that of Gibbard and Satterthwaite is about choice rules. As we have seen in the
Introduction, a choice rule selects one alternative for every voter profile, while
a preference rule assigns to each voter profile a collective order of preference of
the alternatives.

A choice rule K is called Pareto optimal if it selects for every profile p an
alternative y (= K(p)) that is not collectively improvable (meaning that there
does not exist an alternative x that everyone prefers to y).

A choice rule K is non-manipulable or not sensitive to strategic behaviour
if cheating does not pay, or more precisely, if strategic behaviour of one of the
individuals is not beneficiary to that individual independent of what the other
individuals do.

The reader interested in the proofs of these theorems, is referred to [10].
Notice that, in both Arrow’s theorem and that of Gibbard and Satterthwaite, the
condition is ‘at least three alternatives’. For two alternatives, ‘Most votes count’
and the Borda rule coincide with the Majority Rule, and hence are, like the
Majority Rule, neutral, anonymous, monotonic, IIA, non-dictatorial and satisfy
the Pareto condition.

The challenge posed by the two above mentioned impossibility theorems is not
to devise a perfect election procedure. The theorems put forward by Arrow and
Gibbard and Satterthwaite show that this is impossible. The challenge is to
identify those procedures that aggregate the wishes of the voters to a collective
choice or preference (outcome) as loyally as possible to the voter preferences. We
would want an election procedure that ([6], Introduction)

– encourages sincere voting (based on true preferences)
– is relatively immune to strategic manipulation
– avoids obvious paradoxes, like the Negative responsiveness paradox, that

occurs when increased support for a candidate turns it into a loser where it
previously was a winner.

Furthermore, both impossibility theorems assume that all possible individ-
ual preference orderings (all possible profiles) are allowed, while, in practice, the
voter profiles will often be subject to several restrictions. For instance, someone
who has a person from the right-wing as favorite politician is unlikely to have
someone from the extreme left-wing as second choice. Under some restrictions,
for instance, single peakedness of the profiles, some nice (that is, satisfying a
number of desired properties) election procedures (more precisely, choice rules)
are possible; see [1] or [34], Chapter 4. Single peakedness of a profile roughly
means that the individual preferences in the profile can be ordered along a line
in such a way that, if we follow the line from left to right, the preference of
each individual grows to a peak and then diminishes. For instance, the individ-
ual preferences regarding the temperature in a room are of the following form:
every individual has one optimal temperature and, as one deviates from this
temperature, the preference will diminish.
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The next example is taken from [34], pp. 97-99. Suppose that, at an office,
five persons work in the same space, for which the central heating can be set
between 15 and 30 degrees Celcius (no decimals). The employees have to decide
collectively on the temperature. It is very likely that every individual will have
one optimal temperature and that the preference will diminish as one deviates
from this optimum. Now consider the profile below, in which the preference
concerning the temperature for each of the employees is given. Call this profile
p. It is an example of a single peaked profile.

The optimum of individual 1 is 15 degrees, that of individual 2 is 20 degrees,
3 and 4 have 23 degrees as optimum, and individual 5 has 30 degrees as optimum.
Notice that three of the five individuals, namely 3, 4 and 5, (strictly) prefer 23
degrees to all temperatures x lower than 23 degrees. In other words, for all x ∈
{15, 16, . . ., 22}, 23 defeats x on pairwise comparison, given profile p.
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Notice also that four of the five individuals, namely 1, 2, 3 and 4, (strictly) prefer
23 degrees to all temperatures x higher than 23 degrees. In other words, for each
x ∈ {24, 25, . . ., 30}, 23 defeats x on pairwise comparison, given profile p.

Hence, given the above (single peaked) profile p, 23 defeats every other al-
ternative on pairwise comparison. In other words, 23 is the Condorcet winner
given profile p.

In general, it can be shown that, for single peaked profiles, there is always a
Condorcet winner if there is an uneven number of individuals. The choice rule
that assigns to those profiles the Condorcet winner is not sensitive to strategic
behaviour (non-manipulable), Pareto optimal, and anonymous. This is also the
only choice rule for these profiles that has these properties. See [1], [34].

5.1 The Impossibility Theorems

In this section, we will give a mathematically precise formulation of the impossi-
bility theorems of Arrow and of Gibbard and Satterthwaite. For proofs of these
theorems, we refer to [10] or to [34], Chapter 3. We start with Arrow’s theorem.
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Definition 17 Given a set N of individuals, a set A of alternatives, and a
(collective) preference rule F : L(A)N → C(A), we call i a dictator for F if, for
every profile p ∈ L(A)N , F (p) = p(i).
A (collective) preference rule F is called dictatorial if there is an individual i
such that i is a dictator for F .

Hence, a collective preference rule F is non dictatorial if, for every individual i,
there exists a profile p such that the collective preference F (p) is not equal to
the individual preference p(i) of i (F (p) �= p(i)).

It seems reasonable to suppose that the collective preference must be transitive:
for all alternatives x, y, and z, if the community prefers x to y and y to z,
then the community will also prefer x to z. A collective preference rule F that
generates, for every profile p, a transitive collective preference F (p), is called
transitive.

Definition 18 A preference rule F : L(A)N → C(A) is called transitive if, for
every profile p in L(A)N , F (p) is a transitive relation. So, F : L(A)N → C(A)
is transitive if F : L(A)N → W (A), where W (A) is the set of all weak orderings
(meaning, complete and transitive) on A.

Theorem 5 Arrow’s impossibility theorem: Suppose that there are at least three
alternatives in A and F : L(A)N → W (A) is a transitive (collective) preference
rule. If F satisfies the Pareto condition and is Independent of Irrelevant Alter-
natives (IIA), then F is dictatorial.

In conclusion, we present a mathematically precise formulation of the Gibbard
and Satterthwaite theorem.

Definition 19 A choice rule K : L(A)N → A is called Pareto optimal if, for
every profile p ∈ L(A)N , there exists no x in A with x �= K(p) such that for
all i ∈ N , x p(i) K(p). In other words, a choice rule K is called Pareto optimal
if it assigns to each profile p an alternative K(p) that can not be collectively
ameliorated.

Definition 20 A choice rule K : L(A)N → A is called dictatorial if there exists
an individual i ∈ N such that, for each profile p ∈ L(A)N , the collective choice
K(p) is the best alternative in p(i).

A choice rule K : L(A)N → A is called non-manipulable or not sensitive to
strategic behaviour if cheating does not pay, or more precisely, if strategic be-
haviour of an individual is not beneficiary to that individual, independent of
what other individuals do.

Definition 21 K : L(A)N → A is non-manipulable if, for all i ∈ N and for all
p, q ∈ L(A)N , if p(j) = q(j) for all j �= i, then K(p) p(i) K(q). Therefore, K
is non-manipulable if, for every profile p, unilateral deviation of an individual i
from p to q is not beneficiary to i (K(p) is at least as good as K(q) for i).
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Theorem 6 Gibbard/Satterthwaite’s impossibility theorem: Suppose there are
at least three alternatives in A. Let K : L(A)N → A be a Pareto optimal and
non-manipulable choice rule. Then K is dictatorial.

5.2 Other Characterization Theorems
The theorem of Arrow gives a characterization of the dictatorial preference rule:
it is the only transitive preference rule that is IIA and satisfies the Pareto con-
dition (if there are at least three alternatives).

Similarly, the Gibbard/Satterthwaite theorem gives a characterization of the
dictatorial choice rule: it is the only choice rule that is Pareto optimal and non-
manipulable (if there are at least three alternatives).

In order to decide which are the better election procedures, it may be useful
to have characterizations of the different procedures. We mention a few below.

In [35] H.P. Young gave a characterization of the Borda choice correspon-
dence: it is the only choice correspondence that is neutral, consistent, faithful
and has the cancellation property. The consistency condition relates choices
made by disjoint subsets of voters to choices made by their union. It says that if
two disjoint subsets of voters choose the same alternatives, using a choice corre-
spondence, then their union should choose exactly the same alternatives, using
this same choice correspondence. Faithfulness demands of a choice correspon-
dence that, if society consists of a single individual, it must choose the most
preferred alternative of this individual. A third desirable property introduced by
Young is the cancellation property. A choice correspondence has the cancellation
property if and only if it declares a tie between all alternatives if, for all pairs
(p, q) of alternatives, the number of voters who prefer p to q equals the number
of voters preferring q to p.

Recently, Eliora van der Hout et al. ([20]) gave a characterization of the
Plurality ranking rule, on which the Dutch elections are based: it is the only
preference rule that is consistent, faithful and has the FS-cancellation property.
In the context of a social preference rule F , consistency demands that if two
disjoint sets of voters I and J both socially prefer party p to party q, using F ,
then their union should also socially prefer party p to party q, using F . Similarly,
it requires that if party p is socially preferred to party q by voter set I, using F ,
and voter set J is socially indifferent between party p and party q, using F , then
party p should also be socially preferred by the union of I and J , using F . A social
preference rule is faithful if, in case society consists of a single individual whose
most preferred party is party p, it orders this party p first. A social preference
rule is said to have the first score (FS) cancellation property if and only if it
declares a tie between party p and party q if the number of individuals who
prefer party p most (order p first) equals the number of individuals who prefer
party q most (order q first).

In [21] Eliora van der Hout and Harrie de Swart gave a characterization of
the British (so-called, First Past The Post) election system.

Finally, in [3], Rob Bosch gave a characterization of k-vote rules. These rules
are like Approval Voting, but now everyone has to approve of a fixed number k
of candidates.



194 Harrie de Swart et al.

References

1. D. Black, The Theory of Committees and Elections. Cambridge University Press,
Cambridge, 1958.
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Abstract. Lambek logics are substructural logics related to the Syn-
tactic Calculus of Lambek [17]. In this paper we prove several represen-
tation theorems for algebras of Lambek logics (residuated semigroups,
residuated monoids and others) with respect to certain algebras of bi-
nary relations. First results of this kind were obtained by Andréka and
Mikulás [1], using a method of labeled graphs. Other results were proved
in [9, 28], using a method of labeled formulas. In the present paper, we
prove these and other results, using a construction of chains of partial
representations; this idea was announced earlier in the abstract [5]. We
also provide a simpler construction which works for right and left pre-
groups [8].

1 Lambek Logics and Their Models

Substructural logics are logics whose Gentzen-style axiomatization abandons
some (all) structural rules: Contraction, Weakening, Exchange ,etc.; a good in-
troduction into this area is Restall [27]. Historically, one of the earliest substruc-
tural logics is the Syntactic Calculus of Lambek [17]: a type processing system for
categorial grammars. Other well known representatives are systems of relevant
logic. Models and proof techniques for substructural logics have been studied by
numerous authors; see e.g. [11, 13, 10, 22, 24]. Models of Lambek logics have been
studied in e.g. [3, 2, 12, 25, 1, 29, 16, 9, 6]; see also survey papers [4, 21].

A standard application of relational methods in modelling substructural log-
ics are Kripke frames: an n−ary logical connective is interpreted by means of
an n + 1−ary relation on the universe. This kind of models is very popular and
will not be considered here. We shall be interested in models whose elements
are binary relations on a fixed universe, and logical connectives are interpreted
by means of basic operations on binary relations. Models of that kind are sig-
nificant for at least two reasons. First, they show a link between substructural
logics and dynamic algebras. An early application of Lambek logics (essentially,
but not explicitly) to modelling program specification is [15]. Another example
is Pratt [26], where residuation operations, characteristic to substructural logics,
affixed to regular operations result in an elegant equational axiomatization of
action logic. Second, they allow to interpret Lambek logics within Tarski’s rela-
tional calculus, which makes it possible to employ the latter as a proof system
for the former; this line has been developed by Or�lowska [23, 24, 20]. (Or�lowska’s
relational proof systems can also be designed on the basis of Kripke frames.)

H. de Swart et al. (Eds.): TARSKI, LNCS 2929, pp. 196–213, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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The aim of this paper is to provide a new, uniform method of proof of rep-
resentation theorems of the following form: every algebraic structure from some
class is isomorphically embeddable into an algebra of binary relations. Alge-
braic structures, considered here, are abstract models of different Lambek logics
(associative, nonassociative, with meet, unit, top, etc.). In [1, 9, 28], several rep-
resentation theorems of this kind were proved, using other methods: labeled
graphs in [1] and labeled formulas in [9, 28] (the latter papers employed some
ideas of Kurtonina [16]). The method, presented here, seems to be conceptually
simpler: we avoid logical techniques, as e.g. consistent and complete sets of for-
mulas, appearing in [16, 9, 28], and a cumbersome labeling of graphs from [1].
A representation morphism is constructed as a limit of a chain of partial rep-
resentation morphisms such that each morphism in the chain is a conservative
extension of the preceding ones. Some technical details are similar to those in
[16, 9, 28], but the contents of lemmas are different. This method was announced
in [5]. We also show that the axiom of choice can be eliminated from proofs of
some representation theorems. Finally, a much simpler construction is given for
right and left pregroups [8].

We describe the Syntactic Calculus, further called Associative Lambek Calcu-
lus (AL). Its formulas (sometimes called: types) are formed out of denumerably
many variables (atoms) p, q, r, . . . and binary logical connectives ⊗ (product),→
(right arrow) and← (left arrow). A, B, C denote formulas, and Γ, ∆ denote finite
strings of formulas. Sequents are expressions Γ � A. Axioms are the sequents:

(Id) A � A,

and the inference rules are:

(⊗L)
Γ, A, B, ∆ � C

Γ, A⊗B, ∆ � C
, (⊗R)

Γ � A; ∆ � B

Γ, ∆ � A⊗B
,

(←L)
Γ, B, Γ ′ � C; ∆ � A

Γ, B ← A, ∆, Γ ′ � C
, (←R)

Γ, A � B

Γ � B ← A
,

(→L)
Γ, B, Γ ′ � C; ∆ � A

Γ, ∆, A→ B, Γ ′ � C
, (→R)

A, Γ � B

Γ � A→ B
,

(CUT)
Γ, A, Γ ′ � B; ∆ � A

Γ, ∆, Γ ′ � B
.

In rules (←R) and (→R), one assumes Γ �= ε (by ε we denote the empty
string). Lambek [17] proves the cut elimination theorem for AL: every provable
sequent has a proof without (CUT). Notice that Γ �= ε, for every provable
sequent Γ � A. We write Γ �AL A if Γ � A is provable in AL, and similarly for
other systems.

We also consider Nonassociative Lambek Calculus (NL), introduced in [18].
The formulas are the same as for AL. Formula structures (structures, for short)
are defined by recursion: (i) all formulas are (atomic) structures, (ii) if X, Y
are structures, then (X ◦ Y ) is a structure. X[Y ] denotes a structure X with a
designated occurrence of a substructure Y , and in this context X[Z] denotes the
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result of replacing Y with Z in X. X, Y, Z range over structures. Sequents are
expressions X � A. The axioms are (Id), and the inference rules are:

(⊗L)
X[A ◦B] � C

X[A⊗B] � C
, (⊗R)

X � A; Y � B

X ◦ Y � A⊗B
,

(←L)
X[B] � C; Y � A

X[(B ← A) ◦ Y ] � C
, (←R)

X ◦A � B

X � B ← A
,

(→L)
X[B] � C; Y � A

X[Y ◦ (A→ B)] � C
, (→R)

A ◦X � B

X � A→ B
,

(CUT)
X[A] � B; Y � A

X[Y ] � B
.

Again, the cut elimination theorem holds for NL [18]. NL admits no structural
rules; it is regarded as the basic substructural logic in [21]. AL is equivalent to
NL enriched with the structural rule of associativity: from X[(Y1 ◦ Y2) ◦ Y3] � A
infer X[Y1 ◦ (Y2 ◦ Y3)] � A, and conversely.

A natural extension of AL is AL0 which admits Γ = ε in rules (←R) and
(→R). We have �AL0 p → p, by (Id) and (→R), hence (p → p) → p �AL0 p,
by (Id) and (→L), but the latter sequent is not provable in AL. So, AL0 is
a nonconservative extension of AL. NL0 admits the empty structure 0 which
satisfies 0 ◦ X = X ◦ 0 = X, for every X. By the same example, NL0 is a
nonconservative extension of NL. Strictly related systems are AL1 and NL1
which admit a logical constant 1. AL1 is AL0 with 1, the new axiom � 1, and
the new inference rule:

(1L)
Γ, ∆ � A

Γ, 1, ∆ � A
.

NL1 is NL0 with 1, the new axiom 0 � 1, and the new inference rule:

(1L)
X[0] � A

X[1] � A
.

The cut elimination theorem holds for each of these systems, and consequently,
AL1 and NL1 are conservative extensions of AL0 and NL0, respectively.

The structural rule of exchange for associative systems can be written:

(EXC)
Γ, A, B, ∆ � C

Γ, B, A, ∆ � C
,

and for nonassociative systems:

(NEXC)
X[Y ◦ Z] � A

X[Z ◦ Y ] � A
.

AL with (EXC) is denoted by ALE, and AL0E, AL1E are used in a similar sense.
NLE is NL with (NEXC), and similarly for NL0E, NL1E. We say that formulas
A, B are deductively equivalent in system S, if both A �S B and B �S A.
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One easily shows that A → B and B ← A are deductively equivalent in all
systems with exchange, mentioned above, hence ← or → can be removed from
the language. The product-free fragment of AL0E is equivalent to the logic BCI
whose Hilbert-style axiomatization consists of the axioms:

(B) (B → C)→ ((A→ B)→ (A→ C)),
(C) (A→ (B → C))→ (B → (A→ C)),
(I) A→ A,

and the rule Modus Ponens: from A→ B and A infer B. AL0E is a conservative
fragment of Intuitionistic Linear Logic [14]. The product-free fragment of ALE
was studied by van Benthem [2] as a logic of semantic types. As shown in [6],
Multiplicative-Additive Linear Logic (MALL) is faithfully interpretable in BCI
with constants ∧ and �, and Cyclic MALL [30] is faithfully interpretable in AL0
with ∧, � and an additional rule for a distinguished constant. For associative
systems without exchange, the rules for ∧ are:

(∧L1)
Γ, A, ∆ � C

Γ, B ∧A, ∆ � C
, (∧L2)

Γ, A, ∆ � C

Γ, A ∧B, ∆ � C
,

(∧R)
Γ � A; Γ � B

Γ � A ∧B
.

For associative systems with exchange, ∆ can be dropped in rules (∧L1) and
(∧L2). The axiom for � is: Γ � �. The formulation of analogous rules for
nonassociative systems is left to the reader.

We survey basic algebraic frames for Lambek logics. A residuated groupoid
is a structure (M,≤, ·, \, /) such that (M,≤) is a poset, and ·, \, / are binary
operations on M , satisfying the equivalences:

(RES) ab ≤ c iff b ≤ a→ c iff a ≤ c← b,

for all a, b, c ∈ M . As a consequence, (M,≤, ·) is a partially ordered groupoid
(p.o. groupoid), that is, a groupoid with a partial ordering ≤, satisfying the
following condition:

(MON) if a ≤ b then ca ≤ cb and ac ≤ bc.

A unit in M is an element 1 such that 1a = a = a1, for all a ∈M . A residuated
groupoid such that · is an associative operation is called a residuated semigroup,
and a residuated semigroup with unit is called a residuated monoid.

Let M be a residuated groupoid. A model over M is a pair (M, µ) such that
µ is a mapping from the set of formulas into M which satisfies the following
conditions:

µ(A⊗B) = µ(A)µ(B),

µ(A→ B) = µ(A)\µ(B), µ(B ← A) = µ(B)/µ(A),

for any formulas A, B. Then, µ is extended to formula structures, by setting
µ(X ◦Y ) = µ(X)µ(Y ). If 1 is the unit in M , then we set µ(0) = 1 and µ(1) = 1.
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For associative systems, models are based on residuated semigroups M ; then, µ
can be defined on nonempty strings of formulas, by setting:

µ(A1 . . . An) = µ(A1) · · ·µ(An).

If 1 is the unit in M , we also set µ(ε) = 1. A sequent Γ � A (resp. X � A) is
said to be true in model (M, µ), if µ(Γ ) ≤ µ(A) (resp. µ(X) ≤ µ(A)). A sequent
is said to be valid in a frame M if it is true in all models over M .

It can easily be shown that the sequents provable in NL are precisely those
which are valid in all residuated groupoids. Thus, NL is complete with respect
to residuated groupoids. The soundness is easy, and the completeness can be
proved by the Lindenbaum model. Analogously, NL0 and NL1 are complete
with respect to residuated groupoids with unit, AL is complete with respect to
residuated semigroups, and AL0, AL1 are complete with respect to residuated
monoids [3, 4].

An element � ∈ M is called a top of M if a ≤ �, for all a ∈ M . A binary
operation ∧ on M is called a meet if the following equivalence:

(MEET) a ≤ b ∧ c iff a ≤ b and a ≤ c,

holds, for all a, b, c ∈M . If M admits meet and/or �, then one assumes:

µ(A ∧B) = µ(A) ∧ µ(B), µ(�) = �,

provided that the corresponding operation symbols appear in the language. Now,
each of the afore mentioned systems, enriched with ∧ and/or �, is complete with
respect to the corresponding frames supplied with meet and/or top.

In this paper, we focus on special frames which consist of binary relations on
a set. For R, S ⊆ U2, one sets:

R ◦ S = {(x, y) ∈ U2 : ∃z((x, z) ∈ R & (z, y) ∈ S)},
R\S = {(x, y) ∈ U2 : ∀z((z, x) ∈ R⇒ (z, y) ∈ S)},
S/R = {(x, y) ∈ U2 : ∀z((y, z) ∈ R⇒ (x, z) ∈ S)},

IU = {(x, y) ∈ U2 : x = y}.
By P (W ) we denote the powerset of a set W . Then, (P (U2),⊆, ◦, \, /, IU ) is a
residuated monoid. It admits the meet operation R ∧ S = R ∩ S and the top
� = U2. This frame will be called the full relational frame on U .

Let T ⊆ U2. For R, S ⊆ T , one sets:

R ◦ S = {(x, y) ∈ T : ∃z((x, z) ∈ R & (z, y) ∈ S)},
R\S = {(x, y) ∈ T : ∀z((z, x) ∈ R & (z, y) ∈ T ⇒ (z, y) ∈ S)},

S/R = {(x, y) ∈ T : ∀z((y, z) ∈ R & (x, z) ∈ T ⇒ (x, z) ∈ S)}.
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Then, (P (T ),⊆, ◦, \, /) is a residuated groupoid [28]. It admits the meet oper-
ation R ∧ S = R ∩ S and top � = T . This frame will be called the restricted
relational frame determined by T . If T is transitive, which means: (x, y) ∈ T and
(y, z) ∈ T entail (x, z) ∈ T , then the operation ◦ is the same as for the full rela-
tional frame on U , and one can omit the conjunct (z, y) ∈ T (resp. (x, z) ∈ T )
in the definition of R\S (resp. S/R).

In [1], it has been shown that AL0 is complete with respect to full relational
frames, and AL is complete with respect to restricted relational frames deter-
mined by irreflexive and transitive relations. Actually, the authors prove some
representation theorems: (i) every residuated monoid is embeddable into a full
relational frame, (ii) every residuated semigroup is embeddable into a restricted
relational frame determined by an irreflexive and transitive relation. [28] shows
that every residuated groupoid is embeddable into a restricted relational frame,
which yields the completeness of NL with respect to restricted relational frames.

In [9], similar results were proved by applying labeled formulas in the sense
of D. Gabbay and canonical models for arbitrary theories based on Lambek
logics. (ii) was strengthened: every residuated semigroup is embeddable into
a restricted relational frame determined by an irreflexive linear ordering. Also:
every residuated monoid satisfying: 1 ≤ ab entails 1 ≤ a and 1 ≤ b, is embeddable
into a restricted relational frame determined by a reflexive linear ordering. This
yields the completeness of AL0, AL1 with respect to restricted relational frames
determined by a reflexive linear ordering.

As a matter of fact, these representation theorems yield the strong complete-
ness of the respective systems: the sequents provable in the system from a set
of new axioms are precisely those which are true in all models over the respec-
tive frames such that all new axioms are true in the model. In [9], the way of
reasoning was opposite: strong completeness was shown by means of a canonical
model and used to prove the appropriate representation theorem.

Section 2 contains a complete proof of one representation theorem; we present
the new method of partial representations in detail. In section 3 we briefly show
how to adjust this method to different classes of structures.

2 A Representation Theorem

First, we give a new proof of the following representation theorem: every resid-
uated semigroup is embeddable into a restricted relational frame determined by
an irreflexive linear ordering. Then, we show how to modify the proof for the
case of other algebras.

Let (M,≤, ·, \, /) be a residuated semigroup. By a partial representation of
M we mean a triple (U, T, f) such that U is a nonempty set, T ⊆ U2 is an
irreflexive linear ordering, and f is a mapping from M into P (T ), satisfying the
following conditions:

(PR1) f(a) ◦ f(b) ⊆ f(ab),
(PR2) if a ≤ b then f(a) ⊆ f(b),
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for all a, b ∈M . A partial representation of M is called a representation of M if
it satisfies the following conditions:

(R1) f(a) ◦ f(b) = f(ab),
(R2) f(a\b) = f(a)\f(b),
(R3) f(a/b) = f(a)/f(b),
(R4) a ≤ b iff f(a) ⊆ f(b),

for all a, b ∈M . The operations ◦, \, / on relations are defined as for restricted
relational frames.

Lemma 1. Let (U, T, f) be a partial representation of M . Then, f(a\b) ⊆
f(a)\f(b) and f(a/b) ⊆ f(a)/f(b), for all a, b ∈M .

Proof. For a, b ∈ M , we have a(a\b) ≤ b, by a\b ≤ a\b and (RES). Then,
f(a)◦f(a\b) ⊆ f(b), by (PR1) and (PR2), hence f(a\b) ⊆ f(a)\f(b), by (RES).
The second inclusion can be shown in a dual way. ��
Let D = (U, T, f) and D′ = (U ′, T ′, f ′) be partial representations of M . D′ is
called a conservative extension of D if U ⊆ U ′, T = T ′∩U2 and f(a) = f ′(a)∩T ,
for all a ∈M ; we write D � D′ if D′ is a conservative extension of D.

Let T be an irreflexive linear ordering on a nonempty set U , and let f be a
mapping from M into P (T ). By the closure of f we mean a mapping c(f) from
M into P (T ), defined as follows: (x, y) ∈ c(f)(a) iff there exist x0, . . . , xn ∈ U
and a1, . . . , an ∈ M , n > 0, such that x = x0, y = xn, (xi−1, xi) ∈ f(ai), for all
0 < i ≤ n, and a1 · · · an ≤ a.

Lemma 2. (U, T, c(f)) is a partial representation of M , and f(d) ⊆ c(f)(d),
for all d ∈M .

Proof. (PR2) is obvious. We prove (PR1). Assume (x, y) ∈ c(f)(a) and (y, z) ∈
c(f)(b). There exist x0, . . . , xm and a1, . . . , am such that x = x0, y = xm,
(xi−1, xi) ∈ f(ai), for all 0 < i ≤ m, and a1 · · · am ≤ a. There exist y0, . . . , yn

and b1, . . . , bn such that y = y0, z = yn, (yi−1, yi) ∈ f(bi), for all 0 < i ≤
n, and b1 · · · bn ≤ b. By (MON), a1 · · · amb1 · · · bn ≤ ab. Then, the sequence
x0, . . . , xm = y0, . . . , yn witnesses (x, z) ∈ c(f)(ab). Assume (x, y) ∈ f(d). Then,
x, y and d witness (x, y) ∈ c(f)(d). ��
We describe three constructions of a partial representation of M which is a con-
servative extension of a given partial representation of M . Similar ideas have
been employed in [9], following Kurtonina [16]. The latter papers, however, con-
sider extensions of sets of labeled formulas, not models; [16] does not touch the
representation problem.

Construction 1. Let (U, T, f) be a partial representation of M and (x′, y′) ∈
f(ab). Let u �∈ U . We set U ′ = U ∪ {u}. T ′ equals T on U and contains all pairs
(z, u), for z ∈ U such that (z, x′) ∈ T or z = x′, and all pairs (u, z), for z ∈ U
such that (x′, z) ∈ T . So, T ′ is an irreflexive linear ordering on U ′ in which u
is positioned immediately after x′. Finally, we define f ′(a) = f(a) ∪ {(x′, u)},
f ′(b) = f(b) ∪ {(u, y′)}, and f ′(c) = f(c), for all c ∈ M such that c �= a and
c �= b. So, f ′ maps M into P (T ′), and f ′(d) ∩ T = f(d), for all d ∈M .
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Lemma 3. (U, T, f) � (U ′, T ′, c(f ′)) and (x′, u) ∈ c(f ′)(a), (u, y′) ∈ c(f ′)(b).

Proof. By lemma 2, (U ′, T ′, c(f ′)) is a partial representation of M . Clearly,
U ⊆ U ′ and T = T ′ ∩ U2. Also, for d ∈ M , f(d) ⊆ f ′(d) and f ′(d) ⊆ c(f ′)(d),
which yields f(d) ⊆ c(f ′)(d). Assume (x, y) ∈ c(f ′)(d), where (x, y) ∈ T . Then,
there exist x0, . . . , xn ∈ U ′ and a1, . . . , an ∈ M , n > 0, such that x = x0,
y = xn, (xi−1, xi) ∈ f ′(ai), for all 0 < i ≤ n, and a1 · · · an ≤ d. Let k
be the number of occurrences of u among x0, . . . , xn. By induction on k, we
prove (x, y) ∈ f(d). (Actually, since (u, u) �∈ T , then k ≤ 1, but the in-
ductive argument will be useful in variants of this proof, discussed later on.)
Let k = 0. Then, (x, y) belongs to f(a1) ◦ · · · ◦ f(an) which is contained in
f(d), by (PR1), (PR2). Assume the thesis holds for k. We prove it for k + 1.
Let i be the least integer such that xi = u. Clearly, 0 < i < n. We have
(xi−1, u) ∈ f ′(ai) and (u, xi+1) ∈ f ′(ai+1). Then, ai = a, ai+1 = b, and
xi−1 = x′, xi+1 = y′. Since (x′, y′) ∈ f(ab), then (x, y) ∈ c(f ′)(d) can be wit-
nessed by x0, . . . , xi−2, x

′, y′, xi+2, . . . , xn and a1 · · · ai−1abai+2 · · · an ≤ d, with
u occurring k times in the former sequence. Consequently, (x, y) ∈ f(d), by the
induction hypothesis. We have shown c(f ′)(d) ∩ T = f(d). Since (x′, u) ∈ f ′(a).
(u, y′) ∈ f ′(b). then the second part of the thesis is also true. ��

Construction 2. Let (U, T, f) be a partial representation of M , (x′y′) ∈ T and
(x′, y′) �∈ f(a\b). Let u �∈ U . We set U ′ = U∪{u}. T ′ equals T on U and contains
all pairs (u, z), for z ∈ U . So, T ′ is an irreflexive linear ordering on U ′ in which u
is the first element. Finally, we define f ′(a) = f(a) ∩ {(u, x′)} and f ′(c) = f(c),
for all c �= a. Then, f ′ maps M into P (T ′), and f ′(d)∩ T = f(d), for all d ∈M .

Lemma 4. (U, T, f) � (U ′, T ′, c(f ′)) and (u, x′) ∈ c(f ′)(a), (u, y′) �∈ c(f ′)(b).

Proof. Again, (U ′, T ′, c(f ′)) is a partial representation of M , U ⊆ U ′, T ′∩U2 = T
and f(d) ⊆ c(f ′)(d), for all d ∈ M . Assume (x, y) ∈ c(f ′)(d), (x, y) ∈ T . There
exist x0, . . . , xn ∈ U ′ and a1, . . . , an ∈ M which satisfy the same conditions as
in the proof of lemma 3. Since no pair of the form (z, u) belongs to f ′(ai), for
0 < i ≤ n, then the number k must be 0, and we argue as above, for the case
k = 0. Consequently, c(f ′)(d) ∩ T = f(d). Clearly, (u, x′) ∈ c(f ′)(a). We show
(u, y′) �∈ c(f ′)(b). Suppose the contrary. There exist x0, . . . , xn and a1, . . . , an

such that x0 = u, xn = y′, and the remainder is the same as above (for d = b).
By the same reason as above, x0 is the only occurrence of u among x0, . . . , xn.
We have (u, x1) ∈ f ′(a1), hence x1 = x′, a1 = a. Since xn = y′ �= x′, then n > 1.
Further, aa2 · · · an ≤ b, which yields a2 · · · an ≤ a\b, by (RES), and consequently,
(x′, y′) ∈ c(f ′)(a\b). But (x′, y′) ∈ T , hence (x′, y′) ∈ f(a\b), by the first part of
the lemma. This contradicts the assumption of construction 2. ��

Construction 3. This construction is dual to construction 2. Let (U, T, f) be a
partial representation of M , (x′, y′) ∈ T and (x′, y′) �∈ f(a/b). Let u �∈ U . We
set U ′ = U ∪ {u}. T ′ equals T on U and contains all pairs (z, u), for z ∈ U . So,
T ′ is an irreflexive linear ordering on U ′ in which u is the last element. Finally,
we define f ′(b) = f(b) ∪ {(y′, u)} and f ′(c) = f(c), for all c �= b. Then, f ′ maps
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M into P (T ′), and f ′(d)∩T = f(d), for all d ∈M . The following lemma is dual
to lemma 4.

Lemma 5. (U, T, f) � (U ′, T ′, c(f ′)) and (y′, u) ∈ c(f ′)(b), (x′, u) �∈ c(f ′)(a).

Let D = (U, T, f), D′ = (U ′, T ′, f ′) be partial representations of M . We say that
D′ witnesses D, if D � D′ and, for all (x, y) ∈ T and a, b ∈ M , the following
conditions hold true:

(W1) if (x, y) ∈ f(ab), then (x, y) ∈ f ′(a) ◦ f ′(b),
(W2) if (x, y) �∈ f(a\b), then (x, y) �∈ f ′(a)\f ′(b),
(W3) if (x, y) �∈ f(a/b), then (x, y) �∈ f ′(a)/f ′(b).

Let (Dα)α<γ , γ > 0, be a (possibly transfinite) sequence of partial representa-
tions of M such that Dα � Dβ , for all α < β. We define the limit D = (U, T, f),
by setting: U =

⋃
α<γ Uα, T =

⋃
α<γ Tα, and f(a) =

⋃
α<γ fα(a), for all a ∈M .

The proof of the next lemma is easy.

Lemma 6. Dα � D, for all α < γ.

Lemma 7. Let (Dn)n<ω be an ω−sequence of partial representations of M such
that Dn+1 witnesses Dn, for all n < ω, and D0 satisfies (R4). Let D = (U, T, f)
be the limit of this sequence. Then, D is a representation of M .

Proof. By lemma 6, Dn � D, for all n < ω, hence D is a partial representation
of M . We denote Dn = (Un, Tn, fn).

We show that D satisfies (R4). D satisfies (PR2). Assume a �≤ b. Then,
f0(a) �⊆ f0(b), since D0 satisfies (R4). So, there exists (x, y) ∈ f0(a), (x, y) �∈
f0(b). Since D0 � D, then (x, y) ∈ f(a), (x, y) �∈ f(b), which yields f(a) �⊆ f(b).

We show that D satisfies (R1). D satisfies (PR1). Assume (x, y) ∈ f(ab).
Then, there exists n < ω such that (x, y) ∈ fn(ab). Since Dn+1 witnesses Dn,
then (x, y) ∈ fn+1(a) ◦ fn+1(b), which yields (x, y) ∈ f(a) ◦ f(b).

We show that D satisfies (R2). By lemma 1, f(a\b) ⊆ f(a)\f(b). Assume
(x, y) ∈ T , (x, y) �∈ f(a\b). Then, there exists n < ω such that (x, y) ∈ Tn,
(x, y) �∈ fn(a\b). Since Dn+1 witnesses Dn, then (x, y) �∈ fn+1(a)\fn+1(b). So,
there exists z ∈ Un+1 such that (u, x) ∈ fn+1(a), (u, y) �∈ fn+1(b). Since Dn+1 �
D, then (u, x) ∈ f(a), (x, y) �∈ f(b), hence (x, y) �∈ f(a)\f(b). In a dual way one
shows that D satisfies (R3). ��
Lemma 8. Let D = (U, T, f) be a partial representation of M . Then, there
exists D′ such that D′ witnesses D.

Proof. The proof uses the axiom of choice. Let κ be the maximum of the cardi-
nalities of U and M . First, assume that κ is infinite. The set U2×M2×{1, 2, 3}
is of cardinality κ. Let (tα)α<κ be a sequence of all elements of this set. We
shall define a chain (Dα)α<κ of partial representations of M such that Dα � Dβ

whenever α < β. We denote Dα = (Uα, Tα, fα). Put D0 = D. Assume Dα, for
α < γ, have already been defined. If γ is a limit ordinal, we set Dγ to be the
limit of the chain (Dα)α<γ . By lemma 6, Dα � Dγ , for all α < γ.
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Let γ = β + 1. Take tβ = (x′, y′, a, b, i). We consider four cases. (I) i = 1
and (x′, y′) ∈ fβ(ab). We define Dβ+1 by construction 1 with U = Uβ , T = Tβ ,
f = fβ , and Dβ+1 = (U ′, T ′, c(f ′)). (II) i = 2 and (x′, y′) ∈ Tβ , (x′, y′) �∈ fβ(a\b).
We define Dβ+1 by construction 2. (III) i = 3 and (x′, y′) ∈ Tβ , (x, y) �∈ fβ(a/b).
We define Dβ+1 by construction 3. (IV) cases (I), (II), (III) do not hold. We
define Dβ+1 = Dβ . By lemmas 3, 4, 5 Dβ � Dβ+1, hence Dα � Dγ , for all
α < γ.

Let D′ = (U ′, T ′, g) be the limit of (Dα)α<κ. By lemma 6, Dα � D′, for all
α < κ.

We show (W1). Assume (x′, y′) ∈ T , (x′, y′) ∈ f(ab). Then, there exists
β < κ such that tβ = (x′, y′, a, b.1). Case (I) holds and, by lemma 3, (x′, y′) ∈
fβ+1(a) ◦ fβ+1(b), which yields (x′, y′) ∈ g(a) ◦ g(b).

We show (W2). Assume (x′, y′) ∈ T , (x′, y′) �∈ f(a\b). Then, there exists
β < κ such that tβ = (x′, y′, a, b, 2). Since D � Dβ , then (x′, y′) ∈ Tβ , (x′, y′) �∈
fβ(a\b). So, case (II) holds and, by lemma 4, there is u such that (u, x′) ∈
fβ+1(a), (u, y′) �∈ fβ+1(b). Since Dβ+1 � D′, then (u, x′) ∈ g(a), (u, y′) �∈ g(b),
and consequently, (x′, y′) �∈ g(a)\g(b). The proof of (W2) is dual.

If U and M are finite, then U2×M2×{1, 2, 3} is also finite, and we consider
finite sequences (tj)j<n and (Dj)j≤n. Now, D′ = Dn. Then, the proof goes as
above. ��

We are ready to prove:

Theorem 1. For any residuated semigroup M , there exists a representation of
M .

Proof. Let M be a residuated semigroup. First, we define a partial representation
of M which satisfies (R4). Here, we present one method. For every a ∈M , choose
different elements xa, ya. Let U consist of all xa, ya, for a ∈ M . Let T be an
arbitrary irreflexive linear ordering on U which contains all pairs (xa, ya) (we
use the axiom of choice). For a ∈M , we define:

f(a) = {(xc, yc) : c ≤ a}.

Take D = (U, T, f). (PR2) is obvious. If a �≤ b, then (xa, ya) ∈ f(a), (xa, ya) �∈
f(b), hence (R4) is true. (PR1) also holds, since f(a)◦ f(b) = ∅, for all a, b ∈M .

We form a chain (Dn)n<ω of partial representations of M such that D0 = D,
and Dn+1 witnesses Dn, for all n < ω; the existence of such a chain follows from
lemma 8. By lemma 7, the limit of this chain is a representation of M . ��

Notice that, for a countable M , all Dn’s are countable, hence in the resulting
representation (U, T, f) the universe U is countable. Therefore, every countable
residuated semigroup is embeddable into the restricted relational frame deter-
mined by a countable, irreflexive linear ordering T . Analogous facts are true for
all variants, considered in the next section.
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3 Variants

We shall briefly discuss different modifications of the above proof appropriate
for other representation theorems.

Irreflexive Partial Orderings. In [1] it has been shown that every residuated
semigroup is embeddable into the restricted relational frame determined by an
irreflexive partial ordering. The proof uses the axiom of choice. By applying the
above methods, the axiom of choice can be avoided. We redefine the notions of a
partial representation and a representation, assuming T to be an irreflexive par-
tial ordering on U . Lemma 8 can be proved without the axiom of choice. For every
quadruple (x′, y′, a, b) such that (x′, y′) ∈ f(ab), one introduces a new element
u. For every quadruple (x′, y′, a, b) such that (x′, y′) �∈ f(a\b), one introduces
a new element v. For every quadruple (x′, y′, b, a) such that (x′, y′) �∈ f(b/a),
one introduces a new element w. U ′ is U enriched with all new elements. T ′

is the smallest irreflexive partial ordering on U ′ which contains T and all pairs
(x′, u), (u, y′), for quadruples of the first kind and the corresponding new ele-
ments u, in which all new elements v are minimal elements and all new elements
w are maximal elements. f ′(a) is f(a) enriched with all pairs (x′, u) such that
there exists a quadruple (x′, y′, a, b) of the first kind, and u is the correspond-
ing new element, all pairs (u, y′) such that there exists a quadruple (x′, y′, b, a)
of the first kind, and u is the corresponding new element, all pairs (v, x′) such
that there exists a quadruple (x′, y′, a, b) of the second kind, and v is the corre-
sponding new element, and all pairs (y′, w) such that there exists a quadruple
(x′, y′, b, a) of the third kind, and w is the corresponding new element. We define
D′ = (U ′, T ′, c(f ′)). The proof of D � D′ joins arguments used in the proofs
of lemmas 3, 4, 5, and similarly for (W1), (W2), (W3). Finally, in the proof of
theorem 1, D0 can be formed without the axiom of choice: T0 consists of all pairs
(xa, ya), for a ∈M .

Residuated Groupoids. It has been shown in [28] that every residuated groupoid
is embeddable into a restricted relational frame (now, T need not be transitive).
The proof uses logical tools. Here, we show how to prove this theorem by the
above methods. In the definitions of a partial representation and a representa-
tion, we assume T to be an arbitrary relation on U .

Since the product is nonassociative, a1 · · · an ≤ a is not meaningful, unless we
fix a bracketing on a1 · · · an. Therefore, we say: a1 · · · an ≤ a with a bracketing
p. If a1 · · · an is bracketed by p, then the notion of a constituent of a1 · · · an

with respect to p is defined in a natural way. For example, the constituents of
((ab)(cd)) are: abcd, ab, cd, a, b, c, d.

Let (M,≤, ·, \, /) be a residuated groupoid, and let T ⊆ U2. Let p be a
bracketing on a1 · · · an. We say that a sequence x0, . . . , xn is compatible with
p, T if, for every constituent ai · · · aj of a1 · · · an with respect to p, it holds
(xi−1, xj) ∈ T .

Let f be a mapping from M into P (T ). We define the closure of f as the
mapping c(f) from M into P (T ), satisfying: (x, y) ∈ c(f)(a) iff there exist
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x0, . . . , xn ∈ U and a1, . . . , an ∈ M , n > 0, such that a1 · · · an ≤ a with a
bracketing p, the sequence x0, . . . , xn is compatible with p, T , x0 = x, xn = y,
and (xi−1, xi) ∈ f(ai), for all 0 < i ≤ n.

Lemma 1 is true. The proof of lemma 2 can easily be modified. If p is the
given bracketing on a1 · · · am, and q on b1 · · · bn, then r on a1 · · · amb1 · · · bn

is ((p)(q)). Now, a1 · · · amb1 · · · bn ≤ ab with bracketing r, and the sequence
x0, . . . , xm = y0, . . . , yn is compatible with r, T (notice that (x, y) ∈ T , by the
definition of ◦ in restricted relational frames).

We assume that T is irreflexive in all partial representations (U, T, f) to be
considered. In construction 1 we take T ′ = T∪{(x′, u), (u, y′)} and the remainder
as above. In the proof of lemma 3, if u occurs among x0, . . . , xn, it must be u = xi,
0 < i < n, xi−1 = x′, xi+1 = y′, and aiai+1 = ab is a constituent of a1 · · · an.
Assume it is not the case. Then, aiai+1 is not a constituent of a1 · · · an. There
exist k, l such that ak · · · ai and ai+1 · · · al are constituents of a1 · · · an, and either
k < i, or i+ 1 < l. Consider the first case. Let k be the greatest integer less than
i such that ak · · · ai is a constituent. Then, the bracketing is ((ak · · · ai−1)ai).
By compatibility, (xk−1, u) ∈ T ′, hence xk−1 = x′. Since xi−1 = x′, we get
(x′, x′) ∈ T ′, which is impossible. In the second case, the reasoning is similar.
Then, we can continue as in the proof of lemma 3.

In construction 2 we take T ′ = T ∪ {(u, x′), (u, y′)} and the remainder as
above. The proof of lemma 4 uses arguments similar to those from the preceding
paragraph. In construction 3 we take T ′ = T∪{(x′, u), (y′, u)} and the remainder
as above. The proof of lemma 5 is dual. Proofs of lemmas 6, 7, 8 can be copied.
In the proof of theorem 1, T0 consists of all pairs (xa, ya), for a ∈M . Again, one
can avoid the axiom of choice, by changing the proof of lemma 8.

Residuated Monoids. For R, S ⊆ IU , we have R ◦ S = R ∩ S. In residuated
monoids, a ≤ 1 and b ≤ 1 entails ab ≤ a and ab ≤ b, hence ab ≤ a ∧ b (if a ∧ b
exists), but not necessarily ab = a∧b. Then, an embedding of a residuated monoid
M into the full relational frame P (U2) is not required to satisfy f(1) = IU . One
stipulates a weaker condition:

(1) 1 ≤ a iff IU ⊆ f(a),

for all a ∈ M . This yields the completeness theorem for AL0 and AL1 in the
usual sense: A is provable iff 1 ≤ [A] in the Lindenbaum algebra iff IU ⊆ f([A])
in the relational frame iff A is true the relational model.

In [1], it has been shown that every residuated monoid is embeddable into
the full relational frame on some universe U . Again, this result can be proven
by the above methods, and the axiom of choice can be eliminated. Now, we take
T = U2 in all partial representations (so, T can simply be dropped). Further, a
partial representation of M must satisfy:

(PR3) if 1 ≤ a then IU ⊆ f(a),

for all a ∈M , and a representation of M must satisfy (1).
Lemma 1 is true. The closure of f is defined as above; one admits n = 0 if

1 ≤ a. This yields IU ⊆ c(f)(a) if 1 ≤ a. Lemma 2 can be shown as above. In
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constructions 1, 2, 3 we drop manipulations with T and preserve the remainder.
Proofs of lemmas 3, 4, 5 can essentially be copied; one adds the case n = 0 which
is easy. An additional construction is needed.

Construction 4. Let D = (U, f) be a partial representation of M and 1 �≤ a. Let
u �∈ U . We set U ′ = U ∪ {u} and consider D′ = (U ′, c(f)). We prove:

Lemma 9. D � D′ and IU ′ �⊆ c(f)(a).

Proof. By lemma 2, D′ is a partial representation of M . Assume (x, y) ∈ c(f)(d),
for x, y ∈ U . There exist x0, . . . , xn and a1, . . . , an such that x0 = x, xn = y,
a1 . . . an ≤ d, and (xi−1, xi) ∈ f(ai), for 0 < i ≤ n. Assume n > 0. Since no
pair from f(ai) contains u, we can proceed as in the proof of lemma 3 for k = 0.
Assume n = 0. Then 1 ≤ d and x = y. By (PR3) for D, (x, y) ∈ f(d). Clearly,
(u, u) �∈ c(f)(a), since 1 �≤ a. ��
The proof of lemma 6 can be copied. In the definition of witnessing, we add the
condition:

(W4) if 1 �≤ a then IU ′ �⊆ f ′(a),

for all a ∈ M . Now, lemma 7 is easy. In the proof of lemma 8, the sequence
(tα)α<κ contains all elements of the set (U2 ×M2) ∪M ′, where M ′ = {a ∈M :
1 �≤ a}. If tβ = a, a ∈M ′, then Dβ+1 is formed out from Dβ by construction 4.
By conservativity, D′ witnesses D. In the proof of theorem 1, we can define U
and f as above and take D0 = (U, c(f)) (one might also set D0 = (U, c(g)), where
g(a) = ∅, for all a ∈M). The axiom of choice can be eliminated by changing the
proof of lemma 8.

Reflexive Linear Orderings. Every residuated monoid in which 1 ≤ ab holds only
if 1 ≤ a and 1 ≤ b is embeddable into the restricted relational frame determined
by a reflexive linear ordering T [9]. This can be shown by our methods, joining
elements of the proofs for residuated semigroups and residuated monoids. We
omit details.

Residuated Groupoids with Unit. Every residuated groupoid with unit is em-
beddable into the restricted relational frame determined by a reflexive relation
T . This is shown by mixing the proofs for residuated groupoids and residu-
ated monoids. Now, partial representations and representations are defined as
for residuated groupoids, with T reflexive. Additionally, representations must
satisfy (1), and partial representations must satisfy (PR1)-(PR3) and:

(PR4) if 1 �≤ a then f(a) is irreflexive,

for all a ∈M . Now, we can proceed as in the proof for residuated groupoids; in
the definition of c(f) we add the possibility n = 0 if 1 ≤ a. In lemma 2, we must
assume that f satisfies (PR4). In proofs of lemmas 3, 4, 5, we need some changes.
Look at the proof that D � D′, sketched in the fragment concerning residuated
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groupoids. We have rejected the possibility (x′, x′) ∈ T ′, since T ′ is irreflexive.
Now, (x′, x′) ∈ T ′ is true, but we infer (x′, x′) ∈ f(ak · · · ai−1) with the induced
bracketing on ak · · · ak−1, by (PR1), (PR2), and consequently, 1 ≤ ak · · · ai−1,
by (PR4). Therefore, x0, . . . , xk−1, xi, . . . , xn and a1 · · · ak−1ai · · · an are shorter
sequences, proving (x, y) ∈ c(f ′)(d). Accordingly, arguments in lemmas 3, 4, 5
can be saved, if one always takes the least possible n. Clearly, (PR4) is preserved
by these constructions. The remainder of the proof is more or less the same as
for residuated groupoids. Construction 4 is not needed.

Residuated Semigroups with Meet. Assume that M admits meet. We stipulate
that every partial representation (U, T, f) of M satisfies:

f(a ∧ b) = f(a) ∩ f(b), for all a, b ∈M.

Lemma 1 is true. We preserve the definition of closure. Lemma 2 is true ex-
cept for the claim that c(f) satisfies the above equality. Lemmas 3, 4, 5 remain
true. Let us consider lemma 3. We assume that D = (U, T, f) is a partial repre-
sentation of M , and we prove that D′ = (U ′, T ′, c(f ′)) is a partial representation
of M . We must show:

c(f ′)(d ∧ e) = c(f ′)(d) ∩ c(f ′)(e), for all d, e ∈M.

The inclusion ⊆ is easy. We prove the converse inclusion. Let (x, y) ∈ c(f ′)(d)∩
c(f ′)(e). Let x �= u and y �= u. By conservativity, (x, y) ∈ f(d)∩f(e), which yields
(x, y) ∈ f(d ∧ e), hence (x, y) ∈ c(f ′)(d ∧ e). Assume x = u. Then, y �= u. There
exist x0, . . . , xm and a1, . . . , am such that u = x0, y = xm, (xi−1, xi) ∈ f ′(ai), for
all 0 < i ≤ m, and a1 · · · am ≤ d. There exist y0, . . . , yn and b1, . . . , bn such that
u = y0, y = yn, (yi−1, yi) ∈ f ′(bi), for all 0 < i ≤ n, and b1 · · · bn ≤ e. Assume
m = 1. Then, y = x1 = y′, by construction 1, hence also n = 1 (otherwise,
(y′, y′) ∈ T ′, which is impossible). We have a1 = b1 = b, by construction 1,
and b ≤ d, b ≤ e, which yields b ≤ d ∧ e. Consequently, (x, y) ∈ c(f ′)(d ∧ e).
Assume n = 1. Then, m = 1, and we argue as above. Assume m > 1 and
n > 1. We have x1 = y1 = y′ and a1 = b1 = b, as above. By (RES), a2 · · · am ≤
b\d and b2 · · · bm ≤ b\e. Thus, (y′, y) ∈ c(f ′)(b\d) and (y′, y) ∈ c(f ′)(b\e).
By conservativity, (y′, y) ∈ f(b\d) and (y′, y) ∈ f(b\e), which yields (y′, y) ∈
f((b\d)∧ (b\e)). Now, (b\d)∧ (b\e) = b\(d∧ e) is true in residuated semigroups,
hence (y′, y) ∈ f(b\(d ∧ e)). Consequently, (x, y) ∈ c(f ′)(d ∧ e). For y = u, the
argument is dual.

The partial representation D0 in the proof of theorem 1 satisfies the above
equality: (xc, yc) ∈ f(a ∧ b) iff c ≤ a ∧ b iff c ≤ a and c ≤ b iff (xc, yc) ∈
f(a)∩ f(b). It is easy to show that the limit of a chain of partial representations
of M , satisfying the above equality, also satisfies this equality. Therefore, we
can prove that every residuated semigroup admitting meet is embeddable into
the restricted relational frame determined by an irreflexive linear ordering T ,
and the embedding f satisfies the equality (this theorem has been proven in
[1] in a different way). Analogous results can be obtained for all other kinds of
structures, considered in this paper.
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Structures with Top. We cannot expect that f(�) = T or f(�) = U2 must
be satisfied by all embeddings. Clearly, f(�) must contain all relations f(a),
for a ∈ M . We can define the restricted relational frame determined by f(�).
Consider the case of residuated monoids. Since �� ≤ � is true, then f(�) is a
transitive relation. Then, for the relations f(a), a ∈M , the operations ◦, \, / for
the full relational frame are the same as the corresponding operations for the
restricted relational frame. Therefore, f can be treated as an embedding of M
into the restricted relational frame which preserves top, and similarly for other
kinds of structures.

MALL and Cyclic MALL. MALL is a propositional fragment of Classical Lin-
ear Logic [14]. Its formulas are formed out of propositional variables p, q, r, . . .,
negated propositional variables p⊥, q⊥, r⊥, . . . and constants 0, 1,⊥,� by means
of binary operation symbols ⊗,⊕,∧,∨. (We use a notation following Troelstra.)
Models are phase spaces, defined as follows. Let (M, ·, 1) be a commutative
monoid, and let ⊥� ⊆ M . (Since formulas will be interpreted as subsets of M ,
⊥� can be understood as an interpretation of a propositional constant which,
however, does not explicitly appear in the language of MALL.) For X, Y ⊆ M ,
one defines:

X ◦ Y = {ab : a ∈ X & b ∈ Y }, X → Y = {a : ∀b(b ∈ X ⇒ ba ∈ Y )}.
Then, (P (M),⊆, ◦,→, {1}) is a commutative residuated monoid. Also X\Y =
X → Y . One defines X⊥ = X → ⊥�. A set X ⊆M is called a fact if X = X⊥⊥

(equivalently, X = Y ⊥, for some Y ⊆M). A phase space is denoted (M,⊥�).
A model over (M,⊥�) is given by an assignment µ which assigns facts to

propositional variables. It is defined for all formulas, by setting:

µ(p⊥) = µ(p)⊥, µ(1) = (⊥�)⊥, µ(0) = µ(1)⊥, µ(�) = M, µ(⊥) = M⊥,

µ(A⊗B) = (µ(A) ◦ µ(B))⊥⊥, µ(A⊕B) = (µ(A)⊥ ◦ µ(B)⊥)⊥,

µ(A ∧B) = µ(A) ∩ µ(B), µ(A ∨B) = (µ(A)⊥ ∩ µ(B)⊥)⊥.

A is said to be true in the model if 1 ∈ µ(A). As shown in [14], theorems of
MALL are formulas true in all models over phase spaces.

From representation theorems, established above, it follows that commuta-
tive residuated monoids (P (M),⊆, ◦,→, {1}) are embeddable into full relational
frames, and the embeddings preserve meet and top. This yields a relational
semantics for MALL. In this semantics, formulas are interpreted as binary re-
lations, and linear implication A → B = A⊥ ⊕ B is interpreted as residuation:
µ(A → B) = µ(A)\µ(B). It is easy to see that all logical constants of MALL
are definable in terms of relational residuation, top and meet plus the special
constant ⊥�.

Models of Cyclic MALL [30] are based on cyclic phase spaces. Now, (M, ·, 1)
is a monoid, and ⊥� ⊆ M satisfies: ab ∈ ⊥� entails ba ∈ ⊥�. The remainder is
as above. The embeddings described above yield a semantics for Cyclic MALL,
based on full relational frames.
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A Link to Pregroups. As a final result, we describe another, much simpler con-
struction which works for right residuated monoids M , satisfying:

(2) a\(bc) = (a\b)c, for all a, b, c ∈M.

We define:
(3) f(a) = {(x, y) ∈M2 : x ≤ ay}.

Assuming (2), we show that (M, f) is a representation of M . We prove (R1).
Let (x, y) ∈ f(a) ◦ f(b). Then, x ≤ az and z ≤ by, for some z, which yields
x ≤ aby, hence (x, y) ∈ f(ab). Let (x, y) ∈ f(ab). Then, x ≤ aby, hence, for
z = by, we have (x, z) ∈ f(a) and (z, y) ∈ f(b). We prove (R4). Clearly, a ≤ b
entails f(a) ⊆ f(b). Assume a �≤ b. Then, (a, 1) ∈ f(a), (a, 1) �∈ f(b), hence
f(a) �⊆ f(b). We prove (R2). The inclusion f(a\b) ⊆ f(a)\f(b) holds, by the
same argument as in the proof of lemma 1. We prove the converse inclusion. Let
(x, y) ∈ f(a)\f(b). Then, for any z, if (z, x) ∈ f(a), then (z, y) ∈ f(b). We have
(ax, x) ∈ f(a), so ax ≤ by, which yields x ≤ a\(by). By (2), x ≤ (a\b)y, hence
(x, y) ∈ f(a\b).

We have f(1) = {(x, y) : x ≤ y}. So, IM ⊆ f(1). Clearly, if (x, y) ∈ f(a) and
x′ ≤ x, y ≤ y′, then (x′, y′) ∈ f(a). Therefore, if IM ⊆ f(a), then f(1) ⊆ f(a),
which yields 1 ≤ a, by (R4). This shows (1).

Conversely, if (M, f) is a representation of M , where f is defined by (3),
then M satisfies (2). Every right residuated monoid (even semigroup) satisfies
(a\b)c ≤ a\(bc). Assume that f , defined by (3), is an embedding. We have:
(x, y) ∈ f(a)\f(b) iff z ≤ ax entails z ≤ by, for all z, iff ax ≤ by iff x ≤ a\(by).
Since f(a)\f(b) = f(a\b), then x ≤ a\(by) iff x ≤ (a\b)y, for all x, y ∈M , which
yields a\(by) = (a\b)y. We have shown that M satisfies (2), and we have proven:

Theorem 2. For any right residuated monoid M , the mapping f defined by
(3) is an embedding of M into the relational monoid P (M2) if, and only if, M
satisfies (2).

A similar result can be obtained for left residuated monoids. We notice that
right (resp. left) residuated monoids satisfying (2) (resp. the dual of (2)) are
precisely right (resp. left) pregroups in the sense of [8], structures closely related
to pregroups in the sense of [19]. One may define ar = a\1 (resp. al = 1/a).
Then, aar ≤ 1 and

1 ≤ a\a = a\(1a) = ara,

and similarly for the dual operation. Conversely, in a right (resp. left) pregroup,
one defines a\b = arb (resp. a/b = abl), and the resulting structure is a right
(resp. left) residuated monoid, satisfying (2) (resp. its dual). Several results on
relational and functional representations of (right, left) pregroups are proved in
[7, 8].
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1. Andréka, H., Mikulás, S.: Lambek Calculus and Its Relational Semantics. Com-
pleteness and Incompleteness. Journal of Logic, Language and Information 3.1
(1994) 1–37.



212 Wojciech Buszkowski

2. van Benthem, J.: Language in Action. Categories, Lambdas and Dynamic Logic.
North Holland, Amsterdam, 1991.

3. Buszkowski, W.: Completeness Results for Lambek Syntactic Calculus. Zeitschrift
für mathematische Logik und Grundlagen der Mathematik 32 (1986) 13–28.

4. Buszkowski, W.: Algebraic Structures in Categorial Grammar. Theoretical Com-
puter Science 199 (1998) 1–24.

5. Buszkowski, W.: More on embeddings of residuated semigroups into algebras of
relations (abstract). E. Or�lowska and A. Sza�las (eds.): Relational Methods in Logic,
Algebra and Computer Science. Warsaw, 1998, 33–36.

6. Buszkowski, W.: Finite Models of Some Substructural Logics. Mathematical Logic
Quarterly 48 (2002) 63–72.

7. Buszkowski, W.: Lambek Grammars Based on Pregroups. P. de Groote, G. Morrill
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Abstract. A large part of qualitative data analysis is concerned with approxi-
mations of sets on the basis of relational information. In this paper, we present
various forms of set approximations via the unifying concept of modal–style op-
erators. Two examples indicate the usefulness of the approach.

1 Introduction

In many instances it is not possible to describe a set precisely, owing to insufficient in-
formation or other sources of uncertainty. One way of handling this situation is to assign
degrees of belief – probabilities, fuzzy membership assignments etc – to a statement
such as “Object x is a member of set X”. More cautious approaches consider intervals
in which the relevant numerical functions lie, such as upper and lower probabilities or
possibility theory. Such (approximations of) “point estimates” are problematic in many
cases because the underlying model assumptions are often hard to fulfill. We have ar-
gued elsewhere [1] that qualitative tools often give comparative results under much less
stringent assumptions. A frequently studied technique of qualitative set description is to
determine a lower and an upper approximation of a set using non-numerical techniques.
We will call a pair 〈 f ,g〉 of functions 2U → 2U an approximation pair (on U) if

f (X) ⊆ X ⊆ g(X) (1.1)

for all X ⊆U . A weak approximation pair satisfies

f (X) ⊆ g(X). (1.2)

This seems to be the weakest condition for a sensible concept of set approximation
which is internal with respect to U . Stronger structural conditions require that f is an
interior operator and g a closure operator, or that they are dual to each other (to be
explained below).

A common mathematical basis of this type of set approximation are constructions
associated with binary relations on the universe U . A frequently recurring theme is the
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fact that each binary relation R on U gives rise to a “neighborhood” mapping fR : U →
2U via the assignment

x �→ {y ∈U : xRy}. (1.3)

Indeed, according to [2], it was already known to Tarski [3] in 1927 that there is a one-
one correspondence between binary relations on U and mappings f : 2U → 2U which
satisfy

f ( /0) = /0,

f

(⋃
i∈I

Xi

)
=

⋃
i∈I

f (Xi).

This observation later formed the basis for the correspondence theory between Kripke
frames and modal logics.

Examples are the approximation operators of rough set theory [4], various gener-
alizations [5–8], the derivation operator of formal concept analysis [9], or the span-
content operators of [10].

2 Operators and Relations

Much of the mathematical background of qualitative data analysis is concerned with set
operators, relational structures, and the interplay among them: Closure and interior op-
erators, (semi–) lattices, polarities, Galois correspondences, duality theory for Kripke
frames, and Boolean algebras with operators. Most of the machinery has been devel-
oped in the first half of the 20th century, see for example [2, 11–14]. Many of the early
results have been rediscovered by modal logicians (see [15] for a brief discussion), and
re-rediscovered by the rough set community (see e.g. [16]). A good overview of the
relevant correspondence results is given in [17], and, for rough set theory, in [18, 19].

For unexplained concepts we invite the reader to consult [20] for order and lattice
theory, and [21] for Boolean algebras.

If 〈A,+, ·,−,0,1〉 and 〈B,+, ·,−,0,1〉 are Boolean algebras, and f : A → B is a
mapping, then the dual of f is the function f ∂ : A → B defined by

f ∂(a) = − f (−a). (2.1)

Clearly, if f preserves ·, resp. +, then its dual preserves +, resp. ·.
If 〈X ,≤〉 and 〈Y,≤〉 are partially ordered sets, a pair 〈ψ,ϕ〉 is called a Galois con-

nection between X and Y , if ψ : X → Y and ϕ : Y → X are antitone (i.e. dually order
preserving) mappings, and x ≤ xψϕ, y ≤ yϕψ for all x ∈ X , y ∈ Y . x ∈ X is called Galois
closed with respect to 〈ψ,ϕ〉 if x = xψϕ.

A mapping c : 2U → 2U is called a weak closure operator if it satisfies

Cl1. c( /0) = /0,
Cl2. X ⊆ c(X),
Cl3. X ⊆ Y ⇒ c(X) ⊆ c(Y ).
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It is called a closure operator if it additionally satisfies

Cl4. c(c(X)) = c(X).

Sets for which c(X) = X are called closed. It is well known that the collection of all
closed sets of a closure operator can be made into a complete lattice Lc by setting

∨
{Xi : i ∈ I} = c

(⋃
{Xi : i ∈ I}

)
, (2.2)∧

{Xi : i ∈ I} =
⋂

{Xi : i ∈ I}. (2.3)

Furthermore, each complete lattice is order isomorphic to the complete lattice of closed
sets of some closure operator [14]. A closure operator is called additive, if it satisfies

Cl5. c(X ∪Y ) = c(X)∪ c(Y ).

and completely additive if it distributes over arbitrary unions.
Note that Cl5 implies Cl3, but not vice versa: Suppose that U has at least three

elements and define

c(X) =

{
X , if |X | ≤ 1,

U, otherwise.

Then, c satisfies Cl1 – Cl4, but not Cl5. Additive closure operators are called “clo-
sure operators” in [11], where their corresponding lattices have been extensively stud-
ied. Each such Lc is the lattice of closed sets of a topology; conversely, the topological
closure operator satisfies Cl1 – Cl5. A nice survey of closure systems and related struc-
tures on finite sets can be found in [22].

We call c a weak interior operator if it satisfies

Int1. i(U) = U ,
Int2. i(X) ⊆ X ,
Int3. X ⊆ Y ⇒ i(X) ⊆ i(Y ).

and an interior operator if, additionally,

Int4. i(i(X)) = i(X).

An interior operator is called multiplicative if it satisfies

Int5. i(X ∩Y ) = i(X)∩ i(Y ),

and completely multiplicative if it distributes over arbitrary intersections. Clearly, the
dual of a (weak, additive, completely additive) closure operator is a (weak, multiplica-
tive, completely multiplicative) interior operator and vice versa.

If R is a relation between the elements of U and V , and x ∈U , we let the converse of
R be the relation R˘= {〈y,x〉 : xRy}. The domain of R is the set dom(R) = {x∈U : (∃y ∈
V )xRy}, and R(x) is the set {y ∈V : xRy}; sometimes, R(x) is called a neighborhood of
x [23, 24].
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As mentioned above, the assignment x �→ R(x) defines a function R : U → 2V .
Conversely, given a function f : U → 2V , we can define a relation S f ⊆ U ×V by
xS f y ⇐⇒ y ∈ f (x). Clearly, R f = f , and SR = R.

R can be used to define several operators 2U → 2V :

〈R〉(X) = {b ∈V : (∃a ∈ X)aRb}, (Possibility operator) (2.4)

[R](X) = {b ∈V : (∀a ∈U)[aRb ⇒ a ∈ X ]}, (Necessity operator) (2.5)

[[R]](X) = {b ∈V : (∀a ∈U))[a ∈ X ⇒ aRb]}, (Sufficiency operator) (2.6)

〈〈R〉〉(X) = {b ∈V : (∃a ∈U)[a �∈ X and not aRb]}. (Dual sufficiency operator)
(2.7)

The operators (2.4) – (2.7) are generalizations of well known operators used in modal
and algebraic logic, see e.g. [25, 26] and also [27, 10, 23].

Clearly, 〈R〉 and [R], as well as [[R]] and 〈〈R〉〉 are dual to each other, and for each
X ⊆ 2U ,

〈R〉
( ⋃

X∈X

X

)
=

⋃
X∈X

〈R〉(X), (2.8)

[R]

( ⋂
X∈X

X

)
=

⋂
X∈X

[R](X), (2.9)

[[R]]

( ⋃
X∈X

X

)
=

⋂
X∈X

[[R]](X), (2.10)

〈〈R〉〉
( ⋂

X∈X

X

)
=

⋃
X∈X

〈〈R〉〉(X). (2.11)

Furthermore, 〈R〉 and [[R]] are, respectively, the existential and universal extension of
the assignment x �→ R(x) to subsets of U , since

〈R〉(X) =
⋃
x∈X

R(x), [[R]](X) =
⋂
x∈X

R(x).

It is also easily seen that

[[R]](X) = [(−R)](U \X), 〈〈R〉〉(X) = 〈(−R)〉(U \X). (2.12)

Here, −R = {〈x,y〉 ∈ U ×V : 〈x,y〉 �∈ R} is the relational complement of R. The suffi-
ciency operators [[R]] and [[R ]̆] are intimately connected with Galois connections:

Proposition 1. [14] The pair 〈[[R]], [[R ]̆]〉 is Galois connection between 〈2U ,⊆〉 and
〈2V ,⊆〉, and each Galois connection between these sets has this form for some R ⊆
U ×V.

The combined operators [R ]̆〈R〉 and 〈R˘〉[R] will play a major role in our subsequent
discussions. For these, we have
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Proposition 2. 1. [R ]̆〈R〉 is a closure operator on U.
2. [R ]̆〈R〉 and 〈R˘〉[R] are dual to each other.
3. 〈R˘〉[R] is an interior operator on U.

Proof. 1. Clearly, [R ]̆〈R〉( /0) = /0. For Cl2, let x ∈ X ⊆ U . Then, R(x) ⊆ 〈R〉(X) by
definition of 〈R〉, and hence, x ∈ [R ]̆〈R〉(X) by (2.5).

Since both [R ]̆ and 〈R〉 preserve ⊆ by (2.8) and (2.9), so does [R ]̆〈R〉, and thus, it
satisfies Cl3.

Let Y ⊆V . Then,

q ∈ [R ]̆〈R〉[R ]̆(Y ) ⇒ (∀s ∈V )[qRs ⇒ s ∈ 〈R〉[R ]̆(Y ),
⇒ (∀s ∈V )[qRs ⇒ (∃p ∈U)[pRs∧ (∀t ∈V )[pRt ⇒ t ∈ Y ]]],
⇒ (∀s ∈V )[qRs ⇒ s ∈ Y ],
⇒ q ∈ [R ]̆(Y ),

which implies Cl4.
2. First, note that ([R ]̆〈R〉)∂(X) = U \ [R ]̆〈R〉(U \X). Now,

x ∈U \ [R ]̆〈R〉(−X) ⇐⇒ R(x) �⊆ 〈R〉(U \X),
⇐⇒ (∃z)[xRz and z �∈ 〈R〉(U \X)],
⇐⇒ (∃z)[xRz and (∀y)(y �∈ X ⇒ y(−R)z)],
⇐⇒ (∃z)[xRz and (∀y)(yRz ⇒ y ∈ X)],
⇐⇒ (∃z)[xRz and R˘(z) ⊆ X ],
⇐⇒ (∃z)[xRz and z ∈ [R](X)],
⇐⇒ x ∈ 〈R˘〉[R](X).

3. follows from 1. and 2. by duality. �

Observe that Proposition 2 is true for arbitrary R. The following result has been known
in a different context for some time [9]:

Corollary 1 [[R ]̆][[R]] is a closure operator.

Proof. First,

[[R ]̆][[R]](X) = [−R ]̆(V \ [[R]](X)), by (2.12)

= [−R ]̆(V \ ([−R](U \X)), by (2.12)

= [−R ]̆〈−R〉(X), by duality.

The claim follows now from Proposition 2. �

This result is also a direct consequence of Proposition 1; we have taken the route above
to emphasize the connection with [R ]̆〈R〉.

To conclude this Section, let us consider the case where U = V . Correspondence
theory [17] tells us that

X ⊆ 〈R〉(X) ⇐⇒ R is reflexive, , (2.13)

〈R〉〈R〉(X) ⊆ 〈R〉(X) ⇐⇒ R is transitive, (2.14)

X ⊆ [R]〈R〉(X) ⇐⇒ R is symmetric, (2.15)
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Note that 〈R〉 is a weak closure operator just in case R is reflexive, and that 〈R〉 is a
completely additive closure operator, if, in addition, R is transitive. In this case, we
denote the topology generated by the closed sets by τR, i.e.

τR = {U \ 〈R〉(Y ) : Y ⊆U} = {[R](X) : X ⊆U}. (2.16)

Since these topologies (and related structures) have been considered in the present con-
text (e.g. [23, 19, 24]), we recall some facts about their properties. In the sequel, let R
be reflexive and transitive.

Proposition 3. In τR, each x ∈U has a smallest open neighborhood.

Proof. This result has appeared in a different form and context already in [28]. Let
x ∈ U , and X be the collection of all open neighborhoods of x. By (2.9) ,

⋂
X is open,

and clearly, it is the smallest open set containing x. �

A topology with the property of Proposition 3 is called principal.

Proposition 4. 1. [28] The collection of all principal topologies on a set U can be
made into a lattice which is anti–isomorphic to the lattice of all reflexive and tran-
sitive relations on U.

2. [29] The following are equivalent:
(a) R is an equivalence relation.
(b) (∀X ⊆U)[X ∈ τR ⇐⇒U \X ∈ τR].
(c) τR is regular.

In this case, a basis for τR are the classes of the partition induced by R, and R(x) is
the smallest neighborhood of x.

3 Approximation Based on Homogenous Relations

In our first scenario, we consider a finite set U and various relations and operators on
U . The basic idea is that objects are usually not considered in isolation, but are in some
way related; these relationships are then used to obtain operators 2U → 2U which can
approximate subsets of U .

3.1 Equivalence Relations and Approximation Spaces

As a first example, consider the case of a spatial database. A frequently used key is
the minimum bounding box which is the smallest aligned rectangle enclosing a spatial
object. More generally, given a grid of rectangles (cells) in the plane, one can approxi-
mate a spatial object O from above by the smallest set of cells which cover O, and from
below by the largest set of cells totally contained in O (Figure 1). This situation is easily
captured in a relational setting: Suppose that U is an area in the plane which is covered
by a grid of disjoint rectangles; some care must be taken that the boundary of adjacent
cells belong to exactly one cell. We now define R ⊆U ×U by

xRy ⇐⇒ x and y are in the same cell.



220 Ivo Düntsch and Günther Gediga

Fig. 1. An approximated region

Clearly, R is an equivalence relation, and each cell corresponds to exactly one equiva-
lence class of R. If X is a region in U , then the upper approximation X of X is the union
of all classes of R which intersect X , and the lower approximation is the union of all
classes of R totally contained in X . In other words,

X = {x : R(x)∩X �= /0} =
⋃

{R(x) : x ∈ X} = 〈R〉(X), (3.1)

X = {x : R(x) ⊆ X} = {x : R˘(x) ⊆ X} = [R](X). (3.2)

More generally, an approximation space is a structure 〈U,R〉, where R is an equiv-
alence relation on the set U [4]. An approximation space tells us the granularity of our
knowledge about the world - we can distinguish objects only up to the equivalences
classes of R, but not within the classes.

A rough set is a pair 〈A,B〉 such that

1. A and B are empty or a union of equivalence classes of R,
2. A ⊆ B,
3. If C is a singleton class contained in B, then C ⊆ A.

Rough sets are approximations of subsets of U in the following sense: Let X ⊆ U .
Since we cannot distinguish within equivalence classes of R we can say with certainty
that some x ∈ U is a member of X just in case the whole class R(x) is a subset of X .
Similarly, we can be sure that x �∈ X only if the class R(x) of x is disjoint to X . The
rough set approximations are given by (3.1) and (3.2). The concepts agree well with
the interpretation of these operators in modal logic: x ∈ X if x is certainly a member of
X , and x ∈ X , if x is possibly a member of X , according to the knowledge delivered by
the granularity induced by R. The connection of the rough set approximation operators
to modal S5 logic have first been observed by [30] and subsequently by many authors;
overviews can be found in [31, 32].
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Since R is reflexive, the upper approximation is a weak closure operator, and since
R is also transitive, it is in fact a completely additive closure operator. Consequently,
the lower approximation is a completely multiplicative interior operator. Furthermore,
the properties of an equivalence relation imply that

〈R〉 = 〈R〉〈R〉 = [R]〈R〉, [R] = [R][R] = 〈R〉[R]. (3.3)

3.2 More General Relations

It was argued in [7] that for many applications the properties of an equivalence relation
are too strong, and that relations with weaker properties should be considered when
one wants to express some form of similarity. A first generalization is to require only
that R is reflexive and symmetric, and relations with these properties have indeed be
called similarity relations. This terminology may be somewhat misleading: While a
a relation of similarity may be symmetric, calling a reflexive and symmetric relation
a “similarity” may cause contextual problems: Suppose that we have agreed on what
constitutes similarity and have expressed this by a reflexive and symmetric relation R.
Let S be the relation −R∪ 1′. Since the complement of a symmetric relation is again
symmetric, S is a similarity. Thus, if x is not similar to y according to R, we would say
that x is similar to y, according to S.

To suppose that a relation of similarity is symmetric is also not always appropri-
ate. Much of the similarity data used in Computer Science are expert judgments and
it is quite reasonable to assume that experts judgments shows some bias. Indeed, the
investigations of [33] show that similarities based on human judgment are often quite
asymmetric, and we invite the reader to consult [34] for an example.

It has also been argued that non–reflexive relations can be interpreted as similarity
[35], and the following example was given:

“We may discern persons by comparing photographs taken of them. But it may
happen that we are unable to recognize that a same person appears in two dif-
ferent photographs”.

A similar example is the famous experiment by [36]:

“The S[ubject]s of this experiment were exposed to pairs of aural Morse signals
sent at a high tone speed. The signals of each pair were separated by a short
temporal interval. The S[ubject]s were asked to indicate whether they thought
the signals were the same (or different) by making the appropriate remark on
an IBM True–False Answer sheet. Each S[ubject] was asked to respond in this
fashion to 351 different pairs of Morse signals.”

We interpret this as

xRy ⇐⇒ x and y are recognized as the same (person, signal).

In both cases, the similarity of x and y is very much in the eye – or the ear – of the
beholder, and not necessarily a property of x and y.
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An equivalence relation R on U has the special property that⋃
{R(x) : x ∈ X} = {x : R(x)∩X �= /0} =

⋃
{R(x) : R(x)∩X �= /0}, (3.4)

and each is equal to X . If R ⊆U ×U is arbitrary, then (3.4) need not be true. Thus, one
needs to decide what constitutes a lower or upper approximation of X . In the literature,
one finds many suggestions for such pairs; in (3.5) and (3.6) below, R is assumed to be
reflexive:

R∗(X) = {x ∈U : R˘(x) ⊆ X}, R∗(X) =
⋃

{R˘(x) : x ∈ X}, [8] (3.5)

R∗∗(X) =
⋃

{R˘(x) : R˘(x) ⊆ X} R∗∗(X) =
⋃

{R˘(x) : R˘(x)∩X �= /0} [8] (3.6)

R+(X) =
⋃

{R(x) : R(x) ⊆ X} R+(X) =
⋃

{R(x) : R(x)∩X �= /0} [19] (3.7)

R�(X) = {x ∈U : R(x) ⊆ X}, R�(X) = {x ∈U : R(x)∩X �= /0} [35, 37, 16] (3.8)

R�(X) =
⋃

{R˘(x) : R˘(x) ⊆ X} R�(X) = {x ∈U : R(x) ⊆ 〈R〉(X)} [10] (3.9)

All of these can be located within the modal operator framework:

R∗(X) = [R](X) R∗(X) = 〈R˘〉(X),
R∗∗(X) = 〈R˘〉[R](X) R∗∗(X) = 〈R˘〉〈R〉(X)

R+(X) = 〈R〉[R ]̆(X) R+(X) = 〈R〉〈R˘〉(X)
R�(X) = [R ]̆(X) R�(X) = 〈R˘〉(X)
R�(X) = 〈R˘〉[R](X) R�(X) = [R ]̆〈R〉(X)

We note without proof some inclusion properties among these relations:

Proposition 5.

(∀X)[X ⊆ 〈R〉(X)] ⇐⇒ (∀X)[[R](X) ⊆ X ] ⇐⇒ R is reflexive . (3.10)

(∀X)[[R](X) ⊆ 〈R〉(X)] ⇐⇒ (∀X)[X ⊆ 〈R〉〈R˘〉(X)]⇐⇒ dom(R˘) = U. (3.11)

(∀X)[〈R〉[R ]̆(X) ⊆ 〈R〉〈R˘〉(X)]. (3.12)

It can be seen that that the only approximation pair for arbitrary R is 〈R�,R�〉; these
functions are also dual to each other in the sense of (2.1) of Section 2 and a closure,
respectively, an interior operator. All other pairs need extra conditions such as reflex-
ivity or totality to satisfy the approximation conditions (1.1) or (1.2) on page 214. If R
is reflexive, then 〈R�,R�〉 gives the tightest bounds for the approximation pairs 〈 f ,g〉
above in the sense that

f (X) ⊆ R�(X) ⊆ X ⊆ R� ⊆ g(X).

4 Approximation Based on Heterogeneous Relations

Another type of approximation arises when we have information about the properties
of the elements of the domain. Such information may be given by an information sys-
tem in the sense of [4], or, more generally, by a binary relation R ⊆U ×V connecting
objects with properties. For this situation we have special names for some of the modal
operators: If X ⊆U and Y ⊆V , we say that
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– 〈R〉(X) is the span of X ,
– [R ]̆(Y ) is the content of Y ,
– [[R]](X) is the intent of X ,
– [[R ]̆](Y ) is the extent of Y .

The span of X is the set of all properties which are related to some element of X , and
the content of Y is the set of those objects which can be completely described by the
properties in Y . The intent of X are those properties common to all elements of X , and
the extent of Y is the set of all objects which possess all properties in Y . Extent and
intent are the basic operators of formal concept analysis (FCA) [9]. Since we know
from Corollary 1 that

[[R ]̆][[R]] = [−R ]̆〈−R〉

the FCA operators are the content–span operator applied to −R, and it depends on
the context which one is appropriate to use. We just mention a result from [27] which
indicates in another way how the two closures differ:

Proposition 6. For all x ∈U,X ⊆U,

x ∈ [R ]̆〈R〉(X) ⇐⇒
⋂

{R(y) : y ∈ X} ⊆ R(x).

x ∈ [[R ]̆][[R]](X) ⇐⇒ R(x) ⊆
⋃

{R(y) : y ∈ X}.

For an extensive algebraic and topological view of the connections between FCA
and approximation spaces we refer the reader to [38].

In this Section we will investigate more closely the operators [R ]̆〈R〉 and its dual
〈R˘〉[R]. We know already that [R ]̆〈R〉 is a closure operator, and 〈R˘〉[R] is an interior
operator, so that they can serve as sensible approximations of X ⊆U .

We first show that the approximation pair 〈[R ]̆〈R〉,〈R˘〉[R]〉 are the original rough
set approximation operators (3.1), (3.2) defined on page 220, derived from the standard
data representation of rough set analysis: An information system is a structure

I = 〈U,Ω,{Vq : q ∈ Ω}, f 〉, (4.1)

where

– U is a finite set of objects.
– Ω is a finite set of attributes.
– For each q ∈ Ω,

• Vq is a set of attribute values of attribute q. In the sequel, we let V =
⋃

q∈ΩVq.
– f : U ×Ω → V is a function such that f (x,q) ∈ Vq for all x ∈ U, q ∈ Ω, called

the attribute or information function. We interpret f (x,q) = a as “Object x has the
value a at attribute q”.

Furthermore, if Q = {q1, . . . ,qn} ⊆ Ω we lift f by setting

fQ(x) = 〈 f (x,q1), . . . f (x,qn)〉. (4.2)
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Let R ⊆U ×VΩ be the relational version of fΩ, i.e.

xRt ⇐⇒ fΩ = t.

Furthermore, let θ be the kernel of fΩ, i.e.

xθy ⇐⇒ fΩ(x) = fΩ(y).

The approximation space which we consider is 〈U,θ〉.

Proposition 7. Let X ⊆U. Then,

1. [R ]̆〈R〉(X) = X.
2. 〈R˘〉[R](X) = X.

Proof. We only show 1. since 2. follows immediately by duality.

z ∈ [R ]̆〈R〉(X) ⇐⇒ R(z) ⊆ 〈R〉(X),
⇐⇒ fΩ(z) ∈ 〈R〉(X),
⇐⇒ (∃x ∈ X)xR fΩ(z),
⇐⇒ (∃x ∈ X) fΩ(x) = fΩ(z),
⇐⇒ (∃x ∈ X)xθz,

⇐⇒ θz∩X �= /0,

⇐⇒ z ∈ X ,

which completes the proof. �

4.1 Example: Student Assessment

Suppose S is a set of skills and Q is a set of problems, with which the skills in S should
be tested. Let R ⊆ Q×S be a relation such that qRs is interpreted as

Skill s is necessary to solve q. (4.3)

The skill set R(q) is minimally sufficient to solve q. (4.4)

This is an assignment given by an expert. The modal operators can be interpreted as
follows: Let P ⊆ Q, M ⊆ S. Then,

s ∈ 〈R〉(P) ⇐⇒ s is necessary to solve some problem in P.

s ∈ [R](P) ⇐⇒ s is necessary only for problems in P.

s ∈ [[R]](P) ⇐⇒ s is necessary for all problems in P.

q ∈ 〈R˘〉(M) ⇐⇒ Some s ∈ M is necessary to solve q.

q ∈ [R ]̆(M) ⇐⇒ q can be solved with the skills in M.

q ∈ [[R ]̆](M) ⇐⇒ All skills in M are necessary to solve q.
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Suppose that P is a set of problems which student s has been able to solve; we are
interested in the true state of knowledge of s. Let us suppose that the student has made
no lucky guesses, i.e. we assume that s really possess all the skills required to solve the
problems in P and possibly more; in this case, 〈R〉(P) is a lower bound for the skills s
has, and P is a lower bound for the set of problems s is able to solve. Now,

q ∈ [R ]̆〈R〉(P) ⇐⇒ R(q) ⊆ 〈R〉(P)
⇐⇒ 〈R〉(P) contains the skills sufficient to solve q, by (4.4).

Thus, q should have been solved, since s has the skills to solve q; if q �∈ P, it was due to
a careless error. Therefore, q can be included in the true knowledge state of s.

For a more detailed description and a test theory based on skill functions we invite
the reader to consult [27].

4.2 Example: Morse Data

Another example we shall look at is the famous Morse data collected by [36], a flag-
ship of multidimensional scaling (MDS); the experiment has already been described on
page 221. [39] describes the data using the dimensions

1. Length of the signal,
2. Distribution of dots and dashes in the signal, going from only dots to only dashes.

see Figure 2. The distances between the points in a plane spanned by these dimensions
reflect (partially) the ordinal relation among the given proximities.

Fig. 2. MDS interpretation of the Morse data [39]
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Table 1. Morse data

a b c d e f g h i j k l m n o p q r s t u v w x y z *1 *2 *3 *4 *5 *6 *7 *8 *9 *0
A 92 4 6 13 3 14 10 13 46 5 22 3 25 34 6 6 9 35 23 6 37 13 17 12 7 3 2 7 5 5 8 6 5 6 2 3
B 5 84 37 31 5 28 17 21 5 19 34 40 6 10 12 22 25 16 18 2 18 34 8 84 30 42 12 17 14 40 32 74 43 17 4 4
C 4 38 87 17 4 29 13 7 11 19 24 35 14 3 9 51 34 24 14 6 6 11 14 32 82 38 13 15 31 14 10 30 28 24 18 12
D 8 62 17 88 7 23 40 36 9 13 81 56 8 7 9 27 9 45 29 6 17 20 27 40 15 33 3 9 6 11 9 19 8 10 5 6
E 6 13 14 6 97 2 4 4 17 1 5 6 4 4 5 1 5 10 7 67 3 3 2 5 6 5 4 3 5 3 5 2 4 2 3 3
F 4 51 33 19 2 90 10 29 5 33 16 50 7 6 10 42 12 35 14 2 21 27 25 19 27 13 8 16 47 25 26 24 21 5 5 5
G 9 18 27 38 1 14 90 6 5 22 33 16 14 13 62 52 23 21 5 3 15 14 32 21 23 39 15 14 5 10 4 10 17 23 20 11
H 3 45 23 25 9 32 8 87 10 10 9 29 5 8 8 14 8 17 37 4 36 59 9 33 14 11 3 9 15 43 70 35 17 4 3 3
I 64 7 7 13 10 8 6 12 93 3 5 16 13 30 7 3 5 19 35 16 10 5 8 2 5 7 2 5 8 9 6 8 5 2 4 5
J 7 9 38 9 2 24 18 5 4 85 22 31 8 3 21 63 47 11 2 7 9 9 9 22 32 28 67 66 33 15 7 11 28 29 26 23
K 5 24 38 73 1 17 25 11 5 27 91 33 10 12 31 14 31 22 2 2 23 17 33 63 16 18 5 9 17 8 8 18 14 13 5 6
L 2 69 43 45 10 24 12 26 9 30 27 86 6 2 9 37 36 28 12 5 16 19 20 31 25 59 12 13 17 15 26 29 36 16 7 3
M 24 12 5 14 7 17 29 8 8 11 23 8 96 62 11 10 15 20 7 9 13 4 21 9 18 8 5 7 6 6 5 7 11 7 10 4
N 31 4 13 30 8 12 10 16 13 3 16 8 59 93 5 9 5 28 12 10 16 4 12 4 6 11 5 2 3 4 4 6 2 2 10 2
O 7 7 20 6 5 9 76 7 2 39 26 10 4 8 86 37 35 10 3 4 11 14 25 35 27 27 19 17 7 7 6 18 14 11 20 12
P 5 22 33 12 5 36 22 12 3 78 14 46 5 6 21 83 43 23 9 4 12 19 19 19 41 30 34 44 24 11 15 17 24 23 25 13
Q 8 20 38 11 4 15 10 5 2 27 23 26 7 6 22 51 91 11 2 3 6 14 12 37 50 63 34 32 17 12 9 27 40 58 37 24
R 13 14 16 23 5 34 26 15 7 12 21 33 14 12 12 29 8 87 16 2 23 23 62 14 12 13 7 10 13 4 7 12 7 9 1 2
S 17 24 5 30 11 26 5 59 16 3 13 10 5 17 6 6 3 18 96 9 56 24 12 10 6 7 8 2 2 15 28 9 5 5 5 2
T 13 10 1 5 46 3 6 6 14 6 14 7 6 5 6 11 4 4 7 96 8 5 4 2 2 6 5 5 3 3 3 8 7 6 14 6
U 14 29 12 32 4 32 11 34 21 7 44 32 11 13 6 20 12 40 51 6 93 57 34 17 9 11 6 6 16 34 10 9 9 7 4 3
V 5 17 24 16 9 29 6 39 5 11 26 43 4 1 9 17 10 17 11 6 32 92 17 57 35 10 10 14 28 79 44 36 25 10 1 5
W 9 21 30 22 9 36 25 15 4 25 29 18 15 6 26 20 25 61 12 4 19 20 86 22 25 22 10 22 19 16 5 9 11 6 3 7
X 7 64 45 19 3 28 11 6 1 35 50 42 10 8 24 32 61 10 12 3 12 17 21 91 48 26 12 20 24 27 16 57 29 16 17 6
Y 9 23 62 15 4 26 22 9 1 30 12 14 5 6 14 30 52 5 7 4 6 13 21 44 86 23 26 44 40 15 11 26 22 33 23 16
Z 3 46 45 18 2 22 17 10 7 23 21 51 11 2 15 59 72 14 4 3 9 11 12 36 42 87 16 21 27 9 10 25 66 47 15 15
1 2 5 10 3 3 5 13 4 2 29 5 14 9 7 14 30 28 9 4 2 3 12 14 17 19 22 84 63 13 8 10 8 19 32 57 55
2 7 14 22 5 4 20 13 3 25 26 9 14 2 3 17 37 28 6 5 3 6 10 11 17 30 13 62 89 54 20 5 14 20 21 16 11
3 3 8 21 5 4 32 6 12 2 23 6 13 5 2 5 37 19 9 7 6 4 16 6 22 25 12 18 64 86 31 23 41 16 17 8 10
4 6 19 19 12 8 25 14 16 7 21 13 19 3 3 2 17 29 11 9 3 17 55 8 37 24 3 5 26 44 89 42 44 32 10 3 3
5 8 45 15 14 2 45 4 67 7 14 4 41 2 0 4 13 7 9 27 2 14 45 7 45 10 10 14 10 30 69 90 42 24 10 6 5
6 7 80 30 17 4 23 4 14 2 11 11 27 6 2 7 16 30 11 14 3 12 30 9 58 38 39 15 14 26 24 17 88 69 14 5 14
7 6 33 22 14 5 25 6 4 6 24 13 32 7 6 7 36 39 12 6 2 3 13 9 30 30 50 22 29 18 15 12 61 85 70 20 13
8 3 23 40 6 3 15 15 6 2 33 10 14 3 6 14 12 45 2 6 4 6 7 5 24 35 50 42 29 16 16 9 30 60 89 61 26
9 3 14 23 3 1 6 14 5 2 30 6 7 16 11 10 31 32 5 6 7 6 3 8 11 21 24 57 39 9 12 4 11 42 56 91 78
0 9 3 11 2 5 7 14 4 5 30 8 3 2 3 25 21 29 2 3 4 5 3 2 12 15 20 50 26 9 11 5 22 17 52 81 94

Table 2. Distinguished sets

Stimulus (first position) Stimulus (second position)
X1 = {E,T} Y1 = {e,t}
X2 = {A, I,M,N} Y2 = {a, i,m,n}
X3 = {D,G,K,O,R,S,U,W} Y3 = {d,g,k,o,r,s,u,w}
X4 = {B,C,F,H,J,L,P,Q,V,X ,Y,Z} Y4 = {b,c, f ,h, j, l, p,q,v,x,y,z}
X5 = {0,1,2,3,4,5,6,7,8,9} Y5 = {∗0,∗1,∗2,∗3,∗4,∗5,∗6,∗7,∗8,∗9}

In the sequel we will present the re–analysis of the data given in [10] which uses the
modal operators. Table 1 shows in each cell the percentage of subjects who regarded
the two stimuli as the same.We use upper case letters for first stimuli and lower case
letters for second stimuli; the numeric characters are prefixed by a ∗, if they occur as
second stimuli. The matrix diagonal corresponds to pairs which are truly the same, the
off-diagonal entries correspond to pairs which are truly different.

As the length of the signal is one of the dimension identified in [39] (and also in
[40]), we are interested in the behavior of the modal–style operators on the sets

Xn = {p : The length of the Morse code for first stimulus p is n},
Yn = {q : The length of the Morse code for second stimulus q is n}.

which are given in Table 2.
We are aiming at a description of similarity dependencies among these four sets of

stimuli and their elements.
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Let U be the set of first stimuli, V be the set of second stimuli, and pRq if a (fixed)
subject regards them as the same. The operators can be interpreted as follows:

q ∈ 〈R〉(Xn) ⇐⇒ q was gauged to be the same as some first stimulus of length
n.

q ∈ [R](Xn) ⇐⇒ q was gauged to be the same only as first stimuli of length n.
q ∈ [[R]](Xn) ⇐⇒ q was gauged to be the same to all first stimuli of length n,

and possibly others.
p ∈ [R ]̆〈R〉(Xn) ⇐⇒ Every signal, which cannot be distinguished from p cannot

be distinguished from some stimulus of length n.
p ∈ 〈R˘〉[R](Xn) ⇐⇒ Some signals, which cannot be distinguished from p were

gauged to be the same only to stimuli of length n.
p ∈ [[R ]̆][[R]](Xn) ⇐⇒ Whenever q cannot be distinguished from all stimuli of length

n, then q cannot be distinguished from p.

In order to consider the aggregated data given in Table 1, we need to consider “cut–off”
points, and set

Rs = {〈p,q〉 : At least s% of the subjects responded “same”,

when 〈p,q〉 was presented}. (4.5)

Observe that Rs ⊆ Rt in case t ≤ s. For first stimuli, the approximation operators now
are interpreted as

p ∈ [Rs ]̆〈Rt〉(Xn) ⇐⇒ Every second stimulus which could not be distin-
guished from p by at least s% of all subjects could
not be distinguished from some first stimulus of
length n by at least t% of all subjects.

p ∈ 〈Rs˘〉[Rt ](Xn) ⇐⇒ There is a second stimulus q such that at least s% of
subjects gauged q to be the same as p, and at least t%
of subjects gauged q to be the same only as stimuli
of length n.

We have analyzed the data for various cut–points, and have found, among other results,
that

– The signal length is the first determining factor for the discrimination of the stimuli,
because:
• Signals of length 1 or 2 are easy to discriminate from other stimuli.
• Signals of length 3 are easy to discriminate from other stimuli, if they are lo-

cated at the first position.
• Signals of length 3 in the second position overlap with signals of length 4.

Signals of length 4 overlap mainly with signals of length 5.
– The character of the impulses is of less effect because a signal must contain mainly

short Morse impulses, and should contain at least 4 (first stimuli) or 3 (second
stimuli) Morse impulses to be hard to discriminate.

We invite the reader to consult [10] for the details.
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5 Conclusion and Outlook

In this paper we have explored various tools for set approximation based on a relational
connection of two “universes”U and V , or a relational connection within one “universe”
U . The intention was to find a proper extension of rough sets in case of any binary
relation. There is a list of proposals for set approximations based on certain binary
relations such as similarity relations or dominance relations. We have shown that all
these proposals can be well expressed in terms of modal style operators and that the
(new) operator [R ]̆〈R〉 (content-span operator) exhibits some kind of optimality because
it gives the tightest bounds among the proposed operators based on a reflexive relation.

In case of any binary relation the content-span operator is interesting as well, be-
cause applying [R ]̆〈R〉 is a complementary approach to the one taken by formal concept
analysis – with exactly the same expressive power.

Two examples from diverse application fields indicate that the operators [R ]̆〈R〉
are not only well suited for approximating sets, but that the resulting approximations
offer meaningful interpretations. More applications, however, are needed to delineate
the situations in which either of these can be applied.
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1 Introduction

The motivation for this paper comes from the following sources. First, one can
observe that the two major concepts underlying the methods of reasoning with
incomplete information are the concept of degree of truth of a piece of informa-
tion and the concept of approximation of a set of information items. We shall
refer to the theories employing the concept of degree of truth as to theories
of fuzziness and to the theories employing the concept of approximation as to
theories of roughness (see [6] for a survey). The algebraic structures relevant
to these theories are residuated lattices ([7], [12], [13], [16], [17], [18], [22], [23])
and Boolean algebras with operators ([19], [21], [10], [11]), respectively. Resid-
uated lattices provide an arithmetic of degrees of truth and Boolean algebras
equipped with the appropriate operators provide a method of reasoning with
approximately determined information. Both classes of algebras have a lattice
structure as a basis. Second, both theories of fuzziness and theories of roughness
develop generalizations of relation algebras to algebras of fuzzy relations [20]
and algebras of rough relations ([4], [5], [9]), respectively. In both classes a lat-
tice structure is a basis. Third, not necessarily distributive lattices with modal
operators, which can be viewed as most elementary approximation operators,
are recently developed in [24] (distributive lattices with operators are considered
in [14] and [25]). With this background, our aim is to begin a systematic study
of the classes of algebras that have the structure of a (not necessarily distribu-
tive) lattice and, moreover, in each class there are some operators added to the
lattice which are relevant for binary relations. Our main interest is in develop-
ing relational representation theorems for the classes of lattices with operators
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under consideration. More precisely, we wish to guarantee that each algebra of
our classes is isomorphic to an algebra of binary relations on a set. We prove
the theorems of that form by suitably extending the Urquhart representation
theorem for lattices ([26]) and the representation theorems presented in [1]. The
classes defined in the paper are the parts which put together lead to what might
be called lattice-based relation algebras. Our view is that these algebras would
be the weakest structures relevant for binary relations. All the other algebras
of binary relations considered in the literature would then be their signature
and/or axiomatic extensions.

Throughout the paper we use the same symbol for denoting an algebra or a
relational system and their universes.

2 Doubly Ordered Sets

In this section we recall the notions introduced in [25] and some of their prop-
erties.

Definition 1. Let X be a non–empty set and let �1 and �2 be two quasi or-
derings in X. A structure (X, �1,�2) is called a doubly ordered set iff for all
x, y ∈ X, if x�1 y and x�2 y then x = y. ��

Definition 2. Let (X, �1,�2) be a doubly ordered set. We say that A ⊆ X is
�1–increasing (resp. �2–increasing) whenever for all x, y ∈ X, if x∈ A and
x �1 y (resp. x�2 y), then y ∈ A. ��

For a doubly ordered set (X, �1,�2), we define two mappings l, r : 2X → 2X

by: for every A ⊆ X,

l(A) = {x∈ X : (∀y ∈ X) x�1 y ⇒ y �∈ A} (1)
r(A) = {x∈ X : (∀y ∈ X) x�2 y ⇒ y �∈ A}. (2)

Observe that mappings l and r can be expressed in terms of modal operators as
follows: l(A) = [�1](−A) and r(A) = [�2](−A), where − is the Boolean comple-
ment and [�i], i = 1, 2, are the necessity operators determined by relations �i.
Consequently, r and l are intuitionistic–like negations.

Definition 3. Given a doubly ordered set (X, �1,�2), a subset A ⊆ X is called
l–stable (resp. r–stable) iff l(r(A)) = A (resp. r(l(A)) = A). ��

The family of all l-stable (resp. r–stable) subsets of X will be denoted by L(X)
(resp. R(X)).

Recall the following notion from e.g. [8]:
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Definition 4. Let (X, �1) and (Y,�2) be partially ordered sets and let f and
g be mappings f : X → Y , g : Y → X. We say that f and g are Galois
connection iff for all x, y ∈ X

x�1 g(y) iff y �2 f(x). ��

Lemma 1. [24] For any doubly ordered set (X, �1,�2) and for any A ⊆ X,

(i) l(A) is �1–increasing
(ii) r(A) is �2–increasing
(iii) if A is �1–increasing, then r(A) ∈ R(X)
(iv) if A is �2–increasing, then l(A) ∈ L(X)
(v) if A ∈ L(X), then r(A) ∈ R(X)
(vi) if A ∈ R(X), then l(A) ∈ L(X)
(vii) if A, B ∈ L(X), then r(A) ∩ r(B) ∈ R(X).

Lemma 2. [24] The family of �i–increasing sets, i = 1, 2, forms a distributive
lattice, where join and meet are union and intersection of sets.

Lemma 3. [26] For every doubly ordered set (X, �1,�2), the mappings l and r
form a Galois connection between the lattice of �1–increasing subsets of X and
the lattice of �2–increasing subsets of X.

In other words, Lemma 3 says that for any A ∈ L(X) and for any B ∈ R(X),
A ⊆ l(B) iff B ⊆ r(A).

Lemma 4. For every doubly ordered set (X, �1,�2) and for every A ⊆ X,

(i) l(r(A)) ∈ L(X) and r(l(A)) ∈ R(X)
(ii) if A is �1–increasing, then A ⊆ l(r(A))
(iii) if A is �2–increasing, then A ⊆ r(l(A)).

Proof. Direct consequence of Lemmas 1 and 3.

Lemma 4 immediately implies:

Corollary 1. For every doubly ordered set (X, �1,�2) and for every A ⊆ X,

(i) if A ∈ L(X), then A ⊆ l(r(A))
(ii) if A ∈ R(X), then A ⊆ r(l(A)).
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Let (X, �1,�2) be a doubly ordered set. Define two binary operations in 2X : for
all A, B ⊆ X,

A � B = A ∩ B (3)
A � B = l(r(A) ∩ r(B)). (4)

Observe that � is defined from � resembling a De Morgan law with two different
negations.
Moreover, put

0 = ∅. (5)
1 = X (6)

Lemma 5. [26] For any doubly ordered set (X, �1,�2), the system (L(X), �,
�,0,1) is a lattice.

Definition 5. Let (X, �1,�2) be a doubly ordered set. The lattice (L(X), �,
�,0,1) is called the complex algebra of X. ��

3 Urquhart Representation of Lattices

In this paper we are interested in studying relationships between relational struc-
tures (frames) providing Kripke–style semantics of logics, and algebras based on
lattices. Therefore, we do not assume any topological structure in the frames. As
a result, we have a weaker form of the representation theorems than the original
Urquhart result, which requires compactness.

Let (W, ∧, ∨, 0, 1) be a bounded lattice.

Definition 6. A filter-ideal pair of a lattice W is a pair x = (x1, x2) such that
x1 is a filter of W , x2 is an ideal of W and x1 ∩ x2 = ∅. ��

The family of all filter–ideal pairs of a lattice W will be denoted by FIP (W ).

Let us define the following two quasi ordering relations on FIP (W ): for any
(x1, x2), (y1, y2) ∈ FIP (W ),

(x1, x2) �1 (y1, y2) iff x1 ⊆ y1 (7)
(x1, x2) �2 (y1, y2) iff x2 ⊆ y2. (8)

Next, define

(x1, x2) � (y1, y2) iff (x1, x2) �1 (y1, y2) & (x1, x2) �2 (y1, y2).

We say that (x1, x2) ∈ FIP (W ) is maximal iff it is maximal wrt � . We will
write X(W ) to denote the family of all maximal filter–ideal pairs of the lattice
W .

Observe that X(W ) is a binary relation on 2W .
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Proposition 1. [26] Let W be a bounded lattice. For any (x1, x2) ∈ FIP (W )
there exists (y1, y2) ∈ X(W ) such that (x1, y1) � (y1, y2).

For any (x1, x2) ∈ FIP (W ), the maximal filter–ideal pair (y1, y2) such that
(x1, x2) � (y1, y2) will be referred to as an extension of (x1, x2).

Definition 7. Let (W, ∧, ∨, 0, 1) be a bounded lattice. The canonical frame of
W is the structure (X(W ),�1,�2). ��

Lemma 6. For every bounded lattice W , its canonical frame (X(W ),� 1,� 2)
is a doubly ordered set.

Consider the complex algebra (L(X(W )), �, �,0,1) of the canonical frame of
a lattice (W, ∧, ∨, 0, 1). Observe that L(X(W )) is an algebra of subrelations of
X(W ).

Let us define the mapping h : W → 2X(W ) as follows: for every a ∈ W ,

h(a) = {x∈ X(W ) : a ∈ x1}. (9)

Theorem 1. [26] For every lattice (W, ∧, ∨, 0, 1) the following assertions hold:

(i) For every a ∈ W , r(h(a)) = {x∈ X(W ) : a ∈ x2}
(ii) h(a) is l–stable for every a ∈ W

(iii) h is a lattice embedding.

Proof. By way of example we prove (iii).

We show that h is injective. Assume that for some a, b∈ W , h(a) = h(b). It follows
that for every x∈ X(W ), a ∈ x1 iff b ∈ x1. In particular, if x1 = [a) = {z ∈ W :
a� z}, then clearly a ∈ [a), and also by the assumption b ∈ [a). Hence a� b.
Similarly, if x1 = [b), then b � a. We conclude that a = b.
Now we show that h preserves the operations. By way of example we prove that
h(a) � h(b) = h(a ∨ b). Indeed, for every a, b∈ W ,

h(a) � h(b)
= l(r({x∈ X(W ) : a ∈ x1}) ∩ r({x∈ X(W ) : b ∈ x1}))
= l({x∈ X(W ) : a ∈ x2} ∩ {x∈ X(W ) : b ∈ x2}) from (i)
= l({x∈ X(W ) : a ∨ b ∈ x2}) since x2 is an ideal
= lr({x∈ X(W ) : a ∨ b ∈ x1}) from (i)
= lr(h(a ∨ b)) the definition of h

= h(a ∨ b) from (ii).

The following theorem is a weak version of the Urquhart result.

Theorem 2 (Representation theorem for lattices). Every bounded lattice
is isomorphic to a subalgebra of the complex algebra of its canonical frame.
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4 LC Algebras

An LC algebra is a bounded lattice with an additional unary operator which is
an abstract counterpart of the relational converse.

Definition 8. An LC algebra is a system (W, ∧, ∨, 0, 1, �) such that (W, ∧, ∨,
0, 1) is a bounded lattice and � is a unary operator on W such that for all
a, b∈ W ,

(C.1) a�� = a
(C.2) (a ∨ b)� = a� ∨ b�. ��

For an LC algebra W and any a ∈ W , a� is called a converse of a.

The following lemma gives the basic properties of the converse operation.

Lemma 7. Let (W, ∧, ∨, 0, 1, �) be an LC algebra. Then the following assertions
hold:

(i) 0� = 0, 1� = 1.
(ii) for all a, b∈ W , a� b implies a� � b�

(iii) for all a, b∈ W , (a ∧ b)� = a� ∧ b�.

Proof. The proof of (i) is similar to the one given in [3]. By Definition 8: 0� = 0∨
0� = 0�� ∨ 0� = (0� ∨ 0)� = 0�� = 0. Analogously, 1 = 1 ∨ 1� = 1�� ∨
1� = (1� ∨ 1)� = 1�.

(ii) Assume that a� b. Then a ∨ b = b, so (a ∨ b)� = b�. By axiom (C.2),
a� ∨ b� = b�, so a� � b�.

(iii) (�) Let a, b∈ W . Since a ∧ b � a, by (ii) we get (a ∧ b)� � a�. Similarly,
(a ∧ b)� � b�, which yields (a ∧ b)� � a� ∧ b�.
(�) Since a� ∧ b� � a�, we have (a� ∧ b�)� � a�� = a by (ii) and (C.1).
Analogously, (a� ∧ b�)� � b, so (a� ∧ b�)� � a ∧ b. Applying again (C.1) and
(ii) we get a� ∧ b� = (a� ∧ b�)�� � (a ∧ b)�.

Given an LC algebra (W, ∧, ∨, 0, 1, �), by a filter (resp. ideal) of W we mean a
filter (resp. ideal) of the underlying lattice (W, ∧, ∨, 0, 1).

For any A ⊆ W , by A� we will denote the set:

A� = {a� ∈ W : a ∈ A}. (10)

We have the following:

Lemma 8. Let (W, ∧, ∨, 0, 1, �) be an LC algebra. Then the following assertions
hold for all A, B ⊆ W :
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(i) A� = {a ∈ W : a� ∈ A}
(ii) A�� = A

(iii) A ⊆ B iff A� ⊆ B�

(iv) (−A)� = −(A�)
(v) (A ∪ B)� = A� ∪ B�

(vi) (A ∩ B)� = A� ∩ B�.

Proof. By way of example we show (ii) and (iii).
(ii) Let a ∈ W . Then a ∈ A�� iff a� ∈ A� iff a�� ∈ A iff a ∈ A.

(iii) (⇒) Let A, B ⊆ W be such that A ⊆ B and let a ∈ A�. Hence, by definition
(10), a� ∈ A, which by assumption implies a� ∈ B.
(⇐) Assume that A� ⊆ B� and a ∈ A. By (C.1), a�� ∈ A, so a� ∈ A�, which
by assumption gives a� ∈ B�. It follows that a�� ∈ B, and hence, a ∈ B.

Lemma 9. Let (W, ∧, ∨, 0, 1, �) be an LC algebra and let A ⊆ W . Then the
following assertions hold:

(i) If A is a filter of W , then so is A�

(ii) If A is an ideal of W , then so is A�.

Proof.
(i) Let A be a filter of W and a, b∈ W such that a� b and a ∈ A�. Then a� ∈ A,
and, by Lemma 7(ii) we also have a� � b�. This implies, b� ∈ A, and thus,
b ∈ A�.
Let a, b∈ A�. This means that a� ∈ A and b� ∈ A, so a� ∧ b� ∈ A since A is
a filter. By Lemma 7(iii), a� ∧ b� = (a ∧ b)�, so that (a ∧ b)� ∈ A = A�� by
Lemma 8(ii). Then (a ∧ b)�� ∈ A�, or equivalently, a ∧ b ∈ A�.

(ii) Let A be an ideal of W and let a, b∈ W . Assume that b ∈ A� and a� b.
Then b� ∈ A and by Lemma 7(ii), a� � b�. Hence a� ∈ A, so a ∈ A�.
Let a, b∈ A�. Then a� ∈ A and b� ∈ A. Since A is an ideal, a� ∨ b� ∈ A. By
axiom (C.1), a� ∨ b� = (a ∨ b)�. Hence (a ∨ b)� ∈ A, so a ∨ b ∈ A�.

4.1 LC Frames

Definition 9. An LC frame is a relational system (X, �1,�2, C) such that
(X, �1,�2) is a doubly ordered set and C is a mapping C : X → X satisfying
the following conditions for all x, y ∈ X:

(MC.1) x�1 y implies C(x) �1 C(y)
(MC.2) x�2 y implies C(x) �2 C(y)

(SC) C(C(x)) = x. ��
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Given an LC frame (X, �1,�2, C) let us define a mapping � : 2X → 2X as
follows: for every A ⊆ X,

A� = {C(x) : x∈ A}. (11)

The following two lemmas present some properties of �.

Lemma 10. Let (X, �1,�2, C) be an LC frame and let � be defined by (11).
Then for all A, B ⊆ X,

(i) A� = {x∈ X : C(x) ∈ A}
(ii) A�� = A

(iii) A ⊆ B implies A� ⊆ B�

(iv) (A ∩ B)� = A� ∩ B�.

Proof. By way of example we show (ii) and (iv).
(ii) Let x∈ W . By (SC), (i) and the definition (11) we have the following equiva-
lences: x∈ A iff C(C(x)) ∈ A iff C(x) ∈ A� iff x∈ A��.
(iv)(⊆) Since A ∩ B ⊆ A, by (iii) it follows that (A ∩ B)� ⊆ A�. Similarly,
(A ∩ B)� ⊆ B�. Then (A ∩ B)� ⊆ A� ∩ B�.
(⊇) Since A� ∩ B� ⊆ A�, from (iii) and (ii) it follows (A� ∩ B�)� ⊆ A�� = A.
Also, (A� ∩ B�)� ⊆ B. Then (A� ∩ B�)� ⊆ A ∩ B, so again by (ii) and (iii),
A� ∩ B� = (A� ∩ B�)�� ⊆ (A ∩ B)�.

Lemma 11. Let (X, �1,�2, C) be an LC frame and let � be defined by (11).
Then for all A, B ⊆ X,

(i) l(A�) = l(A)�

(ii) r(A�) = r(A)�.
(iii) if A is l–stable, then so is A�.

Proof. By way of example we show (i) and (iii).

(i) (⊆) Let x �∈ l(A)�. By the definition (11), this means that C(x) �∈ l(A), so
there exists y ∈ X such that (i.1) C(x) �1 y, and (i.2) y ∈ A. By (MC.1), (i.1)
implies C(C(x)) �1 C(y), so by (SC) we get (i.3) x�1 C(y). Next, (i.2) and
(SC) imply C(C(y)) ∈ A, whence C(y) ∈ A�, which together with (i.3) implies
x �∈ l(A�).
(⊇) can be proved in the similar way.

(iii) Let A be l–stable. By (i) and (ii), l(r(A�)) = l(r(A)�) = l(r(A))� = A�, so
A� is l–stable.
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4.2 Complex Algebras of LC Frames

Definition 10. Let (X, �1,�2, C) be an LC frame. By the complex algebra
of X we mean a structure (L(X), �, �,0,1, �) with the operations defined by
(3), (4), (11) and the constants defined by (5) and (6). ��

Theorem 3. The complex algebra of an LC frame is an LC algebra.

Proof. From Lemma 10(ii), A�� = A, so it suffices to show that (A � B)� =
A� � B�. For every x∈ X,

x∈ (A � B)� iff x∈ l(r(A) ∩ r(B))� by the definition of �
iff x∈ l((r(A) ∩ r(B))�) by Lemma 11(i)
iff x∈ l(r(A)� ∩ r(B)�) by Lemma 10(iv)
iff x∈ l(r(A�) ∩ r(B�)) by Lemma 11(ii)
iff x∈ A� � B�.

4.3 Canonical Frames of LC Algebras

Let (W, ∧, ∨, 0, 1, �) be an LC algebra. As usual, FIP (W ) and X(W ) denote
the family of all filter–ideal pairs (resp. maximal filter–ideal pairs) of W .

First, observe the following:

Lemma 12. (x1, x2) ∈ FIP (W ) iff (x�
1 , x�

2 ) ∈ FIP (W ).

Proof. (⇒) Let (x1, x2) ∈ FIP (W ). From Lemma 9 it follows that x�
1 is a filter

of W and x�
2 is an ideal of W . Note that ∅� = ∅. Then, by Lemma 8(vi) we get

that x�
1 ∩ x�

2 = ∅, so (x�
1 , x�

2 ) ∈ FIP (W )
(⇐) Let x1, x2 ⊆ W be such that (x�

1 , x�
2 ) ∈ FIP (W ). Then, by Lemmas 8(ii)

and 9, x1 = x��
1 is a filter of W and x2 = x��

2 is an ideal of W . Next, from
Lemma 8(vi) we get (x1 ∩ x2)� = ∅, so x1 ∩ x2 = (x1 ∩ x2)�� = ∅. Therefore we
obtain (x1, x2) ∈ FIP (W ).

Let us now define a mapping C� : FIP (W ) → FIP (W ) as follows: for every
x∈ FIP (W ),

C�(x) = (x�
1 , x�

2 ). (12)

Lemma 13. If x is a maximal filter–ideal pair of W , then so is C�(x).

Proof. Let x = (x1, x2) ∈ FIP (W ). Assume that (x�
1 , x�

2 ) is not maximal. By
Proposition 1, it can be extended to the maximal filter–ideal pair, say y = (y1, y2).
Then x�

1 ⊆ y1, x�
2 ⊆ y2 and (x�

1 , x�
2 ) �= (y1, y2). By Lemma 8(ii) and 8(iii) we

get x1 ⊆ y�
1 , x2 ⊆ y�

2 and (x1, x2) �= (y�
1 , y�

2 ), which means that (x1, x2) is not
a maximal filter–ideal pair.
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Definition 11. Let (W, ∧, ∨, 0, 1, �) be an LC algebra. A canonical frame of
W is a structure (X(W ),�1,�2, C

�), where � 1, � 2 and C� are defined by (7),
(8) and (12), respectively. ��

Theorem 4. The canonical frame of an LC algebra is an LC frame.

Proof. Let x, y ∈ X(W ) and assume that x�1y. This means that x1 ⊆ y1. By
Lemma 8(iii), x�

1 ⊆ y�
1 , so C�(x) �1C

�(y). Hence (MC.1) holds. In the anal-
ogous way we can show that (MC.2) holds. Finally, let x = (x1, x2) ∈ X(W ).
Then we have C�(C�(x)) = (x�

1
�, x�

2
�) = (x1, x2) = x by Lemma 8(ii), so the

condition (SC) also holds.

4.4 Relational Representation of LC Algebras

In this section we conclude our discussion of LC algebras by showing their rela-
tional representability.

Theorem 5 (Representation theorem for LC algebras). Every LC algebra
is isomorphic to a subalgebra of the complex algebra of its canonical frame.

Proof. Let (W, ∧, ∨, 0, 1, �) be an LC algebra, (X(W ),� 1,� 2, C
�) be the cano-

nical frame of W and let (L(X(W )), �, �,0,1, �) be the complex algebra of the
canonical frame of W . By Theorems 3 and 4 it follows that L(X(W )) is an LC
algebra, so it suffices to show that W is isomorphic to a subalgebra of L(X(W )).
Let the mapping h : W → 2X(W ) be defined as in (9), i.e. h(a) = {x∈ X(W ) :
a ∈ x1}, a ∈ W . We show that for every a ∈ W , h(a�) = h(a)�. For any x∈ X(W )
and for any a ∈ W we have: x∈ h(a�) iff a� ∈ x1 iff a ∈ x�

1 iff C�(x) ∈ h(a)
iff x∈ h(a)�. Finally, from Theorem 1 h preserves the lattice operations and is
injective.

5 LP Algebras

LP algebras are a join of a not necessary distributive bounded lattice with a
monoid. The monoid product operation is an abstract counterpart to the re-
lational composition and the unit element of the monoid corresponds to the
identity relation.

Definition 12. An LP algebra is a structure (W, ∧, ∨, 0, 1, �, 1′) such that
(W, ∧, ∨, 0, 1) is a bounded lattice and for all a, b, c∈ W ,

(P.1) a � 1′ = 1′ � a = a
(P.2) a � (b � c) = (a � b) � c
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(P.3) a � (b ∨ c) = (a � b) ∨ (a � c)
(P.4) (a ∨ b) � c = (a � c) ∨ (b � c). ��

Lemma 14. Let (W, ∧, ∨, 0, 1, �, 1′) be an LP algebra. For all a, b, c∈ W , if
a� b, then

(i) c � a � c � b

(ii) a � c � b � c.

Proof.
(i) Let a� b. Then a ∨ b = b, so c � (a ∨ b) = c � b. Hence, by axiom (P.3), we
get (c � a) ∨ (c � b) = c � b, which implies c � a� c � b.
(ii) This can be proved in an analogous way.

5.1 LP Frames

In this section we follow the developments of Allwein and Dunn ([1]). However,
the difference is that here we consider an abstract notion of an LP frame, not
only the canonical frame of an LP algebra.

Definition 13. An LP frame is a relational system (X, �1,�2, R, S, Q, I) such
that (X, �1,�2) is a doubly ordered set, R, S, Q are ternary relations on X and
I ⊆ X is a unary relation on X such that the following conditions are satisfied:
for all x, x′, y, y′, z, z′ ∈ X,

A. Monotonicity conditions
(MP.1) R(x, y, z) & x′ �1 x & y′ �1 y & z �1 z′ ⇒ R(x′, y′, z′)
(MP.2) S(x, y, z) & x�2 x′ & y′ �1 y & z′ �2 z ⇒ S(x′, y′, z′)
(MP.3) Q(x, y, z) & x′ �1 x & y �2 y′ & z′ �2 z ⇒ Q(x′, y′, z′)
(MP.4) I(x) & x�1 x′ ⇒ I(x′)

B. Stability conditions
(SP.1) R(x, y, z) ⇒ ∃x′′ ∈ X (x�1 x′′ & S(x′′, y, z))
(SP.2) R(x, y, z) ⇒ ∃y′′ ∈ X (y �1 y′′ & Q(x, y′′, z))
(SP.3) S(x, y, z) ⇒ ∃z′′ ∈ X (z �2 z′′ & R(x, y, z′′))
(SP.4) Q(x, y, z) ⇒ ∃z′′ ∈ X (z �2 z′′ & R(x, y, z′′))
(SP.5) ∃u ∈ X(R(x, y, u) & Q(x′, u, z)) ⇒ ∃w ∈ X(R(x′, x, w) & S(w, y, z))
(SP.6) ∃u ∈ X(R(x, y, u) & S(u, z, z′)) ⇒ ∃w ∈ X(R(y, z, w) & Q(x, w, z′))
(SP.7) I(x) & (R(x, y, z) or R(y, x, z)) ⇒ y �1 z

(SP.8) ∃u ∈ X(I(u) & S(u, x, x))
(SP.9) ∃u ∈ X(I(u) & Q(x, u, x)). ��
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Lemma 15. For every LP frame (X, �1,�2, R, S, Q, I) and every l–stable sub-
set A ⊆ X it holds for all x, y, z ∈ X:

I(x) & (y ∈ A) & (R(x, y, z) or R(y, x, z)) ⇒ z ∈ A.

Proof.
Let x, y, z ∈ X and assume that (1) I(x) (2) y ∈ A and (3) R(x, y, z) or R(y, x, z).
By (SP.7), we get from (1) and (3) that (4) y �1 z. Since A is l–stable, by Lemma
1(i) it is �1–increasing, so (2) and (4) imply z ∈ A.

For an LP frame (X, �1,�2, R, S, Q, I), let us define two mappings �Q , �S :
2X × 2X → 2X by: for all A, B ⊆ X,

A �Q B = {z ∈ X : ∀x, y ∈ X (Q(x, y, z) & x∈ A ⇒ y ∈ r(B))} (13)
A �S B = {z ∈ X : ∀x, y ∈ X (S(x, y, z) & y ∈ B ⇒ x∈ r(A)}. (14)

Lemma 16. For any A, B ⊆ X,

(i) A �Q B and A �S B are �2–increasing
(ii) if A and B are l–stable, then A �Q B and A �S B are r–stable.

Proof.
(i) Let A, B ⊆ X and suppose that A �Q B is not �2–increasing. Then, by Def-
inition 2, there exist x, y ∈ X such that (i.1) x∈ A �Q B, (i.2) x�2 y and (i.3)
y �∈ A �Q B. By the definition (13), (i.3) means that there exist u, w ∈ X such
that (i.4) Q(u, w, y), (i.5) u ∈ A and (i.6) w �∈ r(B). However, by (MP.3), (i.2)
and (i.4) imply Q(u, w, x), which together with (i.5) and (i.6) gives x �∈ A �Q B
– a contradiction with (i.1).
In the similar way one can show that A �S B is �2–increasing.

(ii) Let A, B ⊆ X be l–stable sets. By (i), A �Q B is �2–increasing. Therefore, by
Lemma 4(iii), A �Q B ⊆ r(l(A �Q B)), so it suffices to show that r(l(A �Q B)) ⊆
A �Q B.
Let z ∈ X and assume that z �∈ A �Q B. We show that (ii.1) z �∈ r(l(A �Q B)). By
the definition (13) of �Q , there exist x, y ∈ X such that (ii.2) Q(x, y, z), (ii.3)
x∈ A and (ii.4) y �∈ r(B). From (ii.4), there exists y′ ∈ X such that (ii.5) y �2 y′

and (ii.6) y′ ∈ B. By (MP.3), (ii.2) and (ii.5) imply Q(x, y′, z), which by (SP.4)
gives that there exists z′ ∈ X such that (ii.7) z �2 z′ and (ii.8) R(x, y′, z′).
Now we show that (ii.9) z′ ∈ l(A �Q B). Let z′′ ∈ X and assume that (ii.10)
z′ �1 z′′. Hence, by (MP.1), from (ii.8) we get that R(x, y′, z′′), which by (SP.2)
implies that there exists y′′ ∈ X such that (ii.11) y′ �1 y′′ and (ii.12) Q(x, y′′, z′′).
Next, since B is l–stable, it is �1–increasing, so from (ii.6) and (ii.11), y′′ ∈ B.
It follows that (ii.13) y′′ �∈ r(B). Furthermore, (ii.12), (ii.13) and (ii.3) imply
(ii.14) z′′ �∈ A �Q B. Since z′′ is an arbitrary element satisfying (ii.10), we obtain
that for any z′′ ∈ X, z′ �1 z′′ implies z′′ �∈ A �Q B, so (ii.9) follows.
Proceeding in the similar way we can show that A �S B is r–stable.
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Lemma 17. For every LP frame (X, �1,�2, R, S, C, I) and for all l–stable sub-
sets A, B ⊆ X, A �S B = A �Q B.

Proof. (⊆) Let z ∈ X and assume that z �∈ A �Q B. We show that z �∈ A �S B.
By assumption, there exist x, y ∈ X such that (1) Q(x, y, z), (2) x∈ A and (3)
y �∈ r(B). From (3), there is y′ ∈ X such that (4) y �2 y′ and (5) y′ ∈ B. Next,
from (1) and (4) we get by (MP.3) that Q(x, y′, z), which by (SP.4) implies
that there exists z′ ∈ X such that (6) z �2 z′ and (7) R(x, y′, z′). Furthermore,
applying (SP.1), we get from (7) that there exists x′ ∈ X such that (8) x�1 x′

and (9) S(x′, y′, z′). From (2), (8) and the assumption that A is l–stable we get
that x′ �∈ r(A), which together with (5) and (9) gives by the definition (14) that
(10) z′ �∈ A �S B. From Lemma 16(i), A �S B is �2 –increasing. Hence, by (6)
and (10) we get z �∈ A �S B.
The proof of (⊇) is similar.

Following [1] and [2] we introduce the two relations S and Q in the LP frames,
although in view of Lemma 17 one could argue that we only need S or Q. Keeping
an extra relation makes the proofs a bit easier.

Let us define a mapping ⊗ : 2X × 2X → 2X as follows: for all A, B ⊆ X,

A ⊗ B = l(A �Q B). (15)

Lemma 18. Let A, B ⊆ X. If A and B are l–stable sets, then so is A ⊗ B.

Proof. By Lemma 16(ii), A �Q B is r–stable, so from Lemma 1(vi) we get that
l(A �Q B) is l–stable.

Given an LP frame (X, �1,�2, R, S, Q, I), let us define

1′ = l(r(I)) (16)

Lemma 19. 1′ is l–stable.

Proof. Follows from Lemma 1(ii) and (iv).

5.2 Complex Algebras of LP Frames

Definition 14. Let (X, �1,�2, R, S, Q, I) be an LP frame. A complex algebra
of X is a structure (L(X), �, �,0,1, ⊗,1′) with operations defined by (3)–(6),
(15) and (16). ��

Our aim now is to show that complex algebras of LP frames are LP algebras.
To this end, we show that any complex algebra of an LP frame satisfies axioms
(P.1)–(P.4).

First, we prove that axiom (P.1) is satisfied in L(X).
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Lemma 20. Let (L(X), �, �,0,1, ⊗,1′) be a complex algebra of an LP frame
X. Then for every A ∈ L(X),

(i) 1′ ⊗ A = A

(ii) A ⊗1′ = A.

Proof.
(i) Let A ∈ L(X). We show that 1′ �Q A = r(A). Then we will have l(1′ �Q A) =
l(r(A)), which by the assumption and the definition (15) gives the result.

(⊆) Let z ∈ X and assume that z �∈ r(A). Then there exists w ∈ X such that (i.1)
z �2 w and (i.2) w ∈ A. From (SP.8), there exists x∈ X such that (i.3) I(x) and
(i.4) S(x, w, w). Next, from (MP.4), I is �1–increasing, so by Lemma 4(ii),
I ⊆ l(r(I)), which together with (i.3) implies x∈ l(r(I)), or equivalently, by the
definition (16), (i.5) x∈1′. Also, by (MP.2), (i.1) and (i.4) imply S(x, w, z).
Then, in view of (SP.3), there exists z′ ∈ X such that (i.6) z �2 z′ and (i.7)
R(x, w, z′). Furthermore, (i.7) implies by (SP.2) that there exists y ∈ X such
that (i.8) w �1 y and (i.9) Q(x, y, z′). From (i.6) and (i.9) we get by (MP.3)
that (i.10) Q(x, y, z). Since A is l–stable, by Lemma 1(i) it is �1–increasing.
Then (i.2) and (i.8) imply y ∈ A, so y �∈ r(A), which together with (i.5) and
(i.10) gives z �∈1′ �Q A by the definition (13).
(⊇) Let z ∈ X and assume that z �∈1′ �Q A. We show that z �∈ r(A).
By assumption, for some x, y ∈ X we have: (i.11) Q(x, y, z), (i.12) x∈1′ and
(i.13) y �∈ r(A). From (i.13), there exists y′ ∈ X such that (i.14) y �2 y′ and
(i.15) y′ ∈ A. By (MP.3), from (i.11) and (i.14) it follows that Q(x, y′, z), which
by (SP.4) implies that there exists z′ ∈ X such that (i.16) z �2 z′ and (i.17)
R(x, y′, z′). It suffices to show that z′ ∈ A. Then, by (i.16) and the definition
(2), z �∈ r(A).
Suppose that z′ �∈ A. By l–stability of A, this means that z′ �∈ l(r(A)), i.e. there
exists z′′ ∈ X such that (i.18) z′ �1 z′′ and (i.19) z′′ ∈ r(A). Applying (MP.1),
from (i.17) and (i.18), R(x, y′, z′′), which by (SP.1) implies that there exists
x′ ∈ X such that (i.20) x�1 x′ and (i.21) S(x′, y′, z′′). From (i.12) we have:
x∈1′ = l(r(I)). Hence, by (i.20) and the definition (1), x′ /∈ r(I), so there exists
x′′ ∈ X such that (i.22) x′ �2 x′′ and (i.23) x′′ ∈ I. By (MP.2), (i.21) and (i.22)
imply S(x′′, y′, z′′), which by (SP.3) gives that there exists w ∈ X such that (i.24)
z′′ �2 w and (i.25) R(x′′, y′, w). Now, applying Lemma 15, (i.25), (i.23) and
(i.15) imply w ∈ A, which together with (i.24) gives z′′ �∈ r(A), which contradicts
(i.19).

(ii) Let A ∈ L(X). As before, we will show that A �Q 1′ = r(A). Hence we will
have A ⊗1′ = l(A �Q 1′) = r(l(A)) = A.
(⊆) Let z ∈ X and assume that z �∈ r(A). By the definition (2) this means that
there exists x∈ X such that (ii.1) z �2 x and (ii.2) x∈ A. From (SP.9), there
exists y ∈ X such that (ii.3) y ∈ I and (ii.4) Q(x, y, x). From (MP.4), I is �1–
increasing, so by Lemma 4(ii), I ⊆ l(r(I)) = 1′. Then from (ii.3) it follows that
y ∈1′, whence (ii.5) y �∈ r(1′). Next, by (MP.3), (ii.1) and (ii.4) imply (ii.6)
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Q(x, y, z). Therefore, there exist x, y ∈ X such that (ii.2), (ii.5) and (ii.6) hold,
which by the definition (13) means that z �∈ A �Q 1′.

(⊇) We have to show that r(A) ⊆ A �Q 1′. Assume that z �∈ A �Q 1′. By the
definition (13), there exist x, y ∈ X such that (ii.7) Q(x, y, z), (ii.8) x∈ A and
(ii.9) y �∈ r(1′). From (ii.9), there exists y′ ∈ X such that (ii.10) y �2 y′ and
(ii.11) y′ ∈1′. By (MP.3), (ii.7) and (ii.10) imply Q(x, y′, z), from which, by
(SP.4), it follows that there exists z′ ∈ X such that (ii.12) z �2 z′ and R(x, y′, z′).
Proceeding in the similar way as in the proof of (⊇) in (i), we can show that
z′ ∈ A, which together with (ii.12) implies z �∈ r(A).

The following lemma states that (P.2) is satisfied in L(X).

Lemma 21. Let (L(X), �, �,0,1, ⊗,1′) be the complex algebra of an LP frame
X. Then for all A, B, C ∈ L(X), the following equality holds:

A ⊗ (B ⊗ C) = (A ⊗ B) ⊗ C.

Proof. Let A, B, C ⊆ X be l–stable sets. In view of Lemma 17 it suffices to show
that A �Q (B ⊗ C) = (A ⊗ B) �S C.

(⊆) Let z ∈ X and assume that z �∈ (A ⊗ B) �S C. By the definition (14), this
means that there exist x, y ∈ X such that (1) S(x, y, z), (2) y ∈ C and (3)
x �∈ r(A ⊗ B). But r(A ⊗ B) = r(l(A �Q B)) by the definition (15). Furthermore,
by Lemma 17, r(l(A �Q B)) = r(l(A �S B)). Moreover, A �S B is r–stable by
Lemma 16(ii), so r(l(A �S B)) = A �S B. Then r(A ⊗ B) = A �S B. Hence, from
(3) we get x �∈ A �S B, so there exist u, v ∈ X such that (4) S(u, v, x), (5) v ∈ B
and (6) u �∈ r(A). From (6), there exists u′ ∈ X such that (7) u �2 u′ and (8)
u′ ∈ A. By the monotonicity condition (MP.2), (4) and (7) imply S(u′, v, x),
which by (SP.3) gives that there exists x′ ∈ X such that (9) x�2 x′ and (10)
R(u′, v, x′). Applying again (MP.2), from (1) and (9) we get that S(x′, y, z).
Therefore, there exists x′ ∈ X such that R(u′v, x′) and S(x′, y, z). By (SP.6), this
implies that there exists w ∈ X such that (11) R(v, y, w) and (12) Q(u′, w, z).
Next, by (SP.1), (11) implies that there exists v′ ∈ X such that (13) v �1 v′

and (14) S(v′, y, w). Since B is l–stable, it is �1–increasing. Then (5) and
(13) imply v′ ∈ B, so (15) v′ �∈ r(B). We have then obtained that there ex-
ist y, v′ ∈ X such that (2), (14) and (15) hold, which by the definition (14)
means that (16) w �∈ B �S C. From Lemma 16, B �S C is r–stable, so B �S C =
r(l(B �S C)) = r(l(B �Q C)) = r(B ⊗ C) by Lemma 17. Hence (16) implies (17)
w �∈ r(B ⊗ C). Then we finally get that there exist u′, w ∈ X such that (8), (12)
and (17) hold. By the definition (13), this means that z �∈ A �Q (B ⊗ C).

Proceeding in the similar way, and using (SP.5), (⊇) can be proved.

Finally, we show that axioms (P.3) and (P.4) are satisfied in complex algebras
of LP frames.
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Lemma 22. Let (L(X), �, �,0,1, ⊗,1′) be the complex algebra of an LP frame
X. Then for all A, B, C ∈ L(X),

(i) A ⊗ (B � C) = (A ⊗ B) � (A ⊗ C)
(ii) (B � C) ⊗ A = (B ⊗ A) � (C ⊗ A).

Proof.

(i) Let A, B, C ⊆ X be l–stable sets. First we show that (i.1) A �Q (B � C) =
(A �Q B) ∩ (A �Q C). For every x∈ X the following equivalences hold:

x∈ (A �Q B) ∩ (A �Q C)
iff x∈ A �Q B & x∈ A �Q C

iff [∀y, z ∈ X (Q(y, z, x) & y ∈ A ⇒ z ∈ r(B))]
& [∀y, z ∈ X (Q(y, z, x) & y ∈ A ⇒ z ∈ r(C))]

iff ∀y, z ∈ X (Q(y, z, x) & y ∈ A ⇒ z ∈ r(B) ∩ r(C)).

By Lemma 1(vii), r(B) ∩ r(C) is r–stable, so r(B) ∩ r(C) = r(l(r(B) ∩ r(C))).
Hence, by the definition (4) we get

x∈ (A �Q B) ∩ (A �Q C)
iff ∀y, z, ∈ X (Q(y, z, x) & y ∈ A ⇒ z ∈ r(l(r(B) ∩ r(C))))
iff x∈ A �Q l(r(B) ∩ r(C))
iff x∈ A �Q (B � C).

So (i.1) holds. Hence (i.2) l(A �Q (B � C)) = l((A �Q B) ∩ (A �Q C)). Note that
(i.3) l(A �Q (B �C)) = A ⊗ (B �C). Next, by Lemma 16(ii), A �Q B is r–stable,
so r(l(A �Q B)) = A �Q B. Using again the definition (4), we get

l((A �Q B) ∩ (A �Q C)) = l(r(l(A �Q B)) ∩ r(l(A �Q C)))
= l(A �Q B) � l(A �Q C)
= (A ⊗ B) � (A ⊗ C).

Hence, by (i.2) and (i.3) we get the required result.
(ii) can be proved in the similar way.

From Lemmas 20, 21 and 22 we get:

Theorem 6. The complex algebra of an LP frame is an LP algebra.

5.3 Canonical Frames of LP Algebras

Let (W, ∧, ∨, 0, 1, �, 1′) be an LP algebra. As before, by a filter (resp. ideal) of
W we mean a filter (resp. ideal) of the underlying lattice (W, ∧, ∨, 0, 1). We will
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write X(W ) to denote the family of all maximal filter–ideal pairs of the lattice
reduct of W .

Let us define the following ternary relations on X(W ): for all x, y, z ∈ X(W ),

R�(x, y, z) iff (∀a, b∈ W ) a ∈ x1 & b ∈ y1 ⇒ a � b ∈ z1 (17)
S�(x, y, z) iff (∀a, b∈ W ) a � b ∈ z2 & b ∈ y1 ⇒ a ∈ x2 (18)
Q�(x, y, z) iff (∀a, b∈ W ) a � b ∈ z2 & a ∈ x1 ⇒ b ∈ y2 (19)

Moreover, let

I� = {x∈ X(W ) : 1′ ∈ x1}. (20)

Definition 15. Let an LP algebra (W, ∧, ∨, 0, 1, �, 1′) be given. The structure
(X(W ),�1,�2, R

�, S�, Q�, I�) is called a canonical frame of W . ��

The following two lemmas can be proved as in [1].

Lemma 23. Let (X(W ),�1,�2, R
�, S�, Q�, I�) be the canonical frame of an

LP algebra. Then R�, S�, Q� and I� satisfy monotonicity conditions (MP.1)–
(MP.4) of Definition 13.

Lemma 24. Let (X(W ),�1,�2, R
�, S�, Q�, I�) be the canonical frame of an

LP algebra. Then R�, S�, Q� and I� satisfy stability conditions (SP.1)–(SP.9)
of Definition 13.

Lemmas 23 and 24 imply the following theorem:

Theorem 7. The canonical frame of an LP algebra is an LP frame.

5.4 Relational Representation for LP Algebras

Let (W, ∧, ∨, 0, 1, �, 1′) be an LP algebra, (X(W ),�1,�2, R
�, S�, Q�, I�) be its

canonical frame and let (L(X(W )), �, �,0,1, ⊗,1′) be the complex algebra of
X(W ). Let the mapping h : W → 2X(W ) be defined as in (9), i.e. for every
a ∈ W ,

h(a) = {x∈ X(W ) : a ∈ x1}.

Our aim is to show that W is isomorphic to a subalgebra of L(X(W )).

To begin, we introduce the following auxiliary notation. Given an LP algebra,
for any A, B ⊆ W denote

A � B = {a � b : a ∈ A & b ∈ B}.

First, note the following:
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Lemma 25. Let an LP algebra (W, ∧, ∨, 0, 1, �, 1′) be given and let F and I be
a filter and an ideal of W , respectively. Then

U = {a ∈ W : ({a} � F ) ∩ I �= ∅}
V = {a ∈ W : (F � {a}) ∩ I �= ∅}

are ideals of W .

Proof. We show that U is an ideal of W . Let (1) a ∈ U and (2) b � a. From
the definition of U , (1) implies that there is c ∈ F such that (3) a � c ∈ I. By
Lemma 14(i), (2) implies (4) b � c� a � c. Since I is a ideal, (3) and (4) give
(5) b � c ∈ I. So for some c ∈ F , (5) holds, which gives b ∈ U .
Let a, b∈ U . We shall show that a ∨ b ∈ U . By assumption, there exist c, d ∈ F
such that (6) a � c ∈ I and (7) b � d ∈ I. Since c∧ d � c and c∧ d � d, by Lemma
14(i) we have a � (c ∧ d) � a � c and b � (c ∧ d) � b � d, so by (6) and (7) we get
a � (c ∧ d) ∈ I and b � (c ∧ d) ∈ I. Then (a � (c ∧ d))∨ (b � (c ∧ d)) ∈ I, since I is
an ideal. From axiom (P.4), (a � (c ∧ d)) ∨ (b � (c ∧ d)) = (a ∨ b) � (c ∧ d), so we
get (a ∨ b) � (c ∧ d) ∈ I. Since F is a filter, c ∧ d ∈ F . We have shown then that
for some c′ = c ∧ d ∈ F , (a ∨ b) � c′ ∈ I, which by the definition of U implies that
a ∨ b ∈ U .
Proceeding in the similar way we can show that V is an ideal.

Theorem 8 (Representation theorem for LP algebras). Every LP algebra
is isomorphic to a subalgebra of the complex algebra of its canonical frame.

Proof. In view of Theorem 1 it suffices to show that

(i) h(1′) = 1′

(ii) h(a � b) = h(a) ⊗ h(b).

(i) Note that by (20), I� = h(1′), so from Theorem 1(ii), it is an l–stable set.
Also, 1′ = l(r(I�)) by (16). Hence 1′ = I�, i.e. h(1′) = 1′.

(ii) (⊆) Let a, b∈ W , z ∈ X(W ) and assume that z ∈ h(a � b). Then it holds
(ii.1) a � b ∈ z1. We have to show that z ∈ h(a) ⊗ h(b). By the definition (15) and
Lemma 17, this means that for any w ∈ X(W ), if z �1w, then w �∈ h(a) �S h(b).
Assume that z �1w, i.e. (ii.2) z1 ⊆ w1. We will show that (ii.3) w �∈ h(a) �S h(b).

Let [a) be the filter generated by a, i.e. [a) = {e ∈ W : a� e}. Define

U = {c ∈ W : ([a) � {c}) ∩ w2 �= ∅}.

By Lemma 25, U is an ideal. We show that (ii.4) b �∈ U . Suppose that b ∈ U . Then
there exists e ∈ [a) such that (ii.5) e � b ∈ w2. Since e ∈ [a), a� e, so a � b � e � b
by Lemma 14(ii). Then, since w2 is an ideal, by (ii.5) we get a � b ∈ w2, so
a � b �∈ w1, which by (ii.2) gives a � b �∈ z1 – a contradiction with (ii.1).

Then ([b), U) ∈ FIP (W ). Let (y1, y2) be its extension to the maximal filter–ideal
pair. Hence (ii.6) [b) ⊆ y1 and (ii.7) U ⊆ y2. From (ii.6), b ∈ y1, so (ii.8) y ∈ h(b).
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Next, let us consider the set

V = {c ∈ W : ({c} � y1) ∩ w2 �= ∅}.

By Lemma 25, V is an ideal. We show that (ii.9) a �∈ V . Suppose that a ∈ V . Then
there exists e ∈ L such that (ii.10) e ∈ y1 and (ii.11) a � e ∈ w2. By the definition
of U , (ii.11) means that e ∈ U , so by (ii.7), e ∈ y2. Whence e �∈ y1, which con-
tradicts (ii.10). So (ii.9) was proved. Then ([a), V ) ∈ FIP (W ). Let (x1, x2) be
its extension to the maximal filter–ideal pair. Then we have (ii.12) [a) ⊆ x1 and
(ii.13) V ⊆ x2. From (ii.12), a ∈ x1, so x∈ h(a), which implies (ii.14) x �∈ r(h(a)).
Finally, we show that (ii.15) S�(x, y, w). By the definition (18) of S�, this means
that for all c, d ∈ W , c �∈ x2 and d ∈ y1 imply c � d �∈ w2. Let c, d ∈ W be such
that c �∈ x2 and d ∈ y1. It suffices to show that c � d �∈ w2. Indeed, c �∈ x2 implies
by (ii.13) that c �∈ V . From the definition of V , this gives that for any e ∈ y1,
c � e �∈ w2, so in particular c � d �∈ w2. Therefore, for some x, y ∈ X(W ), (ii.8),
(ii.14) and (ii.15) hold – by the definition (14) of �S (ii.3) follows.
(⊇) Let a, b∈ L and let z ∈ X(W ). Assume that z ∈ h(a) ⊗ h(b). By the def-
inition (15) this is equivalent to (ii.16) z ∈ l(h(a) �Q h(b)). Let y ∈ X(W ) be
such that (ii.17) z1 ⊆ y1. Then from (ii.16), y /∈ h(a) �Q h(b), which means
that there exist x, w ∈ X(W ) such that (ii.18) Q�(x, w, y), (ii.19) x∈ h(a) and
(ii.20) w �∈ r(h(b)). From (ii.19), a ∈ x1. Next, by Theorem 1(i), (ii.20) implies
(ii.21) b �∈ w2. By the definition (19), (ii.18) gives that for all a, b∈ W , a � b ∈ y2
and a ∈ x1 imply b ∈ w2. Hence, from (ii.19) and (ii.21), a � b �∈ y2. Applying
again Theorem 1(i), we obtain y �∈ r(h(a � b)), which together with (ii.17) gives
z ∈ l(r(h(a � b))). Since by Theorem 1(ii), h(a � b) is l–stable, we finally get
z ∈ h(a � b).

6 LCP Algebras

LCP algebras are meant to be relation algebras based on arbitrary bounded
lattices. Their axioms consist of the axioms (C.1) and (C.2) of converse, the
axioms (P.1),. . . ,(P.4) of product and an additional axiom which tells us how
converse and product are related with each other. In the axiomatization of clas-
sical relation algebras, this is done by postulating that converse distributes over
composition and also by the axiom

a � − (a� � − b) � b, (21)

where −x is the Boolean complement of x. It is well known that (21) is equivalent
to de Morgan’s Theorem K, one form of which states that

a � b � −c iff a� � c� −b iff c � b� � −a. (22)

In our present setting, we do not have complementation as a distinguished op-
eration, and thus, we cannot use (21). It may be argued that one could use the
complement free version of (22), namely,

(a � b) ∧ c = 0 iff (a� � c) ∧ b = 0 iff (c � b�) ∧ a = 0. (23)
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However, it is not quite clear whether this is useful because of the following:
Suppose that W is an LCP algebra (formally defined below), and let m �∈ W .
Set W ′ = W ∪ {m}, and extend ordering and the operations of W over W ′ by

m �x, m� = m, m � x = x� m = m

for all x ∈ W ′. In other words, we are adding a new smallest element to W .

Lemma 26.

1. W ′ is an LCP algebra which satisfies (23)
2. If τ = σ is an equation of LCP algebras not containing 0, then

W |= τ = σ iff W ′ |= τ = σ.

Proof. The idea is to show that the equational classes generated by W and
W ′ are the same when 0 is omitted in the signature. Suppose that Eq(W ) and
Eq(W ′) are these classes. It suffices to show that W ∈ Eq(W ′) and W ′ ∈ Eq(W ).
The first claim follows from the fact that W is a subalgebra of W ′. The second
claim can be seen as follows. Let f : W ′ → W × W be defined by

f(x) =

{
〈x, 1〉, if x �= m,

〈0, 0〉, if x = m.

Then, f is an injective homomorphism, showing that W ′ ∈ ISP (W ).

It may also be worthy to note that (21) is equivalent to the statement

−(a� � − b) is the largest x with a � x� b,

i.e. −(a� � −b) is the (right) residuum of � . Hence, a more coherent way would
be to introduce residua as e.g. in [23] as distinguished operators.

Let us formally define LCP algebras.

Definition 16. An LCP algebra is a system (W, ∧, ∨, 0, 1, �, �, 1′) such that
(W, ∧, ∨, 0, 1, �) is an LC algebra, (W, ∧, ∨, 0, 1, �, 1′) is an LP algebra and for
all a, b∈ W the following holds:

(CP) (a � b)� = b� � a�. ��

Note that

Lemma 27. For every LCP algebra (W, ∧, ∨, 0, 1, �, �, 1′), 1′ is an equivalence
element.
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Proof. We have to show that 1′ is transitive and symmetric. Transitivity follows
from 1′ � 1′ = 1′, and symmetry can be shown as follows:

1′� = 1′� � 1′, by (P.1)

= (1′� � 1′)��, by (C.1)

= (1′� � 1′)�, by (CP) and (C.1)

= 1′��, by (P.1)

= 1′, by (C.1).

Example 1. Let (W, ∧, ∨, 0, 1, �, 1′) be a system such that W = {0, a, b, c, d, e, 1},
1′ = b and the operations � and � are given in Tables 1 and 2 below, respectively.

1

0

dcb

a

Fig. 1. An example.

Table 1. Converse � of W

x x�

0 0
a a

b b

c d

d c

e e

1 1

Table 2. Product � of W

� 0 a b c d e 1
0 0 0 0 0 0 0 0
a 0 a a c d e 1
b 0 a b c d e 1
c 0 c c c e e c
d 0 d d 0 d 0 d
e 0 e e 0 e 0 e
1 0 1 1 c d e 1
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By straightforward verification it is easy to check that W is an LCP algebra.
Note that the underlying lattice is not distributive and product of W is non–
commutative (c � e = e �= 0 = e � c). ��

As before, we start our discussion on LCP algebras by defining LCP frames.

Definition 17. An LCP frame is a system (X, �1,�2, C, R, S, Q, I) such that
(X, �1,�2, C) is an LC frame, (X, �1,�2, R, S, Q, I) is an LP frame and more-
over, for all x, y, z ∈ X,

(SCP) Q(x, y, z) = S(C(y), C(x), C(z)). ��

Definition 18. Let (X, �1,�2, C, R, S, Q, I) be an LCP frame. A complex al-
gebra of X is a structure (L(X), �, �,0,1, �, ⊗,1′) with operations defined by
(3)–(6), (11), (15) and (16). ��

Theorem 9. The complex algebra of an LCP frame is an LCP algebra.

Proof. Let (X,�1,�2, C, R, S, Q, I) be an LCP frame and let (L(X), �, �,0,1,
�, ⊗,1′) be its complex algebra. By Theorems 4 and 6, (L(X), �, �,0,1, �) is an
LC algebra and (L(X), �, �,0,1, ⊗,1′) is an LP algebra. It suffices to show that
(CP) holds in L(X), i.e. (A ⊗ B)� = B� ⊗ A� for all l–stable sets A, B ⊆ X.
(⊆) Let z ∈ (A ⊗ B)�. This means that C(z) ∈ A ⊗ B, or equivalently, (1)
C(z) ∈ l(A �Q B). Let z′ ∈ X be such that (2) C(z) �1 z′. By (MC.1) and (SC)
this is equivalent to (3) z �1 C(z′). From (1) and (2) we get z′ �∈ A �Q B. By
the definition (13) this means that there exist x, y ∈ X such that (4) Q(x, y, z′),
(5) x∈ A and (6) y �∈ r(B). From (6), there exists y′ ∈ X such that (7) y �2 y′

and (8) y′ ∈ B. Next, (5) implies (9) C(x) ∈ A�. Similarly, from (8) it follows
C(y′) ∈ B�, so (10) C(y′) �∈ r(B�). By (MP.3), (4) and (7) imply Q(x, y′, z′),
which by (SCP) is equivalent to (11) S(C(y′), C(x), C(z′)). Hence, by (9) and
(10) we get that C(z′) �∈ B� �S A�. Since A and B are l–stable, by Lemma 11(iii)
A� and B� are also l–stable. Hence, from Lemma 17, B� �S A� = B� �Q A�

which together with (3) gives z ∈ l(B� �Q A�), that is z ∈ B� ⊗ A�.
The proof of (⊇) is similar.

Let (W, ∧, ∨, 0, 1, �, �, 1′) be an LCP algebra. As before, by a filter (ideal) of
W we mean a filter (ideal) of the underlying lattice (W, ∧, ∨, 0, 1). We will write
X(W ) to denote the family of all maximal filter–ideal pairs of the lattice reduct
of W .

Definition 19. Let (W, ∧, ∨, 0, 1, �, �, 1′) be an LCP algebra. A canonical
frame of W is a structure (X(W ),�1,�2, C

�, R�, S�, Q�, I�) such that �1
and �2 are defined by (7) and (8), respectively, and relations C�, R�, S�, Q�

and I� are defined by (12) and (17)–(20), respectively. ��
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Theorem 10. The canonical frame of an LCP algebra is an LCP frame.

Proof. Let (X, ∧, ∨, 0, 1, �, �, 1′) be an LCP algebra and let (X(W ),�1,�2,
C�, R�, S�, Q�, I�) be its canonical frame. By Theorem 4, (X(W ),�1,�2, C

�)
is an LC frame. Next, by Theorem 7, (X(W ),�1,�2, R

�, S�, Q�, I�) is an LP
frame. It suffices to show that (SCP) holds.
Let x, y, z ∈ X(W ). We have the following equivalences:

S�(C�(y), C�(x), C�(z))
iff (∀a, b∈ W ) a � b ∈ z�

2 & b ∈ x�
1 ⇒ a ∈ y�

2 by (18)
iff (∀a, b∈ W ) (a � b)� ∈ z2 & b� ∈ x1 ⇒ a� ∈ y2 by (10)
iff (∀a, b∈ W ) b� � a� ∈ z2 & b� ∈ x1 ⇒ a� ∈ y2 by axiom (CP)
iff Q�(x, y, z) by (19).

We conclude the paper by stating the representability of LCP algebras.

Theorem 11. Every LCP algebra is isomorphic to a subalgebra of the complex
algebra of its canonical frame.

Proof. Follows from Theorems 5, 8, 9 and 10.

7 Conclusions

In this paper we have studied not necessarily distributive lattices with the op-
erators which are the abstract counterparts to the converse and composition of
binary relations. On the algebraic side, we have presented relational represen-
tation theorems for these classes of algebras. The representation theorems are
obtained by suitable extensions of the Urquhart representation theorem for lat-
tices [26]. However, here we stress the relational aspect of representability, and
we omit the topological aspect. On the logical side, with every class of algebras
studied in the paper we have associated an appropriate class of frames. These
frames constitute a basis of a Kripke-style semantics for the logics whose alge-
braic semantics is determined by the classes of algebras presented in the paper.
The representation theorems would enable us to prove completeness of the log-
ics. For a detailed elaboration of the respective relational logics one can follow
the developments in [1] and [24].

The further work is planned on the class of relation algebras based on double
residuated lattices presented in [23]. The signature of such algebras extends the
signature of LCP algebras with the residuation operators determined by the
product, and with the sum and its dual residua. In these algebras complement
operations are definable in terms of residua. Therefore the axioms of this class
of algebras should include some counterparts to the De Morgan theorem K.

An interesting axiomatic extension of the presented algebras would be LCP with
the modular law relating product and converse operations.
These problems will be discussed in the ongoing paper.
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18. Höhle, U. and Klement, U. P. (eds) (1996). Non–Classical Logics and their Appli-

cations to Fuzzy Subsets, Kluwer, Dordrecht.
19. Jónsson, B. and Tarski, A. (1951) Boolean algebras with operators. Part I. Amer-

ican Journal of Mathematics 73, 891–936.
20. Kawahara, Y. and Furusawa, H. (1999) An algebraic formalization of fuzzy rela-

tions. Fuzzy Sets and Systems 101, 125–135
21. Or�lowska, E. (1995). Information algebras. Lecture Notes in Computer Science.

639, Proceedings of AMAST’95, Montreal, Canada, 50–65.
22. Or�lowska, E. and Radzikowska, A. M. (2001). Information relations and opeators

based on double residuated lattices. Procedings of the 6th International Workshop
on Relational Methods in Computer Science RelMiCS’01, Oisterwijk, Netherlands,
185–199.



Lattice–Based Relation Algebras and Their Representability 255

23. Or�lowska, E. and Radzikowska, A. M. (2002). Double residuated lattices and their
applications. Relational Methods in Computer Science, H. C. M. de Swart (ed),
Lecture Notes in Computer Science 2561, Springer–Verlag, Heidelberg, 171–189.

24. Or�lowska, E. and Vakarelov, D. (2003). Lattices with modal operators and lattice–
based modal logic. Proceedings of the 12th International Congress of Logic,
Methodology and Philosophy of Science, Oviedo, August 2003, to appear. Abstract
in the Volume of Abstracts, 22–23.

25. Sofronie-Stokkermans, V. (2000). Duality and canonical extensions of bounded dis-
tributive lattices with operators, and applications to the semantics of non-classical
logics. Studia Logica 64, Part I pp. 93-122, Part II, 151–172.

26. Urquhart, A. (1978). A topological representation theorem for lattices. Algebra
Universalis 8, 45–58.



Binary Multirelations

Ingrid Rewitzky

Department of Mathematics and Applied Mathematics,
University of Cape Town, South Africa

rewitzky@maths.uct.ac.za

Abstract. Relational models for imperative programming languages
provide a representation of commands in terms of binary input-output
relations over states. Various relational models have arisen from mod-
elling decisions on the distinction between angelic- and demonic non-
determinism, and have been shown to be isomorphic to disjunctive- or
conjunctive predicate transformer semantics. For commands with both
angelic- and demonic nondeterminism it is known that monotone unary
operators provide a predicate transformer semantics but there is no con-
ventional relational model. In this paper we propose a novel relational
representation, in terms of binary multirelations, for such commands.
Then we show that binary multirelations and monotone unary operators
are intertranslatable.

1 Introduction

Recent extensions [Mor88,BaW89,Nel89,BaW92] of Dijkstra’s guarded command
language [Dij75,Dij76] allow commands with both angelic- and demonic non-
determinism. A predicate transformer semantics of such extended languages
can easily be defined in terms of monotone unary operators. However, no re-
lational model has been provided. Since known relational models capture either
angelic- or demonic nondeterminism, and binary relations are Jónsson/Tarski
dual to either disjunctive- or conjunctive predicate transformers [ReB95,BrR01],
we already know that there are no conventional binary relations correspond-
ing to monotone predicate transformers. In this paper we propose the notion
of binary multirelation as a relational representation of commands with both
angelic- and demonic nondeterminism. The idea for the multirelational repre-
sentation arose from the games of choice used for discussing nondeterminism in
[Hes94,BaW95,Hoa96,BaW98], as follows. Execution of a command with angelic-
and demonic nondeterminism may be viewed as a two-player two-step game of
choice. We may refer colloquially to the players as ‘the user’ and ‘the machine’.
The game is lost by the player who is faced with the choice from an empty set.
It is assumed that the user will take any available opportunity to win, while the
machine assumes the role of a devil’s advocate who is trying to make sure the
user loses. The user makes the first move by selecting a set of possible winning
positions, and the machine makes the second move by selecting the actual final
position from this set. Thus a loss for the user is the empty family, and the user

H. de Swart et al. (Eds.): TARSKI, LNCS 2929, pp. 256–271, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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has the opportunity of winning the game whenever the family of choices con-
tains the empty set. From each starting position the user may have the choice
of more than one set of possible winning positions, therefore the game deter-
mines a binary relation between starting positions and sets of possible winning
positions. Such binary relations from a set to a set of sets, may be seen as gen-
eralising multifunctions analogous to the way binary relations from a set to (in
general another) set generalise functions. Accordingly, we will call them binary
multirelations. Keeping this game-theoretic intuition in our minds, but with-
out going into the depths of game theory, we proceed as follows. In Section 2 we
introduce the notion of binary multirelation, and define multirelation forming op-
erations on binary multirelations in terms of the usual set-theoretic operations
and their power operations [Bri93]. Using results from lattice theory [DaP90]
we then investigate the algebraic structure of different families of binary mul-
tirelations. In Section 3 we observe that certain up-closed binary multirelations
correspond to binary relations and hence, by the Jónsson/Tarski translations
[JoT51,JoT52], correspond to certain monotone unary operators. This suggests
that there should be a bijective correspondence between up-closed binary mul-
tirelations and monotone unary operators. We show in Section 4 that this is
the case. As a consequence we generalise the factorisation result [GMM94] for
monotone unary operators which lies at the heart of the simulation rule tech-
nique for developing or verifying an implementation against its more abstract
specification.

2 An Algebra of Binary Multirelations

As an example to motivate the definition of the notion of binary multirelation
consider the following program α, that allows both angelic and demonic choice

((x := x − 1 � x := x + 1);x := x − 1) � (x := x + 1; (x := x − 1 � x := x + 1)),

where � denotes angelic choice, � denotes demonic choice, ; denotes sequential
composition. During an execution of α, the user is given the choice between

α1 : (x := x − 1 � x := x + 1);x := x − 1
α2 : x := x + 1; (x := x − 1 � x := x + 1),

where both α1 and α2 in turn provide the machine with the choice of two state-
ments to execute. Suppose the state space is the set of integers Z. Then α1 and
α2 and may be represented respectively by the following binary relations

rα1 = {(i, i − 2) | i ∈ Z} ∪ {(i, i) | i ∈ Z}
rα2 = {(i, i) | i ∈ Z} ∪ {(i, i + 2) | i ∈ Z}.

To capture the angelic choice between α1 and α2, we use pairs

(i, rα1(i)) and (i, rα2(i)) for i ∈ Z,
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where rαn(i) = {j ∈ Z | (i, j) ∈ rαn} (n = 0, 1). Hence, α may be represented
as the binary relation Rα ⊆ Z × P(Z) given by:

Rα = {(i, {i − 2, i}) | i ∈ Z} ∪ {(i, {i, i + 2}) | i ∈ Z}.

More generally, let S be the set of all states regarded as infinite vectors of
values of a countable collection of program variables. A program α, that allows
both demonic and angelic choice, may be represented as a binary relation Rα ⊆
S × P(S), the idea being that for s ∈ S and Q ∈ P(S),

sRαQ iff program α, when started in state s,
is guaranteed to terminate in a state in which Q holds,
and, every state in Q is a possible outcome of α.

For each s ∈ S,
Rα(s) = {Q ∈ P(S) | sRαQ}

captures the angelic choices available to the user, and for each Q ∈ Rα(s),

{t ∈ S | t ∈ Q}
captures the demonic choices available to the machine. We now formalise this
representation in terms of the notion of a binary multirelation.

Definition 1. Let X and Y be sets. A binary multirelation is a subset of the
Cartesian product X × P(Y ), that is, a set of ordered pairs (x, Q) where x ∈ X
and Q ⊆ Y . Mostly we will deal with the case of X = Y = S.

As subsets of S×P(S), binary multirelations can be partially ordered by superset
inclusion ⊇ where

R ⊇ S iff (∀s ∈ S)[R(s) ⊇ S(s)],

with the intuition that program S is ‘better’ than program R if the user has
less choice in S than in R. Since the image set of any s ∈ S under any binary
multirelation is an element of P(P(S)) the pointwise extensions of the power
operations [Bri93,BrR01] of the operations on the powerset Boolean algebra
P(S) = (P(S),∪,∩,− , ∅,S) give rise to further operations on binary multire-
lations. A pre-order on binary multirelations is given by the upper power order,
in the sense of [Bri93], of set inclusion:

R ⊆+ S iff (∀s ∈ S)(∀P ∈ R(s))(∃Q ∈ S(s))[Q ⊆ P ]

with the intuition that program S is ‘better’ than program R if Q always allows
the user to choose an equal or smaller set than P does. For any X ⊆ S, we define
the upclosure of X by ↑X = {y ∈ S | (∃x ∈ X)[x ≤ y]}. Then

Lemma 1. For any binary multirelations R, S ⊆ S × P(S),

R ⊆+ S iff (∀s ∈ S)[↑R(s) ⊆ ↑S(s)].
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Proof. By definition of ⊆+, R ⊆+ S iff (∀s ∈ S)[R(s) ⊆ ↑S(s)]. Now, for any
s ∈ S,

R ⊆+ S and P ∈ ↑R(s) ⇒ (∀x ∈ S)[R(x) ⊆ ↑S(x)] and (∃P ′ ∈ R(s))[P ′ ⊆ P ]
by definition of ⊆+ and ↑(·)

⇒ (∃Q ∈ S(s))[Q ⊆ P ]
first order logic

⇒ P ∈ ↑S(s)
by definition of ↑(·). ��

The usual set-theoretic operations of union (∪), intersection (∩) and complement
(−) with respect to S can be used to define operations of union, intersection,
complement for binary multirelations, as follows. For any two binary multirela-
tions R and S, their power union is defined by

R ∪+ S = {(s, Q1 ∪ Q2) | sRQ1 and sSQ2},

and may be interpreted as a program in which the user is asked for two indepen-
dent choices of programs to be executed and then the machine nondeterminis-
tically decides which to execute. Similarly, the power intersection of two binary
multirelations R and S is defined by

R ∩+ S = {(s, Q1 ∩ Q2) | sRQ1 and sSQ2},

and may be interpreted as a program in which the user is asked for two inde-
pendent choices of programs to be executed and then the program terminates
in a state in which both the chosen programs may terminate. For any binary
multirelation R, we may also define the power negation of R by

R
+

= {(s,Q) | sRQ},

and interpret it as a program in which the user chooses a program not to be
executed by the machine. Combining set complementation and power negation,
we can define a notion of the dual of a binary multirelation R by

Ro = R
+

= {(s,Q) | (s, Q) �∈ R}.

Note that the converse of a binary multirelation is, in general, not again a bi-
nary multirelation. With respect to the ordering ⊆+, the smallest (or worst)
multirelation is the universal multirelation T+ given by

T+ = {(s, Q) | s ∈ S and Q ∈ P(S)}
and which may be interpreted as a program which is always enabled. The largest
(or best) is the null multirelation ⊥+ given by

⊥+ = {(s, ∅) | s ∈ S}



260 Ingrid Rewitzky

and which may be interpreted as a program which is never enabled. The identity
multirelation I+ is given by

I+ = {(s, {s}) | s ∈ S}.

Multirelational composition may be defined as follows: for any two binary mul-
tirelations R and S,

R; S = {(s, Q) | (∃Y )[sRY and Y ⊆ {y | ySQ}]}.

Note that relational composition for relations r, s ⊆ S × S, namely

r; s = {(x, z) | (∃y)[xry and ysz]} = {(x, z) | (∃y)[xry and y ∈ {u | usz}]}
corresponds to multirelational composition. Furthermore, composition for mono-
tone predicate transformers will be shown to correspond to multirelational com-
position on page 269. Binary multirelations have many interesting and useful
properties. Here are some of them.

Definition 2. Let R ⊆ S × P(S) be a binary multirelation. Then

(a) R is proper if, for each s ∈ S, R(s) �= ∅.
(b) R is total if, for each s ∈ S, ∅ �∈ R(s).
(c) R is up-closed if, for each s ∈ S, R(s) is an up-set with respect to set inclusion

⊆ (that is, Q ∈ R(s) and Q ⊆ Q1 imply Q1 ∈ R(s)).
(d) R is multiplicative (or an intersection structure) if, for each s ∈ S and any

non-empty indexed set {Qi}i∈I of subsets of S,
⋂

{Qi | Qi ∈ R(s)} ∈ R(s).

(e) R is additive if, for each s ∈ S and any non-empty indexed set Qii∈I of
subsets of S,∪i∈IQi ∈ R(s) implies Qi ∈ R(s) for some i ∈ I.

The next theorem provides some distributivity properties binary multirelational
composition; the proofs are easy and left for the reader.

Theorem 1. For any binary multirelations R, S, T ,

(a) �+; R = �+. R; �+ = �+, if R is proper.
(b) S ⊆ T implies S ∩R ⊆ T ∩R and S ∪R ⊆ T ∪R. S ⊆ T implies S; R ⊆ T ; R

and R; S ⊆ R; T .
(c) (S ∩ T ); R ⊆ S; R ∩ T ; R R; (S ∩ T ) = R; S ∩ R; T , if R is multiplicative.
(d) (S ∪ T ); R = S; R ∪ T ; R. R; (S ∪ T ) = R; S ∪ R; T , if R is additive. ��
In the remainder of this section we investigate the lattice-theoretic properties of
different families of binary multirelations. Before doing so, we recall some lattice-
theoretic notions for complete lattices. [Note that these definitions are included
for ease of reference; further details may be found in, e.g., [BeS71,GHK80,DaP90]
and in the original sources referenced in these standard texts on lattice theory.]
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[Interlude] A complete sublattice of the lattice of all subsets of a set is known
as a complete ring of sets. Let (L,∨,∧) be a complete lattice. An element x
of L is completely join-irreducible if, for any non-empty indexed set {yi}i∈I of
elements of L,

x =
∨

i∈I

yi implies x = yi for some i ∈ I.

A subset X of L is join-dense if every element of L is a join of elements from X.
A completely meet-irreducible element and a meet-dense subset of L are defined
dually. An element k of L is finite (or compact) if, for every subset X of L,

k ≤
∨

X implies k ≤
∨

Y for some finite subset Y of X.

A complete lattice L is said to be algebraic if, for each a ∈ L,

a =
∨

{k ∈ L | k ≤ a and k is finite}.

A family X of subsets of a set X ordered by inclusion and closed under arbi-
trary intersections of non-empty subfamilies is called an intersection structure;
if in addition X ∈ X then X is called a topped intersection structure. [End
of Interlude] Two subfamilies of the family of up-closed binary multirelations
have interesting descriptions in terms of filters in P(S), namely, the subfamily
of proper multiplicative up-closed binary multirelations and the subfamily of
total additive up-closed binary multirelations. Take any proper multiplicative
up-closed binary multirelation R. Then for each s ∈ S, R(s) is a filter in P(S)
closed under arbitrary intersections and hence a principal filter in P(S) ([BeS71],
p 107). That is, for each s ∈ S there is some Ys ∈ P(S) such that:

R(s) = {Q ∈ P(S) | Ys ⊆ Q}.

The set Ys may be viewed as the set of outcomes of a program α, and then
the set R(s), being generated by Ys, represents a program in which there is no
angelic choice (i.e. the user is offered no choice). This means that, under our
assumption of demonic nondeterminism for choices made by the machine, these
multirelations capture demonic nondeterminism and hence we will refer to them
as demonic multirelations. If the set Ys generating R(s) is finite then we call R
a finite demonic multirelation. Dually, for any total additive up-closed binary
multirelation R and any s ∈ S, there is some Ys ⊆ S such that:

R(s) = {Q ∈ P(S) | Ys �⊆ Q}
= {Q ∈ P(S) | (∃t ∈ Ys)[t ∈ Q]}
= {Q ∈ P(S) | Q ∈

⋃

t∈Ys

↑{t}}.

Each singleton {t} may be viewed as the set of outcomes of a deterministic pro-
gram, and the set, being generated by the set of these singletons, then represents
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a program in which there is no demonic choice (i.e. the machine is offered no
choice). This means that, under our assumption of angelic nondeterminism for
angelic choice, these multirelations capture angelic nondeterminism and hence
we will refer to them as angelic multirelations. A binary multirelation R which is
both angelic and demonic is such that for each s ∈ S, R(s) = {Q ∈ P(S) | t ∈ Q},
for some t ∈ S, that is, for each s ∈ S, R(s) is a principal ultrafilter in P(S).
These binary multirelations then represent programs in which neither the ma-
chine nor the user is offered a choice, and hence we refer to them as deter-
ministic multirelations. Let R denote the family of all binary multirelations
R ⊆ S × P(S),Ru the family of all up-closed multirelations, Ra the family of
all angelic multirelations, Rd the family of all demonic multirelations, and Rt

the family of all total multiplicative up-closed multirelations. In Theorem 2 we
note that the family Ru of up-closed binary multirelations over S has a very
rich lattice-theoretic structure inherited from the lattice of up-closed sets of the
powerset Boolean algebra P(S) = (P(S),∪,∩,− , ∅,P(S)), and that subfamilies
of Ru inherit some of this structure.

Theorem 2.

(a) The structures (R,∩+,�+) and (R,∪+,⊥+) are commutative monoids. The
structures (Ru, ; , I+

u ), (Ra, ; , I+
u ) and (Rd, ; , I+

u ) are monoids, where I+
u =

{(s, Q) | s ∈ Q}.
(b) The family of up-closed binary multirelations Ru is a complete ring of sets

in which

∧
{Ri | i ∈ I} =

⋂

i∈I

Ri =
+⋃

i∈I

Ri and
∨

{Ri | i ∈ I} =
⋃

i∈I

Ri.

The bottom element is ⊥+ and the top element is �+. The finite elements
are the finite joins of demonic multirelations in Rd. The completely join-
irreducible elements are the demonic multirelations and the completely meet-
irreducible elements are the angelic multirelations.

(c) The family of demonic multirelations Rd is a complete algebraic lattice in
which joins of directed subfamilies of {Ri}i∈I and non-empty meets are as
in Ru. In general, joins are given by

∨
{Ri | i ∈ I} =

+⋂

i∈I

Ri =
⋂

{R ∈ Rd |
⋃

i∈I

Ri ⊆ R}.

The bottom element is ⊥+ and the top element is �+. The finite elements
are the finite demonic multirelations.

(d) The family of angelic multirelations Ra is a complete lattice in which joins
are as in Ru and meets are given by

∧
{Ri | i ∈ I} =

+⋃

i∈I

Ri =
⋃

{R ∈ Ra |
⋂

i∈I

Ri ⊆ R}.

The bottom element is ⊥+ and the top element is �+
∅ .
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(e) The family of total, multiplicative up-closed multirelations Rt is a complete
meet-semilattice in which meets are as in Ru, and the maximal elements are
the deterministic multirelations.

Proof.

(a) That (R,∩+,�+) and (R,∪+,⊥+) are commutative monoids follows from
the result by Gautam [Gau57] that a (non-trivial) equation involving the
operations of an algebra remains valid of the corresponding power operations
iff the individual variables in the equation occur only once on each side of
the equation.

(b) Let U(P(S)) denote the lattice of up-closed subsets of P(S) ordered by set-
inclusion. The mapping φ : Ru → P(U(P(S))) given by R �→ {R(s) | s ∈ S}
is an isomorphism, and hence Ru is a complete lattice with meets and joins
as given above. Moreover, by ([Dav79], Proposition 1.1(i) and (ii)), U(P(S))
is a complete ring of sets and hence so is Ru. Take any demonic multirelation
R. Let {Ri}i∈I be a non-empty family of up-closed multirelations such that
R =

⋃
i Ri. We need to show that R = Ri for some i ∈ I. Take any s ∈ S.

Then R(s) �= ∅ since R is proper, and hence there is some Q ∈ R(s). By
multiplicativity of R(s),

⋂{Q | Q ∈ R(s)} ∈ R(s), so
⋂{Q | Q ∈ R(s)} ∈⋃

i∈I Ri(s) and hence
⋂{Q | Q ∈ R(s)} ∈ Ri(s) for some i ∈ I. For each

Q ∈ R(s),
⋂{Q | Q ∈ R(s)} ⊆ Q and hence, since Ri is up-closed, Q ∈

Ri(s). Therefore, since s ∈ S was arbitrary, R ⊆ Ri for some i ∈ I. By
definition of union Ri ⊆ ⋃

i∈I Ri so Ri ⊆ R. This shows that R is completely
join-irreducible in Ru. Dually, any angelic multirelation is completely meet-
irreducible in Ru. Since the demonic multirelations are the completely join-
irreducible elements of Ru, it follows by ([Dav79], Proposition 1.1(v)) that
they are join-dense. Therefore the finite elements of Ru are finite joins of
demonic multirelations.

(c) The family Rd contains �+ and is closed under non-empty meets since each
multirelation R ∈ Rd is multiplicative. That is,

⋂
i∈I Ri ∈ Rd for every

non-empty indexed subfamily {Ri}i∈I ⊆ Rd. Any subfamily of Rd has at
least one upper bound in Rd, namely �+, and hence, by ([DaP90], Lemma
2.15), has a least upper bound in Rd is a topped intersection structure
and hence, by ([DaP90], Corollary 2.17), a complete lattice with meets and
joins as given above. The family Rd is also a topped algebraic intersection
structure since it is closed under unions of directed subfamilies and is hence,
by ([DaP90], Theorem 3.26(a)), an algebraic lattice in which the join of any
directed subfamily is given by set union. By the characterisation of the finite
elements of a topped intersection structure ([DaP90], Lemma 3.25), the finite
elements of Rd are the finite demonic multirelations.

(d) Since any angelic multirelation is the dual of a demonic multirelation, (d)
follows by dualising the proof for (c).

(e) The family Rt is closed under all meets since each multirelation R ∈ Rt is
total and multiplicative. However, the multirelation �+ is not total so, in
general, least upper bounds of subfamilies of Rt do not exist. Therefore, Rt

os a complete meet-semilattice with meets as in Ru. Take any deterministic
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multirelation R. Suppose there is some multirelation R1 ∈ Rt such that
R ⊆ R1 and R1 �⊆ R. Then for some x ∈ S there is some Q ⊆ S such
that Q ∈ R1(x) and Q �∈ R(x). Since R(x) is a principal prime filter in
P(S), Q ∈ R(x) ⊆ R1(x) and hence, by multiplicativity of R1, ∅ = Q ∩ Q ∈
R1(x) which contradicts the totality of R1. This shows that the deterministic
multirelations are maximal in Rt. ��

3 Binary Multirelations and Binary Relations

The purpose of this rather technical section is to motivate the translations used in
Section 4. For this we observe that binary relations may be viewed as demonic
binary multirelations or as angelic binary multirelations. Then we extend the
Jónsson/Tarski [JoT51,JoT52] translation between binary relations and meet-
homomorphisms to a translation between demonic binary multirelations and
meet homomorphisms. Dually, we obtain a translation between angelic binary
multirelations and join-homomorphisms. Observing that these two translations
are the same we obtain a translation between binary multirelations and mono-
tone unary operators. Any binary relation r over the state space S may be viewed
as an angelic binary multirelation Rr ⊆ S × P(S) given by:

sRrQ iff (∃t)[srt and t ∈ Q], for any s ∈ S and any Q ∈ P(S),

and as a demonic binary multirelation (Rr)d ⊆ S × P(S) given by:

s(Rr)dQ iff (∀t)[srt ⇒ t ∈ Q], for any s ∈ S and any Q ∈ P(S).

It is easy to check that Rr is an angelic binary multirelation and (Rr)d a demonic
binary multirelation. To each demonic binary multirelation R ⊆ S × P(S) there
corresponds some binary relation rR ⊆ S2 given by rR(s) =

⋂{Q | Q ∈ R(s)} for
any s ∈ S. Dually, if R is an angelic binary multirelation then the corresponding
binary relation rR ⊆ S2 is given by rR(s) =

⋂{Q | Q �∈ R(s)} for any s ∈
S. From any binary relation r ⊆ S2 we may define, using the techniques of
Jónsson/Tarski, a join-homomorphism gr : P(S) → P(S) by

gr(Q) = {s | (∃t)[srt and t ∈ Q]}, for any Q ∈ P(S),

and dually, a meet-homomorphism (gr)d : P(S) → P(S) by

(gr)d(Q) = {s | (∀t)[srt ⇒ t ∈ Q]}, for any Q ∈ P(S).

There is a pleasant connection between the angelic binary multirelation Rr and
the join-homomorphism gr of a binary relation r ⊆ S2, and between its demonic
binary multirelation (Rr)d and its meet-homomorphism (gr)d. Namely,

Theorem 3. For any binary relation r ⊆ S2 and any Q ∈ P(S),

gr(Q) = {s ∈ S | sRrQ} and (gr)d(Q) = {s ∈ S | s(Rr)dQ}.
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On the other hand, consider any Boolean algebra with meet-homomorphisms
B = (B,∨,∧,− , 0, 1, {gi | i ∈ I}). Let F(B) denote the set of all prime filters of
B and F◦(B) the set of all its filters. For any meet-homomorphism g : B → B,
the binary relation rg ⊆ F(B)2 is given by

XrgY iff g−1(X) ⊆ Y, for any X, Y ∈ F(B).

The corresponding binary multirelation is then a subset of F(B) × P(F(B)).
As a Corollary of the Ultrafilter Theorem for Boolean algebras ([DaP90], p 192)
we have that every proper filter Y ∈ F◦(B) is the intersection of prime filters
containing it, and hence determines and is determined by a set of prime filters,
namely AY = {F ∈ F(B) | Y ⊆ F}. Therefore, there is a bijective corre-
spondence between P(F(B)) and F◦(B), and hence the demonic multirelation
Rrg ⊆ F(B) × P(F(B)) defined from rg is, by the definition on page 264, given
by

XRrgAY iff (∀Z ∈ F(B))[g−1(X) ⊆ Z ⇒ Y ⊆ Z]

for any X ∈ F(B) and any Y ∈ F◦(B).

Theorem 4. For any meet-homomorphism g : B → B,

XRrgAY iff Y ⊆ g−1(X), where X ∈ F(B) and Y ∈ F◦(B).

Proof. Take any X ∈ F(B) and any Y ∈ F◦(B). We need to show that

Y ⊆ g−1(X) iff (∀Z ∈ F(B))[g−1(X) ⊆ Z ⇒ Y ⊆ Z].

The left to right direction follows from the transitivity of the inclusion relation.
For the right to left direction we prove the contrapositive, namely,

if Y �⊆ g−1(X) then (∃Z ∈ F(B))[g−1(X) ⊆ Z and Y �⊆ Z].

Suppose Y �⊆ g−1(X). Then there is some y ∈ Y such that y �∈ g−1(X). Since
g is a meet-homomorphism it is monotone, so g−1(X) is a down-set and hence
g−1(X) contains the principal ideal ↓y. Also g−1(X) is a filter such that g−1(X)∩
↓y = ∅. By the Ultrafilter Theorem for Boolean algebras [DaP90] there is some
prime filter Z ∈ F(B) such that g−1(X) ⊆ Z and ↓y ∩ Z = ∅ which means
g−1(X) ⊆ Z and Y �⊆ Z as required. ��
Dually, for any join-homomorphism g : B → B, the binary relation rg ⊆ F(B)2

is given by

XrgY iff Y ⊆ g−1(X), for any X, Y ∈ F(B),

and the angelic multirelation Rrg ⊆ F(B) × P(F(B)) obtained from the binary
relation rg is, by the definition on page 264, given by:

XRrgAY iff (∃Z ∈ F(B))[Z ⊆ g−1(X) and Y ⊆ Z]

for any X ∈ F(B) and any Y ∈ F◦(B).



266 Ingrid Rewitzky

Theorem 5. For any join-homomorphism g : B → B,

XRrgAY iff Y ⊆ g−1(X), where X ∈ F(B) and Y ∈ Fo(B).

Therefore, by Theorems 4 and 5, the definition of a binary multirelation from
a meet-homomorphism is the same as that from a join-homomorphism, and
therefore can be used more generally for any monotone unary operator.

4 Binary Multirelations and Monotone Unary Operators

In this section we establish a bijective correspondence between binary multire-
lational structures (i.e. a set endowed with some binary multirelations) and
Boolean algebras with monotone unary operators.

Definition 3. A binary multirelational structure S = (S, {Ri | i ∈ I}) is such
that S is a set and {Ri | i ∈ I} is a collection of up-closed binary multirelations
over S.

For an up-closed binary multirelation R ⊆ S × P(S), a mapping gR over P(S)
is defined by

gR(Q) = {s ∈ S | sRQ}.

Since R is up-closed, gR is monotone. By translating each up-closed binary mul-
tirelation R in a binary multirelational structure into a monotone unary operator
gR we obtain a certain kind of Boolean algebra with operators. Since we wish to
establish a bijective correspondence we define these in general.

Definition 4. A Boolean algebra with monotone unary operators

B = (B,∨,∧,− , 0, 1, {gi | i ∈ I})

is such that B = (B,∨,∧,− , 0, 1) is a Boolean algebra and {gi | i ∈ I} is a
collection of monotone unary operators over B.

In order to establish a bijective correspondence between Boolean algebras with
monotone unary operators and binary multirelational structures, we must show
how each gives rise to and can be recovered from the other. From above we have,

Theorem 6. Given any binary multirelational structure S = (S, {Ri | i ∈ I})
its power algebra P(S) = (P(S),∪,∩,− , ∅,S, {gRi

| i ∈ I}) is a Boolean algebra
with monotone unary operators.

Next we show that any Boolean algebra with monotone unary operators in turn
gives rise to a binary multirelational structure by invoking the basic Stone rep-
resentation [Sto37]. That is, we represent the elements of the Boolean algebra as
subsets of some universal set, namely the set of all prime filters, and then define
binary multirelations over this universe. Let B = (B,∨,∧,− , 0, 1, {gi | i ∈ I})
be a Boolean algebra with monotone unary operators, and let F(B) be the set
of all prime filters in B considered as a Boolean algebra, and F◦(B) the set of
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all its filters. For each monotone operator g : B → B, the binary multirelation
Rg ⊆ F(B) × P(F(B)) is defined by

XRgAY iff Y ⊆ g−1(X), for any X ∈ F(B) and any Y ∈ Fo(B)

where AY = {F ∈ F(B) | Y ⊆ F}.
Theorem 7. Given any Boolean algebra with monotone unary operators

B = (B,∨,∧,− , 0, 1, {gi | i ∈ I})

its prime filter structure (F(B), {Rgi | i ∈ I}) is a binary multirelational struc-
ture.

Proof. We need to show that for each monotone operator g : B → B, the binary
multirelation Rg ⊆ F(B) × P(F(B)) is up-closed. Take any X ∈ F(B) and
Y, Y1 ∈ Fo(B) such that XRgAY and AY ⊆ AY1 . Then Y ⊆ g−1(X) and

Y =
⋂

{Q ∈ F(B) | Y ⊆ Q} ⊇
⋂

{Q ∈ F(B) | Y1 ⊆ Q} = Y1,

so Y1 ⊆ g−1(X) and hence AY1 ∈ Rg(X). ��
Thus every binary multirelational structure gives rise to a Boolean algebra with
monotone unary operators, and conversely. The next two theorems show that
each can also be recovered from the other. Let B = (B,∨,∧,− , 0, 1, {gi | i ∈ I})
be a Boolean algebra with monotone unary operators. Then the Stone [Sto37]
mapping h : B → P(F(B)), given by h(a) = {F ∈ F(B) | a ∈ F}, is an em-
bedding of the Boolean algebra B = (B,∨,∧,− , 0, 1) into the powerset Boolean
algebra

P(F(B)) = (P(F(B)),∪,∩,− , ∅,F(B)).

Now we need to show that h preserves monotone unary operators over B.
Theorem 8. Any Boolean algebra with monotone unary operators is isomorphic
to a subalgebra of the Boolean algebra with unary operators of its underlying
binary multirelational structure.

Proof. Consider any monotone operator g : B → B and any a ∈ B. We have to
show that h(g(a)) = gRg

(h(a)).

gRg
(h(a)) = gRg

(A↑a)
since ↑a ∈ F(B) and for F ∈ F(B), a ∈ F iff ↑a ∈ F

= {F ∈ F(B) | A↑a ∈ Rg(F )}
by definition on page 266 of gRg from Rg

= {F ∈ F(B) | ↑a ⊆ (g)−1(F )}
by definition on page 267 of Rg from g

= {F ∈ F(B) | a ∈ (g)−1(F )}
since (g)−1(F ) is up − closed
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= {F ∈ F(B) | g(a) ∈ F}
by definition of (·)−1

= h(g(a))
by definition of h. ��

Consider any binary multirelational structure S = (S, {Ri | i ∈ I}). The pow-
erset P(S) of S endowed with the mappings gR yields the Boolean algebra with
monotone unary operators P(S) = (P(S),∪,∩,− , ∅,S, {gRi

| i ∈ I}). Form-
ing the prime filter structure of this yields a binary multirelational structure
which contains an isomorphic copy of the original binary multirelational struc-
ture. Each of the original up-closed binary multirelations R over S gives rise
to a monotone unary operator gR : P(S) → P(S), which in turn gives rise to
an up-closed binary multirelation RgR

over F(P(S)). There is a bijective corre-
spondence between the elements of S and certain prime filters in P(S), namely
the principal prime filters under the mapping a �→ k(a) = {A ⊆ S | a ∈ A}. An
extension of this mapping provides a bijective correspondence between subsets
of S and principal filters, namely Y �→ k(Y ) = {A ⊆ S | Y ⊆ A}. We need to
show that this mapping preserves structure.

Theorem 9. Any binary multirelational structure is isomorphic to a substruc-
ture of the prime filter binary multirelational structure of its Boolean algebra
with monotone unary operators.

Proof. Consider any up-closed binary multirelation R ⊆ S × P(S). For x ∈ S
and Y ⊆ S, we show that

k(x)RgRAk(Y ) iff xRY, where Ak(Y ) = {Q ∈ F(P(S)) | k(Y ) ⊆ Q}.

k(x)RgRAk(Y ) iff k(Y ) ⊆ (gR)−1(k(x))
by definition on page 267 of RgR from gR

iff {Z ∈ P(S) | Y ⊆ Z} ⊆ (gR)−1(k(x))
by definition of k(Y )

iff (∀Z ∈ P(S))[Y ⊆ Z ⇒ gR(Z) ∈ k(x)]
by definition of ⊆

iff (∀Z ∈ P(S))[Y ⊆ Z ⇒ x ∈ gR(Z)]
by definition of k(x)

iff (∀Z ∈ P(S))[Y ⊆ Z ⇒ Z ∈ R(x)]
by definition on page 266 of gR from R

iff Y ∈ R(x)
since R(x) is an up − set

iff xRY. ��
As a consequence of these bijective correspondences we are able to translate
between properties of up-closed binary multirelations and properties of monotone
unary operators.
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Theorem 10. Let g : B → B be a monotone unary operator. Then properties
of g translate into properties of Rg as (i) and (ii) below. Conversely, let R ⊆
S×P(S) be an up-closed binary multirelation. Then the properties of R translate
into properties of gR as (ii) to (i) below.
(a) (i) g is 0-preserving (ii) R is total;
(b) (i) g is 1-preserving (ii) R is proper;
(c) (i) g is meet-preserving (ii) R is multiplicative;
(d) (i) g is join-preserving (ii) R is additive.

Moreover, we are able to justify the definition on page 260 of composition of
binary multirelations. Let R and S be up-closed binary multirelations over S.
For x ∈ S and Q ∈ P(S),

x ∈ (gR ◦ gS)(Q) iff x ∈ gR(gs(Q))
definition of functional composition

iff gS(Q) ∈ {V | xRV }
definition on page 266 of gR from R

iff (∃Y )[xRY and Y ⊆ gS(Q)]
since R is up − closed

iff (∃Y )[xRY and (∀y ∈ Y )[ySQ]]
by definition of ⊆ and gS from S.

Another consequence of the bijective correspondences is a decomposition of any
monotone unary operator into a meet- and join-homomorphism. For this it is
important to note that any binary multirelation R ⊆ S×P(S) can also be viewed
as a binary relation of the form R ⊆ S × T (with T = P(S)) and as such gives
rise to a join-homomorphism R↑ : P(P(S)) → P(S) where

R↑(Q) = {s | (∃Q)[sRQ and Q ∈ Q]}, for any Q ∈ P(P(S)),

and a meet-homomorphism R↑d

: P(P(S)) → P(S) where

R↑d

(Q) = {s | (∀Q)[sRQ ⇒ Q ∈ Q]}, for any Q ∈ P(P(S)).

Theorem 11. Any monotone unary operator g : B → B can be written as
a composition of a join-homomorphism f : P(P(F(B))) → B and a meet-
homomorphism h : B → P(P(F(B))).

Proof. Take any monotone unary operator g : B → B. Then, for any a ∈ B,

g(a) = (h−1 ◦ h)(g(a))
since h is a bijection and by definition of inverses

= h−1(h(g(a)))
by associativity of composition

= h−1(gRg (h(a)))
by Theorem 8
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= h−1({X | XRgh(a)})
by definition of gRg from Rg

= h−1({X | (∃Z)[XRgZ and (∀Z ∈ Z)[a ∈ Z]]})
by definition of h

= h−1((Rg)↑ ◦ (∈�)↑d

)(h(a))

by definition of (·)↑ and (·)↑d

= h−1 ◦ (Rg)↑ ◦ (∈�)↑d ◦ h(a)
by definition of composition.

Since h is an embedding, and (Rg)↑ is a join-homomorphism and (∈�)↑d

is a
meet-homomorphism, it follows that h−1 ◦ (Rg)↑ is a join-homomorphism and
(∈�)↑d ◦ h is a meet-homomorphism. Therefore, g = j ◦ m where j is the join-
homomorphism h−1 ◦ (Rg)↑ and m is the meet-homomorphism (∈�)↑d ◦ h. ��
This decomposition of a monotone unary operator is a generalisation of that in
[GMM94] for monotone unary operators over a powerset Boolean algebra and
used in [GaM91] for proving the completeness of Morgan’s [MoR87] refinement
laws.

5 Conclusion

It has long been known that a predicate transformer semantics for commands
with both angelic- and demonic nondeterminism can be given in terms of mono-
tone unary operators. But there is no conventional relational model. Binary
multirelations have been proposed here as a relational representation for such
commands. As a justification of the viability of this representation we have es-
tablished a duality showing that binary multirelations and monotone unary op-
erators are intertranslatable.
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